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PREFACE 


This book has been written for the students of Class IX of Secondary Schools affiliated 
to the Central Board of Secondary Education (CBSE), New Delhi, according to new syllabus 
developed by National Council of Educational Research and Training (NCERT), New Delhi, 

under the National Policy of Education. 


In fact, it is an effort made to cater to the needs of the average students and the 
brighter students as well who have to learn Mathematics as a compulsory subject. Learning 
of Mathematics is essential for them to study other subjects as an integrated course and to face 
multi-dimensional and challenging situations in days to come. To make learning of the subject 
interesting and meaningful to the day-to-day needs of would be citizens, I have presented the 
contents in a new format which is based on my long experience of teaching the subject and 
varied writing experience of text-books on Mathematics. 


The following are the special features of the book : 


1. 


The emphasis has been laid on the clear understanding of basic concepts and 
principles by the students. 


Treatment of the subject matteris simple and logical. The matter has been 
developed successively with the help of previous knowledge of the students. 


Each chapter comprises several functional units and each unit is designed to cover 
one or two teaching periods. 


Numerous worked-out examples have been provided for better understanding of 
the contents by the students and to explain the methodical working of the problems 
fully. 

There are sufficient well graded questions related to our daily life in each exercise. 
Each exercise has been divided into three Sections A, B and C. Section A consists 
of objective or short-answer questions, while Section B has simple applications and 
Section C has more difficult questions. . 


After each chapter a review exercise has been added, enriched by the inclusion of 
questions set in public examinations for effective revision side by side. 


Working rules, important resuits and points worth remembering and deductions 
are given at appropriate places. 


Wherever necessary hints have been provided to help students to solve difficult 
questions with confidence. 


(iv) 
9. The figures, diagrams and graphs given in the book are complete, neatly drawn 
and self-explanatory. 


10. Only agreed conventions, popular symbols or notations and metric units have been 
used throughout the book. 


11. Answers to questions have been carefully checked for their correctness and 
accuracy. 


Iam indebted to Dr. Vijay Bhushan Aggarwal, Founder Head of the Deptt. of 
Computer Science, Delhi University for writing Chapter 19 on Computer in the book. 


I would like to request my fellow teachers and pupils to send théir constructive criticism 
so that the book may be improved in its future editions. 


Ashok Vihar, Delhi RAJENDRA PRASAD GOEL 
6th April, 1989 
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SETS 


11. SETS 


In our everyday life we come across words that convey the idea of a collection or а set, 
for example a pack of cards, a team of players, a bunch of keys, a herd of cattle. The objects 
that form a set may be different such as ‘the children in a class’ or ‘players іп a team’. The 
individual players in ‘the set of players in a team’ are the elements or members of the set. 


Sometimes a set may be described completely by listing or naming its elements. We 
write elements within braces separating them by commas. 

The set of odd numbers less than 10 or (1, 3, 5, 7, 9). 

The set of vowels in the English alphabet or (a, e, i, 0, u). 


Sometimes, it is difficult to list all the elements of a very large set. Such sets are 
written as follows : 


(i) The set of counting numbers less than 100. (1, 2, 3, 4, 5, 6, 7, 8, ..., 99} 

(ii) The set of letters of the English alphabet. fay bie, d; ejr. ‚2 

Consider the set of all honest реор!е in Delhi. 

Can you name the members of this set ? 

The property of ‘being honest’ cannot be specified exactly. So different persons will 
have different ideas about it. We say that the set of honest persoris in Delhi is not well-defined. · 

The sets used in mathematics are well-defined. We say that a set is a well-defined 
collection of objects or things. 


In this book, we will be mainly dealing with sets of mathematical objects like numbers,- 
points, lines, triangles, circles and so on. i 


We denote sets by capital letters A, B, C, P, X, Y, etc. The elements of a set are 
generally denoted by small letters a, b, c, d, x, y, etc. 


Let M be the set of all natural numbers less than 25. Then 10 is an element of this 
set, 16 is also an element of this set. The fact that 16 is an element of the set M is expressed 
in symbols as 16€ М”. 


The symble Є is used of the phrases ‘is a member’ or ‘belongs to’. 
Thus a€ía,e,i,0,u); - 7Є{2, 3, 5, 7, 9} 

КЄ А is read as ‘k is an element of set A’ or “с belongs to set A’. 

The symbol & denotes ‘is not a member of’ or ‘does not belong to’. 

We see that 30 is not an element of the above set M. We express this fact in symbols 
as “306 М”. 

Thus 46Е(а, e, і, о, и} | 86Е(2, 3, 5, 7, 9} 


There are two methods of representing sets. 

(1) Roster method, 

(2) Set builder or rule method. 

In rosier form all the elements of the set are listed, the clements being Separated by 
commas, and are enclosed within braces. 


Let us consider the sct of all odd natural numbers less than 10. The elements of this set 
аге 1, 3, 5, 7 and 9. We write this set in roster form as (1, 3, 5, 7, 9}. 


While describing a set in roster form you must remember that every element is listed 
only once and the oider in which the elements are listed is immaterial. 


The above set can also be described as (9, 7, 5, 3, 1} or (1, 7, 3, 9, 5} or (3, 9, 5, 1, 7}. 


In set builder form the rule is stated according to which élements of the set can be selected. 
This form is used when all the elements of a set possessa single common property which is 
not possessed by any clement outside the set, 


Let us consider the set {2, 3, 5, 7, 11, 13, 17, 19). The elements of the set are prime 
numbers. The last prime number is less than 20. We write this set in set builder form as 


{x : x is a prime number less than 20}. Itis read as ‘the set of all x such that x is a 
prime number less than 20°. 


Study the following examples : 


Roster Method Set Builder Method 

P={a, e, i, о, u} : P={x : x is a vowel) 

Т= {1, 3, 5, 7, 9} T={x : x is an odd natural number less than 10} 
D={7, 14, 21, 28, 35,.. ) D={x : x is a multiple of 7} 


Symbol : is used for ‘such that’, The vertical line * |” can also be used for ‘such thar’, 
Example 1. Represent the following set in the roaster form : 
A={x: xis an integer between 5 and 11}. 


EU IV x is an integer between 5 and li. The integers between 5 and 11 are 
6, 7, 8, 9, 10. 


A={6, 7, 8, 9, 10) 
Example 2. Represent the following set in the set builder form : 
B={3, 4, 5, 6, 7, 8, 9, 10, 11}. 


Solution. Let x be the variable to represent elements. 


Then x is a natural number 
between 2 and 12. : 


ов B={x : x is a natural number between 2 and 12}. 
This can also be written as 
B={x : x is a natural number and 2<x<12}. 


Example 3. Let M be the set of even numbers between 1 апа 11. Which of the 
following are elements of set M ? 5 


(0) 5 (5) 8 (c) 12 
Solution. Even numbers between 1 and 11 are 2, 4, 6, 8, 10. 
Then M —(2, 4, 6, 8, 10}. 3 
(a) 518 not the element of the set М. < SEM 
(b) 8 is an element of the set M. 7 8EM 
(c) 12 is an even number, but it is not the element of the set M. < 12ЖМ 


4 ” ” саб 


EXERCISE—I(a) 


(Section—A) - 
1. Which of the following are well-defined sets ? 
(a) Set of big cities. (b) Set of even prime numbers. 
(c) Set of factors of 12. (d) Set of months in a year. 


(e) Set of good books in your school library. 

2. Represent the following sets by listing their elements : 
(a) The set of all one-digit integers. (b) The set of factors of 24. 
(c) The set of prime numbers upto 10. (d) The set of multiples of 5. 

73. List the members of the following sets : 

(a) P={x : x is an even prime number). — (b) S—(x : x is a prime factor of 36}. 
(c) T={x | x€ М, 5&x«10). 
(d) M={x | x is a square of a one-digit natural number}. 
(е) A={x | хЄ1, x«&5). 

4, State whether the following statements are true or false : 


(a) 76 | x is an even integer}. (b) 22€(x | x is a perfect square]. 
5. State which of the following is false as appropriate : 
(i) 12€ (x : x is a multiple of 3}. (i) 2€ (x : 2x--2— 5). 


(Section—B) 


6. Listthe elements of the following sets : 
(а) (x&Z : 3x—2=3} 
(b) (х: 1«&x«5 and x is a natural number}. 


Write the set of all natural numbers between 7 and 21 in the set-builder notation. 
8. Represent the following sets in the set builder form : 


(а) X={2, 3, 5, 7, 1, 13, 8 (b) E={2, 4, 6, 8, 10, 12, 14, 16, 18, 20}. 
(c) J={—3, —2, —1, 0, 1, 2, 3}. (d) К--(13, 14, 15, 16, 17, 18, 19, 20}. 
9. Write the set (2, 4, 6, 8, ..-} in the set builder form. 
(Section—C) 


10. Denote the set {x | x is an integer and х2= х} by listing its elements. 
11. Rewrite the following set by listing all its elements : 
(x | «ЕМ, x is odd and x is a factor of 90}. 


12. CARDINAL NUMBER 


The number of elements in a set is called the cardinal number of the set. 

The cardinal number of a set A is denoted by n(A). 

n(P) means ‘the number of elements in the set P". 

The cardinal number tells the ‘how many’ of a set. But ordinal number tells the ‘which 
one’ in a set. i 

The cardinal numbers аге 0, 1, 2, 3, 4, 5, ... as distinguished from ordinal numbers, 
first, second, third, fourth, fifth, .... 
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13. FINITE AND INFINITE SETS 


Consider the set of boys in your class. Each boy can be assigned a counting number 
taken in order as 1, 2, 3, 4, 5, ..... ‚ 27. The number of elements (boys) in the set (class) could 
be counted and the process of counting is bound to come to- an end, sooner or later. Such 
sets are said to be finite. i 


1 


Every finite set has a cardinal number. 
Again consider the set of odd numbers. 
Set of odd numbers 13:57729: H^ 13715; ШШ] 
> Petia tt tt 
à 11144144 
Set of counting numbers 123456 7 8 


Each odd number can be assigned a counting number taken in order as 152253, 4, 5, 99 


Does the process of counting come to an end ? 

The elements of the set of odd numbers cannot be counted or the process of counting , 
does not come to an епі. Such sets are to be infinite. 

A set is finite if we can find its cardinal number. 

A set is infinite if we cannot find its cardinal number. 

In the roster form, we write all the elements of the set within braces. It is not possible 
to write all the elements of an infinite set within braces. So we represent an infinite set in the 


roster form by writing a few elements which clearly indicate the structure of the set, followed 
(or preceded) by three dots. / 


Biche ei ae et кия ланы 


We write the set of natural numbers as {1, 2, 3, 4, 5, 6, 137 


We write the set of integers as 
В 2110, Gey 5 0) 


1.4. EQUAL SETS 

Consider the following sets : 

A={x, у, Z) ; B—(1,2, 3} 

C= {xy aspis D={3, 1, 2} 

The elements of set A are not the same as the elements in set В. We say that sets 4 
and B are different. 

Similarly sets A and C are different. - 

Set В and set D have exactly the same elements. We say that sets B and D are equal. 


It does not make any difference if the elements of the sets are listed іп the same order 
or not. 


Two sets À and B are said to be equalifevery member of A is in B and con- 
versely, every member of B is in A. 


Symbolically, we write as A=B. If they are not equal, we write as 4558, 

If two sets A and B are equal, it follows that n{A)=n(B), but the converse is not true. 
If n(A)=n(B), then it is not necessary that A= В, 
1.5. EQUIVALENT SETS 


The elements of two sets A and В can be paired in different ways such that each element 
of one set is associated with a single element of the other with none left over. We say that 
set A and В have ane-to-one correspondence. 


= УЕ] 
шекел тер 


Two sets are said to Бе equivalent sets if there exists a one-to-one correspon- 
dence between the elements of the two sets. . 


Symbolically we write this as 4«-— B. 


: Remember that equal sets are necessarily equivalent but equivalent sets are not necessarily 
equal. 


Example 1. Are the following sets equal ? 
A={x : x is a letter in the word ‘FOLLOW’} 
B={x : x is a letter in the word ‘FLOW’}. 


Solution. In set A elements ‘Z’ and “О” occur twice. So each is to be considered only 
once in listing. 
Writing given sets in the tabular form, we have. 


zd фар i 
205 ээ Сү c wi) 

We find that every element of A is also ап element of B and cvery clement of B is also 
an element of A. 

Hence sets A and В are equal i e., A=B. 

Example 2. State whether the sets 

A={3, 5, 7, 9) and B={9, 5, 2, 7, 3, 1) are cqual. 

Solution. We find that every element of set A is also an element of set B, but every 


20 


2, re 1! } 
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elcment of set B is not an element of set A. 
Hence sets A and B are not equal. 
Example 3. Which of the following sets are equivalent ? 
A={x : x is an odd natural number less than 10). 
B={x : x is a prime number and 5<x<23}. 
. С={х : xis a vowel in English alphabet}. 


Solution Writing the given sets in roster form. we have 


А={1, 3, 5, 7, 9} This set contains 5 elements. 
В--17, 11, 13, 17, 19% This sct contains 5 elements. 
C={a, e, i, 0, u} This sct contains 5 elements. 


Hence sets A, B and C are equivalent ? 


EXERCISE—1 (b) 
(Section—A) 
Which of the following sets are finite and which are infinite : 


(a) The set of prime numbers less than 1000, 

(b) The set of even natural numbers. 

(c) The set of numbers divisible by 1. 

(d) The set of natural numbers between 13 and 31, 
(е) The set of rational numbers between | and 2, 
(7) The set of points on a line segment. 

(g) The set of points on a line. 

(A) The set of all hairs on your head. 


Are the following pairs of sets equal ? 


(а) The set of odd natural numbers ; The set of cven natural numbers: 
(b) X={1, 4, 9, 16} ; Y={12, 22, 32, 42} 

(с) A={prime numbers less than 6} ; B={prime factors of 30) 

(d) J={ f, lo, w} M K— (letters in the word "follow? 
Which of the following pairs of sets are equivalent ? 

(а) S={a, e, i, о, и); T={1, 3; 5,7; 9) 

(b) J={l, 2, 3, 4, 5}; K={x | хе М, 1<х<6} 


(с) E={the months of the year with 31 days): F={the days of the week} 


State whether the following pairs of sets represent equal sets or not, 


(a) (a, d, k, m} ; {k, a, m, d) 
(Б) (1, 2,3,4) ; (2,4,6, 8} 
(с) (x: x+2=3 ; {x : 1<x<2 and XEN} 


(Section—B) 
Is ф={ф} ?. Give reasons, 
Which of the following are equal sets? Give Teasons. ғ 
{0}, (4), 4,0 
Given that A={x | xisa square} and 


: ,8-4х | x is a rectangle} 
State which of the following is true : 


A=B or AFB. 
Which of the following sets equivalent ? 
$. {0}, (9). 


16. THE EMPTY SET 
Let us consider the set of all those Indiai.s who landed on the Moon. 
Can you name any member belonging to this set ? 
The set has ло element. So it is the empty ser. 
ConsiJer the set of whole numbers between 9 and 10. 
There is no whole number between 9 and 10. So it is the empty ser. 
The set which contains no element at all is called an empty set or null set. 


The symbol ¢ (phai) is used to denote a null set or an empty set. 
Remember that the cardinal number of the empty set is zero. 
Note that (0) is not the empty set because the number 0 is a member of this set. 


1.7. SUBSETS 


Consider the following sets : 
D: (a, e, i, о, и) E- (o, e, a) 
We note that every element of set Е is also an element of D. We say, set E is a subset 
of D. S 


The set of students in your class isa subset of ‘the set of all the students in your 
school’ because every student in your class belongs to the school also. 


The set A is said to be a subset of a set B if every element of A is also an ele- 
ment of B. 


Symbolically, we write AC B which is read as ‘A is a subset of В” or ‘A is included іп В”. 
Always remember that the null set is a subsct of any set. 
Consider all the possible subsets of (a, b, c). 


No-elemen: subset 4 

One-element subsets {a}, {b}, {c} 
Two-element subsets (a, Б), (5. с}, (с, a} 
Three-element subset . (a, b. c) 


The number of subsets is 8 i.e., 2°. 

Let us note the following points about subsets. 

(1) Every set is a subset of itself. 

(ii) The empty set is a subset of every set 

(iii) A set with n elements has 2" subsets. 

When a subset of a set is not equal to the set, the subset is called a proper subset. 

Thus (a), (a, b), (b, c) are proper subsets of the set (a, 5, c) but the subset (a, b, c) is 
not a proper subset. 

We use the symbol C to write a proper subset. 

Example 1. 15 A=(3, 5, 7) a subset of B— (1, 3, 5, 7, 9) ? 


Solution. 


-B ={'. dios pg 9 ) 


We find that every element of set A is also an clenient of set B. Therefore, set A is 
subset of set B. 


1% АСВ. 
Example 2. Ехатіпе whether ^ 
A={x : x is a positive integer divisible by 3} 
is a subset of B={x : x is a positive integer divisible by 5}. 
Solution. Writing the given sets in tabular form, we have 
A={3, 6, 9, 12, 15, 18, ...) 
B={5, 10, 15, 20, 25, 30, ...} 
Here 3 is an element of A, but it is not an element of B, 
Also 6 is an element of А, but it is not an element of B. 


Thus, we find that every О of set Ais not an a element of set B. Therefore A is 
‘nok a subset of B. 


AEB 
зан 3. Let S={—2, —1, 0, 1, 2}, and 
T—íx:xisan integer and -2<х<2) 
Is S a subset of T? 
Is T a subset of S ? 
Solution. Rewriting the given sets, we have 


S 4-2. +1, 0, ETE RP ) 


T ={ | | id. ) 


We find that every element of S is not an element of 7. Therefore S is not a subset 
of Tie, SET. 


Here every element of 7 is also an element of S. Therefore T is a subset of S ie, 


TCS. : 
Let us consider the following sets : 
A={l, 3, 5, 7, 9) 
B={x : x is an odd natural imber <10} 
Is A a subset of B ? Is B a subset of A ? 


Here A is subset of B and B is a su'set:of 4. We also find that А and В are equal: 
sets, It is always true. 


9 
If A is subset of B and B is a subset of A, then А-В : 
to B, then А is a subset of B and B is a subset of А. + Conversely, if A is equal 


In symbols, A=B, if and only if AC B and BC 4. 


18. DISJOINT SETS 
Consider the following sets : 
A={a, e, i, 0, u} B 
= d, 
Sets A and B have по elements in common. We say шонд 5x 
Two sets are said to be disjoint, if they have no е В аге disjoint sets, 
(1, 3, 5, 7, 9, ...) and (2, 4, 6, 8, 10, ...} are disjoint sets. nt in common, 
EXERCISE—1 (с) 
(Section—A) 
1. Which of the following are examples of the empty set ? 
(a) The set of months which start with the letter J, 
(b) The set of prime numbers divisible by 2, 
(c) The set of points of intersection of two parallel lines. 
(d) The set of even numbers divisible by 3. ! 
(e) The set of quadrilaterals with five sides, 
(f£), The set of counting numbers that satisfy the equation х2--1--0 
2. Let A={l, 2, 3, 4,5, 6,7,» ---} ү. 
(a) Is the set of odd numbers a subset of 4 ? 
(b) Is the set of even numbers a subset of А? 
List the all subsets of (1, 2, 3). 
List all the subsets of (0, 1). 
5. State whether each of the following statements is true or false - 
(а) ix: х is an odd number) С (x : x is an integer} қ 
(b) (х: x isa multiple of 3) Ф (х: x is a multiple of 6} 
(с) (x : x is a positive integer divisible by 3}C {x : х i. à positi 
1 
What is the total number of subsets of the set (3.5 6)» 


ve integer divisible by 4} 


* 7. Given that A is a subset of B and B is a subset of 4. 
Are sets A and В equal’? 
Illustrate your answer with examples. 


8. Which of these sets are disjoint ? 
(a) (a, e, i,.0, u} and (a, b, c, d, e) 
(b) The set of even counting numbers : 
(c) X={x: x is a perfect square) : 
(d) A—(x : x is a positive integer} ; 


The set of odd counting numbers. 
Y=(x: x is a perfect cube} 


B—(x:xisa Nei 
2 : negative integer, 
9. Іп answer to cach of the following statements. write 2 gu 


(a) If AC B and CCB, then ACC. true or false as appropriate : 
(5) The total number of subsets of a finite set Which contain | dx 
5 n elements is 2^. 
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(Section—B) 
10. Let B={2, 4, 6, 8), D={3, 4, 5, E={3, 5} 
Determine a set F such that 
(a) FCD, ЕФВ (b ЕСЕ, FEB 
(с) FCD, FCE (d) F and D are disjoint. 


19. UNIVERSAL SET 


Consider the following sets : 

A- The set of boys studying in your school. 

B=The set of girls studying in your school. 

C=The set of students of your school using school-bus. 

D- The set of prefects in your school. 

Who are the members of these sets ? 

The students of your school form a bigger set out of which other sets are formed. 

The members of each of these sets are taken from ‘the set of all students in your school". 

We call ‘the set of all students in your school’ the universal set for sets A, B, C and D. 
Sets A, B, C and D are the subsets of this universal set. 


A set which contains all subsets is often called a universal set or in other 
words, the set from which we select elements to form any given set is cafled the 
universal set. 


We denote the universal set by E or U, or 5. 
110. COMPLEMENT OF A SET 
Consider the following sets : 
U={a, b, c, d, e, 7,8) A={b, d, f) 
Set A is a proper subset of the universal set U. 


There are elements of U which are not elements of set A. These remaining elements 
form a new set (a, c, e, g). We call this set the complement of set A. 


Let U be the universal set and let A be the given set. The complement of 4 is the set 
of all elements of U which are not elements of A. 


Given a universal set E, A'={x | x€ E and x& 4} 
We denote the complement of 4 by 47. This is read ‘A dash’ or ‘A prime’. 
Example 1. Let 0--(1, 2, 3, 4, 5, 6, 7, 8, 9), and 


A={2, 3, 5, 7}, find A’. 
Solution. 


U =f, 35 49 4. е TE 9) 
А ={ / | \ х, 


A'=The set of elements іп U which are not in А. 
—(1, 4, 6, 8, 9}. 


п 


Example 2. рыбы 2, 3, 4, 5, 6, 7, 8, 9}, find the complement of A when A= 0, 4, 


6,8). Also find (4^). 
Solution. 
Т 
Ч eb DES Nat MM, 5, 6, 7,228! 
аз, 
А -< 2; 4, 6, 8 | 
A' — The set of elements іп U which are not in A} ` 
={1, 3, 5, 7, 9}. 
Now (A')'=The set of elements іп U which are not іп A’. 
={x: x€U and ха A') 
={2, 4, 6, 8} 
=A; 


What do you note? 


The complement of the complement of a set is the set itself. 


EXERCISE—1 (d) 
(Section—A) 
Give a suitable Universal set for the following sets : 
The sets of right triangles 
The set of equilateral triangles, and 
The set of isosceles triangles. 
Write a universal set for each of the following sets : 


(a) (a, е, i, о, и} (b)- (4, 9, 16, 25, 36, 


(с) (—5, —4, —3, 2, 71,01, 2,3. 4, 5} 

Given U- (a, b, с, d, e, f) 

A={b, d, e) B={a, f} С=$ 

Find A’, В' and С 

Given 0-1, 2, 3, 4, 5, 6, 7, 8}. and A-(1, 2, 3, 4). 
4 What is 4’, the complement of set 4 ? 


Let U, the set of natural numbers, be the universal set. 

Write the complement of each of the following sets : 

(а) (х: x is a prime number) 

(b) (х: x is a perfect square} 

(с) {x : х is a number divisible by 3 and 5}. 
(Section—B) 


0={1, 2, 3, 6, 7, 12, 17, 21, 35, 52, 56) and P, О and R are the subsets of U such that 


P={odd numbers) 
Q-— (numbers divisible by 7) 
R={prime numbers} 
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List the elements of the set : 


(a) R ы (b) Q' (c) P' 
1. If the complement of a set A 159, what can you say about set 4 ? 
(Section—C) 


8. If A, B, C are subsets of the universal set X, then prove the following : 
АСВ and BCC » ACC. 


111. UNION OF SETS 


Consider the following sets : 
А={а, b, c, d) B={e, f, 8} C={a, b, c, d, e, f, 8) 

Is every element of set A also an element of set C ? { 

Is every element of set В also an element of set C? 

We вес that set C contains all the elements of sets A and B both. We say that C is the 
union of А and В. 

Consider the following sets : 

D={a, b, c, d, e) Е={с, d, e, f. g) F={a, b, c, d, e, 7,8) 

We see that every element of set F is an element of either D or E or both. We say 
that F is the union of D and E. 

The union of two sets A and B is a set of all elements which kelong to A or to 
B or to both A and B. 

The union of two sets A and B is denoted symbolically as AUB. Itis read as ‘A 
union B'. 

We can represent AUB in the set builder form as follows : 

AUB-(x:x€4 V хЄВ) 
Note that ACAUB and BCAUB 


` 


112. INTERSECTION OF SETS 


Consider the following sets : 

A={a, b, c, d, е} B={e, d, e, f, в} С--(с, d, е) 
Is every element of set C also an element of set A ? 

Is every element of set C also an element of set B ? 


We see that C contains all the elements which are commoh to both A 
that C is the intersection of A and B. ves nd 


The intersection of two sets А and B isa set of all elements which belong to 
A as well as to B. 
The intersection of two sets A and В is denoted symbolically as ANB. It is read as ‘A 
intersection B'. 
We can represent AN B in the set builder form as follows : 
AN B={x : x€AAx€B) 


Consider the following sets : 
C={a, e, i, о, и} р={Ь, d, f, k} 
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We sce that there is по element common to both C and D. The intersection of C and 
D contains no element. Thus C(1D—4. Hence sets С and D are disjoint sets. 


Note that АВС A and АВС B. 
Example : Let E— (2, 4, 6, 8, 10, 12, 14) and 
F={3, 6, 9, 12) 
Find (i) EUF (ii) ENF 
Solution : Given E—(2, 4, 6, 8, 10, 12, 14) 
л 2 


ж "4 
F={3,6, 9, 12) 
(i) EUF={2, 4, 6, 8, 10, 12, 14, 3, 9} 
(ii) ЕЛЕЕ--(6, 12) 


EXERCISE—1 (е) 
(Section—A) 


1. Let A={a, b, c, d, e} and B={b,d, f ). 
Find AUB and ANB. 
2. Let C={p, q, r, s) and D={x, y, z}. 
Find CUD and СПР. 
3. If A={2, 4, 6, 8, 10, 12, 14}, and 
В--(3, 6, 9, 12}, find 
(a) AUB (b) ANB 
4. If E—(a, i, j, К, 1, m, п}, and 
F={a, c, e, k, m, n) , find 
(a) EUF (b) ЕСЕ 
5. IfA—(x|x isa multiple of 5 and x20} and 
:B—(1, 3, 7, 10, 12, 15, 18, 25}, find 
(i) AUB à (ii) ANB. 
6. Find the union of the following sets : 
(a) (x | x is and odd natural number) U (x | x is an even natural number] 
(b) {x | x is a rational number}U (x | x is an irrational number) 
(с) (x | x is a multiple of 3} U (x | x is a multiple of 5) 
(d) (x | x is a negative integer) U (x | x isa оныг integer 
7. Find the intersection of the following sets : 
(a) (x | xis a prime number) {x | x is an even number) 
(5) {x | x is an positive odd integer) (1 (x | x is a positive even сезон 
(c) {x | x is a rational number} N {x | x is an integer} е 
(d) (x | x is a multiple of 6} C) {x | x is a multiple of 3} 
8. List the elements of the following set : 
(х:х5<-5, xEz} N {x : x 2—5,xez) 
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(Section—B) 
9, If A—(3, 8), B={4, 8, 12) and E={2, 3, 4, 6, 8, 10, 12), R 
find (а) AUB 0) АВ 0) 408 (A) ANB 
10. U-(x:x«25, x€N), A={x : x&15) and : 
В-(х:10<х625): list the elements of the following sets : 
(i) 4! (ii) B' (iii) АОВ’ (iv) “дв : 
11. Prove that A and Bare subsets of AUB. 
12. Prove that ANB is subset of A. 
(Section—C) 
13. If A={3,5, 7, 9, 11), В--(7, 9, 11, 13), and 
С={11, 13, 15}, find : 
(а) An(BUC) (b) (ANB)NC 
Let us learn more about operations of union and intersection of sets. 
Let A={2, 3, 5, 7, 11, 13} and B={3, 5, 7} 
: Ан 35, 7, М 7H 
oec MEET 
L4 ұз 
: В={ 3 8) 1) 
we find that BCA 
AUB=(2, 3, 5, 7, 11, 13)0(3, 5, 7 
=(2, 3, 5, 7, 11, 13) 
AUB=A, when ВСА. 
What do you note ? 6 ` 
ANB={2, 3, 5, 7, 11, 13}N{3, 5, 7} 
={3, 5, 7) 
He ANB=B, when BCA. 
What do you note ? 


113. PROPERTIES OF OPERATIONS WITH SETS 
The operations of union and intersection on sets have some similarity with the opera- 
tions of addition and multiplication in real numbers. 
Let us consider the following three sets : 
A-ta, b, c, d), B={e, d, e, Ў, 8). C={g, h, a) 
(i) We find the union of two sets at a time. So union isa binary operation. 
(ii) AU B- (a, b, с, d)U (e. d, e, f. g) ={a, b, c, d, e, f, 8} 
BUA={e, d, e, f. в} Ua, b, с, di ={e, d, e, f, к, а, b) 
We see that the two sets so formed consist of the same elements. 
AUB=BUA 


The order in which we form the union of two sets does not affect the union set, This 
is called commutative property for union of sets. 
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(iii) Union of three or more sets : 
(AUB)UC- (a, b, c, О, d, е, f. gute, h, а} 
—(a, b, c, d, e, f, 8) U(g, h, а} 
—(a, b, c, d, ef, g h} 
AU(BUO)- (a, b, c, Обо, d, e, f, g}Ufg, h, a} 
={a, b, ¢, d)Ute, d, e, f. 8, h, a) 
={a, b, c, d. e, f, & h} 
We observe that the two sets so formed consist of the same elements. 
(AUB)UC=AU(BUC) 
The manner in which we group two of the three sets in forming their union does not 
affect their union. This is called associative property for union of sets 
(iv) 40% (a, b, с, анж } 
={a, b, c, d) =A 
Thus 4U$—4 
¢ is called the identity element of union. 
0) 494-4, b, с, d}U{a, b, c, d) 
—(a, b, c, d) =A 
Thus AUA—A 
This is known as Idempotent law for union, 
(1) We find the intersection of two sets at a time. So intersection is a binary 
operation. М 
(2) ANB={a, b, с, аус\{с, d, e, f, 8) 
={c, d) 
вгуА={с, d, e, f, 8101, b, с, d) 
={c, d) 5 
Since these sets consist of the same elements, they are equal. 
ANB=BNA 
The order in which we form the iutersection of two sets does not affect the intersection 
set. This is called commutative property for intersection of sets. 
(3) (4nB)n Cla, b, с, d) Ve, 4, e, f, g) ба, g, h} 
={c, d}M{a, g, h} 
={} -ф 
AN(BNC)={a, b, c, d) Me, d, e, f, g) a, 8. h} 
={a, b, c, 78) 


={} =$ 
Since these sets consist of the same elements, they are equal. 
Eo (Аг\В)г\С=АГ\(ВГ\С) 


The manner in which we group the sets in forming their intersection, does not affect 
their intersection. This is called the associative property for intersection of sets. 
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N= 


- (4) ANU={a, b, c, d) Ma, b, c, d, е,....5 z} 


. =f{a, Б, с, а) -А 

Thus A(1U—A ы 
U is called the identity element of intersection. 
(5) | ANA={a, b, c, га, b, c, d} 

={a, b, c, d)— A4 

Thus АПА-А 
This is known as Idempotent law for intersection, 
Let. U—(1, 2, 3, 4, 5, 6, 7, 8, 9} 

A={2, 4, 6, 8} and B={2, 85,7) 

Then A’={1, 3, 5, 7, 9} and B’={1, 4, 6, 8, 9} 


0) AUB=(2, 4, 6, 8800, 3, 5, 7} 
={2, 3, 4, 5, 6, 7, 8} 

Then (4UB)'—(1, 9} 

and АПВ'={1, 3. 5, 7, 9)n(1, 4, 6, 8,9) 

or A'CYB'—(1, 9) с 


Since three sets consist of the same elements, they are equal. 
S (AU B)—A'np' 
What do you note? Take other sets and verify the result. 


(i) AN B={2, 4, 6, 8102, 23575 
={2 А 

Then (AN By'={1, 3, 4, 5, 6, 7, 8, 9) 

and A'UB'—(1,3, 5 7, 901, 4, 6, 8, 9) 

2) A'UB'—(1, 3, 4, 5, 6, 7, 8, 9} 


Since these sets consist of the same elements, so they are equal. 
s (АП B) — A'U B' \ 

What do-you note ? 

Take other sets and verify the result, 

Thus (4U B)'— А'г\в' 3 (AN B)'=4' UB’ 
These are known as De Morgan’s Laws, 


ыса 


| EXERCISE—1 (f) 
(Section—A) 

If BCA, prove that AUB- 4. 
If BCA, prove that АП1В--В. 
If U={x : 1<х<20, хе М), 

P={p > p—2n, n&N} 

O={q : q—3n, ЛЄ} 

R={r : r=9n, nEN} 
list the followirig sets : 
(а) РАО (6) PN@AR 
(с) POOR’ (d) Phorm 
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4. If A—(1, 2, 3, 5), B={2, 4, 5, 6} and C={3, 4, 5, 7j, 
verify (4) AU(BUC)=(AUB)UC (b) (ANB)NC=AN(BNC) 
5. If A={l, 2, 3}, B={2, 3, 4}, С={3, 4, 5, 6) and U={1, 2, 3, 4, 5... ,9) 
show that (а) (AUB)'=4’NB' (b) (ANB)'=4'UB' 
6. For any two subsets А and B of О, show that 
(ANB)'=A'UB’ 
7. For any two subsets X and Y of U, show that 
(xuYy-x'nr' 


(Section—B) 


8. If A={x: x is a multiple of 3}, and B={x : x is even} 1 
are subsets of the universal set U—(x : x isa natural number <15}, then verify that 
(а) (ANB)'=A'UB', and (b) (AUB)'=4'NB". 
9. Using sets U={x : 0<x<25, хе М}, 
A={x : x is a multiple of 2} 
B={x : x is a multiple of, 3) and 
C={x: x is a multiple of 5}, 
show that AM(BUC)=(ANB)U(ANC) 


(Section—C) 
10. Using sets U={x : x10, хе М), 
4—(1,3,5,7,9, B={2, 4, 6, 8}, and 
C={2, 3, 4, 5, 6), 
verify that An(B'UC)-An(3nC) 


114. VENN DIAGRAMS 


In order to help us in thinking about set relations and operations, we make use of 
pictorial representations called Venn-diagrams named after the English logician Jonn Venn. 


ge 


The universal set Ё is represented by the interior of a 
rectangle. Тһе elements of the set 5 are represented by points 
or dots or by writing the elements, as shown on the right. 


The arbitrary subsets of the universe are repre- 
sented by the dots or elements enclosed in a circle 
drawn inside the rectangle. 


The subset A has 5 elements, B has elements 9, 
10, 11, 12, and C has elements 2, 5, 7. 


The subsets can also be represented by ellipses. 


The sets A and B can be represented as in the adjoining 
figure. These are such that по member Of set 4 is a member 
of set B and vice-versa. Sets 4 and B are disjoint sets. 


A possible relation may be that set Bis inside the set 
A. It means that all the elements of the set B are. the mem- 
bers of the set 4 also. Thus B is a proper set of A. We 
write ‘BC A’. 


When the set А and the set B are equal sets, then the 
same circle represents 4 or B. We write А--В. 


ns. The shaded portion represents the complement of 
set A. 


(i) We can represent the union of two sets 4 and B by means. of Venn-diagrams as 


given below : 


The shaded portion represents AU B. 

Note that the union of set A and its subset B is the set, A itself, as shown in the 
figure (d). | ` 

; (ii) We can represent the intersection of two sets A and B by means of Venn-diagrams 
as given below : 


The shaded portion represents ANB in both figures. 


Note that the intersection of set A and its subset B is the subset B itself, as shown in 
the figure (5). 

Example. If B and C are two subsets of the universal set U, draw a Venn diagram 
for the following 


BNC when BCC 


Solution. We represent the universal set U by a 
rectangle, the subset B by a circle and the subset C by 
an ellipse. 

Since B and C are subsets of U, the ellipse for C 
and the circle for B are to be draw inside the rectangle. 


Since B is a subset of C, the circle for Bis to be 
drawn inside the ellipse for C. 


_ Then B(1C is the set B which is shown by shaded 
portion. 5 


EXERCISE 1(g) 
-(Section—A) 
1. Draw a Venn-diagram to illustrate that 4 is a proper subset of B. 
2. Draw a Venn-diagram for two arbitrary sets A and B which are disjoint. 
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3. Draw a Venn-diagram to show each of the following, to represent the eler.ents of 


the set : 
(a) M={a, e, i, a и}; P={e, о, a) 
() S={2, 3, 5, 7,9, 11}; T-(5,2, 7) 


4. If A—(1, 2, 3, 4, 5, 6) and B={2, 6, 7, 9, 11}, 


list th: eloments of the set, represented by the shaded region in the above Venn- 
diagram. 
(Section—B) 
5. Draw a Venn-diagram to illustrate each of the following sets and subsets : 


U— (all natural numbers} ; D- (even prime numbers} 
E={odd numbers) and F={even numbers} 


6:- For each question draw three intersecting circles as 
shown and shade the following : 3 : 
(а) ANBNC 2 
(b) AU(BNC) 


7. Draw an appropriate Venn-diagram for each of the following : 
(a) ACB, BCC, C and D are disjoint sets; > ' 


(b) A and C are subsets of B, A and C are disjoint sets, 


8. Illustrate by a Venn-diagram the relationship between the sets A,B and C, even that 
BCA, CCB’ and ANC=¢. 
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9. 


Tn each of the diagrams given below, shade the region which represents the set given 
underneath the diagrams. 


(a) 


қавас кавас 
10. Using U={books}, N=(novels), and 


D={detective novels}, тергеѕепі the following statement as a 
Venn-diagram: | j 


‚ 
‘Some novels are not detective novels’. 


11. (i) Name the set which the shaded region of the 
given Venn-diagram represents. 


(ii) In the same diagram shade the region which 
represents 


(РПО) UR 


(Section—C) 
12. Given U-(x:1«&x«15, xEZ} 
A={p : p is multiple of 2), В= (4 : 9 is multiple of 3}, 
C-—ír:risa multiple of 9) 
Draw a Venn-diagram to show the relationship between these sets. 


13. Draw a Venn-diagram to illustrate the relationship among the following sets 2 
= (natural numbers}, Е= (even numbers}, 
P={prime numbers}, S= {square numbers}. 


In your diagram shade the region which represents the set of even numbers which are 
neither prime nor square. 


14. Draw a Venn-diagram to show the relationship between the following sets : 
U={quadrilaterals}, ` A= {parallelogram} 
B={rectangles}, C=(rhombuses}. 
Shade in your diagram the region that represents the set of squares. 


22171 
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115. APPLICATIONS 
Let us consider the universal set U and its two subsets А and B where 
U={0, 1. 2, 3, 4, 5, 6, 7), 
4—1(2, 3, 5) and B—(1, 3, 5, 7, 9). 
Here n(U)—8, n(A)=3 and n(B)=5 
Now AUB={2, 3, S}U{I, 3, 5, 7, 9} 


or АОВ--(1, 2, 3, 5, 7, 9} 2. n(AUB)=6 
Alo = AN B=({2, 3, 5101, 3. 5, 7. 9) 
or AM B={3, 5} 2. mANB)=2 
So, n(AUB)+n(AN B)=642 =8 
n(A)+-n(B) =345 =8 
Therefore; we have (AU B)-- n( AC B) nA) 3-n( B) 
i.e., i n(AU B)— n(A)2-n(B)—n(A( B). 


This result is true in general, for any two finite sets 4 and B. 
If A and B are disjoint sets, then AC B=¢. 
n(AUB)=n(A)+n(B) 
If A and B are not disjoint sets, then 4 (18:54. 
n(AUB)=n(A4)+2(B)—n(AMB) 
We will use these results to discuss the applications of sets. 
Example 1. Jf А and 8 are two sets such that A has 12 elements, B has 1 
апа AUB has 21 elements, how many elements does ANB have ? 
Solution. Here we have 
n(A)=12, n(B)=17, n(AUB)=21 
we know that n(AUB)=n(A)-+n(B)—n(AN R) 
S 21=12+17—n(ANB)- 
or 21=29—n(ANB) 5 


7 elements, 


or n(ANM B)=29--21 
=8 


Example 2. Out of 80 pupils who scored first class marks in Mathe 
50 obtained first class marks in athematics and 10 in English and Mathematics, How many 
pupils scored first class marks in English only ? (CBSE, 1977 (Delhi)] 
Solution. Let the set of pupils scoring first class marks in English be A. 
Let the set of pupils scorting first class marks in Mathematics be B. 


matics or English, 


Then the set of pupils scoring first class marks in English or Mathematics 4178. 
The set of pupils scoring first class marks in both English and Mathematics АГ B. 
Given "(4UB)—80, (АП1В)--10 and п(В)= 50 Т 
We know that n(AU B)=n(4)+n(B)~n(ANB) 

= 80=n(4)+50—10 

= (4)=40 


Thus, number of pupils scoring first class marks in English only=n(4)—~n( ANB) 
=40—10=30, 


ылыо наа найн: Сы йаа ee ee RR аде: 


10. 


11. 


12. 


13. 


14. 
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EXERCISE—1(b) 
(Section—A) 
If n(X)=72,  n(Y)—-84 тХоаҮ)-50 find (ХОУ). 
If A and B are two sets such that AU B had 18 elements, А has 8 elements, and B has 
15 elements, how many elements does AQ B һауе ? 


If X and Y are two sets such that X has 15 elements, XUY has 16 elements and XOY 
has 6 elements; how many elements does Y has ? 


(Section—B) 
Ina school,there are 20 teachers who teach Mathematics and/or Physics. 12 teach 
Mathematics and 9 teach both Physics and Mathematics. How many teach Physics ? 
In a group of 26 persons, 15 like tea while 18 like coffee. There is none who dislikes 
both. How many persons like both tea as well as coffee ? 
In a school there are 40 teachers who teach either English or History. Of these 24 
teach English only and 8 teach English and History. How many teach History only ? 


In a colony with population 20,000 ; 10,200 people read ‘Indian Express’ ; 9,200 read 
‘Hindustan Times’ and 1600 read both. How many read neither ? 


In a group, members know at least one of the languages, Hindi and Urdu. 100 members 
know Hindi, 50 members know Urdu and 25 of them know both Hindi and Urdu. 
How many members are there in the group ? 

The members of a group of 400 people speak either Hindi or English or both. 270 speak 
Hindi only and 50 speak both Hindi and English. How many of them speak English 
only ? 

Two sets 4 and B are such that n(AUB)=18, 

n(A' (1B)53, n(ANB')=5. Find (4038). 

A and B are two sets such that the AC B, n(4)—8, and n(B)=12, 

If п(0)=15, where U is the universal set, find the following : 

(i) n(4), (ii) п(В), (ій) ((AQB, (0) (4238) 

Out of 80 students in a science faculty at a university offered Physics, Chemistry and 
Mathemaiics as under : 


10 offered Mathematics only ; 10 offered Chemistry only; 6 offered. Physics only ; 
40-offered Physics and Mathematics ; 20 offered Physics and Chemistry ; 60 offered 


Physics. 
How many students offered Mathematics ? VN 
In a school, all pupils play either Hockey or Football or both. 300 pupils play Football, 
250 play Hockey and 110 play both games. 
Find (i) the number of pupils who play Football only ; 

(ii) the number of pupils who play Hockey only ; 

(iii) the total number of pupils in the school. 

(Section—C) 

Ina certainlocality of Delhi there are 1000 families. А survey indicated that 300 
subscribe to the ‘Hindustan Times’ daily newspaper and 250 subscribe to the 


‘Statesman’ daily newspaper and of these two categories 100 subscribe to both. Find 
the number of families which do not subscribe to any of these newspapers. 
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REVIEW EXERCISE—I 
(Section—A) 


State whether the following are true or false as appropriate 5 

(a) There are по subsets of the empty set. 

(5) The cardinal number of the set of the letters іп the word ‘INDIA’ is 4. 

(c) For sets A and B, if n(A)=n(B), then A=B is always true. 

(4) (1, 2, 3, 4, 5} and (6, 7, 8) are disjoint sets, [C.B S.E., 1980 (Delhi)) 
(e) For any two sets A and B, AC(AUB). 

(7) If A, B and C are three non-empty sets such that AN B=AQNMC, then B—C. 


If A and В are subsets of a set X, then state which of the following is true or false. 
Give reasons. 


(а) (AN B)C(AUB) (b) BC(ANB) [С.В S.E., 1981 (A.1.)) 

Fill in the blanks so ав (0 make the following statements true. 

(a) A set which contains no elements is called {НЕК cre. (С.В S.E., 1978 (Delhi)) 

(b) When two sets 4 and B have no elements in common, the sets are said to be......... 
[C.B.S.E., 1979 (А.1.) 

(c) If A and B are any two sets, then n (AUB)=......... [C.B.S.E., 1982 (А.1)) 

(а) A’......A=¢, where A’ is complement of A. [C.B.S E., 1984 (4.1)] 


(e) The set V of vowels is а...... of the set A of English alphabets, 
(7) The sets (15, 8, 11, 14, 17) and (16, 7, 9, 10, 12, ТЭХ areis. 
[C B.S.E., 1977 (Delhi)] 
Which of the following sets is a universal set of the remaining sets : 
(a) the set of natural numbers (5) the set of whole numbers 
(c) the set of integers (d) the set of even integers 
(e) the set of odd integers. 
List all the proper subsets of {—1, 0,1} 
If AU B—4, show that A={ }and вд. 
(Section—B) 
If A=({1, 2, 3, 4, 5}, B={1, 2, 4, 6} and C= (1, 5, 3) write 
(a) a set D such that DEB, DCC, DCA 
(b) a set F such that FCB, ЕФА, F&C. 
Given the sets А-(1,9, 11, 15, 17}, 
В--(11, 17, 19, 21), апі C—(3, 5,7); 
find (ANB) UC. 
Given U={x: —3€x€3, xE 1} 
A={—2, 0, 2) and B—(0, 1, 2, 3}, 
list the elements of the following sets : 
(а) Ов’ (b) (AU By 


10. Given that 4={11, 21, 31, 41,..., 91), 


11. 
n. 


13. 


14. 


15. 


16. 


B={prime numbers}, 

C={7, 14, 21, 35, 42,...}. 
List the following sets : ^ 
(a) ANB (b) ANB’ 
(c) (ANC)U(BNC) 


If A and B are the subsets of the universal set U, prove the 4U B=ANB, if and enly 
if A—B. 


Let U={a, b, c, d, e, f, g} and A— (a, Б, с, d, e), find (AN A'Y’. 
f (Section—C) 


Draw a Venn-diagram for three non-empty sets 4, B and C so that these sets have the 
following properties : 


ACB, ANCH¢4, CEB. 


: In a school there are 10 teachers who teach English or Mathematics. Of these, 5 teach 


English alone and 3 teach English and Mathematics. How many teach Mathematics 
alone ? 


In a group of 120 men, 72 can speak Hindi only, and 26 can speak Hindi and English, 
How r any of them can speak English only ? 


Let А and B be and two sets. If A=AUB, prove that B=ANB. 


NUMBER SYSTEMS 


21. NATURAL NUMBERS 


We have been using the numbers 1, 2, 3, 4, 5, ... for counting since our childhood. 
These are called counting numbers or natural numbers. We denote the set of natural 
numbers by N. 


N—(1,2,3,4, 5, 6, 7, 8, ...} 
Natural numbers together with zero are called whole numbers. 
The set of whole numbers is denoted by W. 
W={0, 1, 2, 3, 4, 5, 6, ...} 
The graphic representation of the set of whole numbers is shown below : 
Se Se ee ee ee 
0 1 2 3 4 5 6 7 
М апа W, both are infinite sets. 
We see that М is a subset of W. 
Properties of W for addition : 


(i) Closure Property. If a, b€W, at+beEw 

(ii) Commutative Property. If a, БЄУ, at+b=b+a 

(iii) Associative Property. If a, b, cEW, a+(b+c)=(a+b)+c 
_ (iv) Additive Identity. If a€W, at+0=0+a=a 


0 is called the additive identity for whole numbers. 
Properties of W for Multiplication : 


(i) Closure Property : If a, bEW, a.b€Ww 

(ii) Commutative Property : If a, БЕЙ, a.b—b.a 
(iii) Associative Property : If a, b, c€W, а. (b.c)— (a.b) . с 
(iv) Multiplicative Identity : If a€W, 1.a—a.1—a 


1 is called the multiplicative identity for whole numbers. 
(v) Distributive Property of Multiplication over Addition. 
If a, b, cEW, a(b+c)=a.b+ac 


(26) 
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Subtracting one whole number from another does not always lead to а whole number. 
So the set of whole numbers is not closed for the operation of subtraction. The introduction 
of negative numbers e.g, —1, --2, —3, ... enabled us to remedy of this defect. 


2.2. INTEGERS 


The set consisting of (i) natural numbers, (ii) their negatives or additive inverses and 
(iii) zero is called the set of integers. 


The set of integers is denoted by Z. 


ee The natural numbers |, 2, 3, 4, 5, ...... are called positive integers. They are denoted 
у Z>. 

The negative of natural numbers, —1, —2, —3, —4, ..... are called negative integers. 
Тһеу аге denoted Бу 27. 


Zero is called zero integer. It is neither positive nor negative. 
The graphic representation of the set of integers is shown below : 


-4 23 -2 -1 0 1 2 3 4 


Note that NCWCZ. 
Properties of Z for Addition : 


(i) Closure Property. If a, bE Z, a+bEZ 
(11) Commutative Property. If a; b& Z, а--5--5-га 
(iii) Associative Propérty. If а, b, c€ Z, а--(8--с)--(а--Ь)--с 
(iv) Additive Identity. If a€Z, а+0=0+а=а 
0 is called the additive identity for integers. 
(») Additive Inverse. If ае2, a+(—a)=0, and (-а)Є7 


(—a) is called the-additive inverse of ‘a’. 
Additive inverse of ‘a’ is also called opposite of ‘a’. 


Properties of Z for Multiplication : 


(1) Closure Property : If a, bEZ, abeZ 

(ii) Commutative Property : If a, bEZ, a.b=bh.a 
(iii) Associative Property : If a, b, cEZ, a.(b.c)=(a.b).c 
(iv) Multiplicative Identity : If a€Z, 1.а=а.1=а 


1 is called the multiplicative identity for integers. 
(v) Distributive Property of Multiplication over Addition. 
If a, b, c€ Z, a.(b-- c) a.b-F a.c. 


Division of one integer by another integer does not always lead to an integer. So the 
set of integers is not closed for the operation of division Such a situation necessitates the 


introduction of new numbers. 


2.3, RATIONAL NUMBERS 


The set of integers is enlarged so that there is no restriction on division of integers | 
except that of division by zero. 


28 
The new extended set of integers is called the set of rational numbers and is denoted 
by Q. 


A rational numbers is of the form T , where p and 4 are integers and 4550. 


Note that NCWCICQ. 
“The set of rational number consists of these subsets : _ 
(i) The set of non-negative rational numbers, such as : 
0220 746520115298 11 9 
Se Bye Owen T. US 2 p 0-4 11716 
(ii) The set of negative rational numbers, such as 
DE C 1, M. 7$ 7. 1 
ПУ ЕКШЕ ЫШНА СИЕТ 7221459 —16 
Note that positive rational numbers аге the same as fractional numbers. 


Decimals with limited number of decimal places can which be expressed in the form 2 
So such decimals are also rational numbers, 


( The operations of addition, subtraction, multiplication and division are always possible 
-in the set of rationals. 


Between any two rationals we can always insert at least one rational number. It implies 
that there is an infinite number of rational numbers between any two rational numbers. 


Properties of Q for Addition : 
(i) Closure Property. If a, b€ Q, a--b€ Q. 
(ii) Commutative Property. If a, bEO, a+b=b+a 
(iii) Associative Property. If a, b, c€ О, a+(b+c)=(a+b)-+e 
(9) Additive Identity. If a€Q, a+0=0+a=a 


0 is called the additive identity for rational numbers, 
(v) Additive Inverse. If a€Q, a+(—a)=0, and (-деЕ0 


(—a) is called the additive inverse of ‘a’. . Additive inverse of ‘a’ is also called 


opposite. 
Properties of Q for Multiplication : 
(i) Closure Property : If a, 5€ Q, a.b€ Q. 
(i!) Commutative Property : If a, 560, a.b=b.a 
(iii) Associative Property : If a, b; сЄО, a.(b.c) - (a.b).c 
(iv) Multiplicative Identity:  - If a€Q, 1.а=а1=а 


I is called the multiplicative identity for rational numbers. 


(у) Multiplicative Inverse : ‘If non-zero ае0, rales иар, where 23 ео 
won , Л р 


1. is called the multiplicative inverse of a. 


(vi) Distributive Property of Multiplication over Addition : 
If a, b, c€ О, a.(b-c) -a.b- a.c. 
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Two rational numbers As and T are said to be equal to each other, if and only if 
ps—qr. ) 
We can state it as under : 


P , if and only if ps—rq—0 


4 

Р PAGS 3 

т^. ста if arid only if ps—rg2 0, 
Be 


and = if and only if ps—rq <0. 


{t is now clear that given two rational numbers a and 5, only one of ин following three 
possibilities will hold good 
either a=b or a>b or a<b 

The following are the other properties of order relation : 

(i) If a, b, cEQ, and a>b, b>c, then a>c 

(ii) If a, b, cEQ, and a>b, then a+c>b+c 

(iii) If a, b, се О, and ab, с[>0, then ac bc. 

We know how to represent rational numbers on a number line. Rational numbers are 
arranged in order on the number line. 62451 

Every rational number is represented by one and only опе point on the number line. | 


The system {Q, +, . } is said to bz a field because of the eleven properties listed above. 
The rational numbers under operations of addition and multiplication form a field. 


EXERCISE—2 (a) 
(Section—A) 


1. Can you always vei one wnole number by another whole number and get a whole 
number quotient ? 


Illustrate your answer with examples. 
2. (a) Is the set of even whole numbers closed under addition ? 
(b) Is the set of odd whole numbers closed under addition ? 
3. (a) 15 the set of even whole numbers closed under multiplication ? 
(6) Is the sct of odd whole numbers closed under multiplication ? 
4. (а) Is the set of natural numbers finite ? 
(b) Is the set of whole numbers infinite ? 
(c) Is the set of integers finite ? 
What is the opposite of 0 ? 
(a) Is every natural number a rational number ? 
(b) Is every whole number a rational number 7 
(c) Is every integer a rational number ? ` 
7. Which two rational numbers are their own multiplicative inverses ? 
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8. Find the integral value of x, for which 3 is an integer. 
9. Find the integral value of x, for which E is a natural number. 
10. What is the number midway between -i and z ? 


11. Can you find three different rational numbers between any two rational numbers ? 
(Section—B) 


12. Arrange in the ascending order : 


аар зщ 
SC oy ah 
13. Write the following numbers in descending order : 
5 7 5 
29 os 187 


14. Find the additive inverse of (a) = (b) X 


15. Find the multiplicative inverse of (а) с (b) — 1 
(Section—C) 


16. If aand bare two rational numbers, prove that a+b, a—b, ab are rational numbers. 


If b40, show that 4 js also a rational number, 
b 


2.4, IRRATIONAL NUMBERS 
Let us now consider the representation of rational numbers as decimals, 


7 Rr ce 
107755 е Mane 
3 3x4 2120 ae Bow 56 
25 735x439 0 125 a 125х8 = 1009 . 9 056. 
We may also use the long division as follows : 
0:875 1:425 
8)7:000 40)57 000 
64 4 
760 170 ; 
9 во + =0'875 НО So 37 1-425 
7% 7100 
40 80 
T 200 
200 


R 
" 


decimals. 
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The above rational numbers, when written in decimal form, are terminating decimals. 


А : 1 
We may, however, consider some other rational numbers such as тәсі? etc. 


Here the division does not end or terminate. 


0:333 
3)1:000 At every stage we get the same remainder 1. 
9 
gated 12515 
10 ж --0:333... 
9 
Т0 We also write it as + -03 
9 
begs The" over 3 indicates that 3 keeps on re- 
1 peating without end. 
0:2727 Sometimes we also put a ‘—’ over digits 
11)3:0000 which repeat. 
22 4 
80 41 0272727... 
77 
30 We also write it as qp-0N or 027 
22 : 
^80 The digits ‘27’ keep on repeatitg without 
77 end. So we put “° over them. 
3 


These rational numbers are expressed as non-terminating repeating ог periodic 


terminate). 


We also know 
Thus 


Every terminating decimal can be considered as non-terminating since 0:7 can be 
written as 0:700000 .., 0 is being repeated. 


A rational number is a repeating or регіо! 


dic decimal. (It may terminate or not 


that every periodic decimal can be expressed as a rational number, 


35 


21112532 
3 019- 79 H 035---%- 

Let 0:35--0:3535...--4 
Then 1004--35:3535... 
Subtracting we get 


Let 0:7--0:777...--4 
Then 104--7:777 
Subtracting we get, 
7 35 
9q=7 504- g- 99q=35 So 4= 35 


We now consider some decimals which are not periodic (and do not terminate). 


(i) 314159... (ii) 14142135... 
None of these decimals can be expressed as a rational number. Such numbers are 


called irrational numbers. 
E А 
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An irrational number is a non-repeating (or non-periodic) and non-terminating decimal. 
We shall now consider irrational number in a different way. 
We have taken for granted that every point on the number-line represents a number. 


We have observed that corresponding to every rational number, there is a point on the number- 
ine. 


Is every number represented by а point on the number-line, a rational number ? 
Take the number-line. 


Let point O represent number 0 and point 4 represent number 1. 


-3 -2 -1 0 es 3 


> > — 
At A, draw AB perpendicular to the number-line. On AB, cut off AB such that АВ= 1. 
Draw segmeht OB, Я 


With centre О and radius OB, draw an arc intersecting the number-line at C. 
Then ОС--ОВ, à 
By Pythagoras theorem, we known 
OB*—04?-- АВ? 
i.e., OB2= 124-12 
ie, ОВ2--2 
So OB represents a positive number such that its square is 2. 
Let us denote that positive number by 4/2, 
4/2 is called a Square root of 2. 
Therefore 08-4/2 
Then OC=V 2 
Thus C represents number \/ 2 on the number-line, 
Is 4 2 a rational number ? 


Can У2 be represented as a fraction $ where a and b are integers and 640 ? 
In order to show that \/2 is nota rational number, we shall make use of three simple 
but important ideas. І 


(1) Indirect Reasoning. We shall assume that У2 18 a rational number and then 
show that, this assumption leads to an impossible conclusion. : 

(2) An even number is a multiple of 2. 

(3) If the square of a number is even, then the number is an even number. 


v 
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Proof. If possible let /2 be a rational number. 
Then у es , Where p and q are integers prime to each other and 450. 


Squaring, we get 2-5 


242=р?. 
Since р and 4 are integers, р? and q? are also integers. So p? is an even integer. 


Thus p is also an even integer. 

Let p=2k, where k is an integer. 

2q?= (2k?) 
= 4k 

or q?=2k? 

Thus 42 is an even integer and, therefore, q is also an even integer. 

Hence we find that p and д both are even integers. Then p апі д have а common 
factor 2. This contradicts our supposition. 

Thus 4/2 is not a rational number. \ 

We can easily find that there are infinitely many numbers which are not rational num- 
bers, V3, 4/5, 47, .... In general Vn where nis a positive integer and a nonperfect square. 
Similarly the cube root of any integer isa irrational number unless the integer is a perfect 
cube. The number т is also an irrational number. 

Let us find out whether 4/2 has a decimal representation, and if so, examine the nature 
of the decimal representation. 

Let us consider V2. 4/2isa positive number such that its square is 2. The process 
of finding the square root of 2 by division method can give us the decimal representation of 
4/2. We, will, however follow here a more elementary method. 

If n— 4/2, then п2=2 

Since 12=1, and 22=4 we can say that у2 is greater than 1 and less than 2. That is 
1<У2<2. 

We can get closer approximations if we work with tenths 

112-121 
1:22— 1°44 
1:32-- 1:69 
148-«1:264-| 
1:54--2:25<- 

Thus 1:4«:4/2 155. 

This process may be continued by actually calculating squares. 

: 141<у2<142 
14144 /2<1°415 
1:4142 «42-1:4143 
Using seven place decimals, we have 
1:4142135 £4 2 < 14142136. 

Proceeding in the same way we can obtain decimal representations for V 3, V5, 4/7, etc. 

43217320508 .., 4/5—2:2360680 . 47--2:6457513 .. 

We can use decimal approximation ќо locate ¥2 and other irrationals on number-line. 
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Example 1. State whether the given number is rational or irrational. 


(a) -2- (b) МЗТ (c) 3/5 (d) 2:878787.... 


9 


So it is a rational number. 


Solution. (a) Ex is of the form T where p and 4 are integers but 0550. 


(b) 4/31. is the square root of a number which is nota perfect square of a rational 
number. So it is an irrational number 


(c) 3/5 18 the cube root of a number which is not a perfect cube ofa rational number. 
So it is an irrational number. 


(d) 2:878787... is a non-terminating but repeating decimal. -So it is a rational number. 
Example 2. Determine a rational and an irrational number between + and 4 
Solution. Let us express the given numbers as decimals : 
4-065 and 3 --0:6666... i.e., 0:66. 
So we can write a terminating decimal fora rational number between these decimals, 
e.g., 0:64. 
Неге 0°64>0°625 and 0:64 «0:66, 


à 
Hence 0°64 can be taken as a rational number between -- and TN 


3 
Similarly, we can write a non-terminating but non-repeating decimal for an irrational 
number between 0:625 and 0°66. 
Let us take 0:64312703...as the required number. 


Here 0:64312703...2-0:625 and 0:64312703... <0:66, 


Hence 0:64312703.. can be taken as an irrational number between 52 and 2 


3 
Let us consider sum and product of two irrational numbers. 


(i) If a is irrational, then —a is also irrational. 


For example, 4/2 is an irrational number. 


(ii) The sum of a rational number 
irrational. 


So = y2 is also an irrational number. 
and an irrational number is always 


For example, 5 is a rational number and V3 is an irrational number. 


irrational number. So 5+ V3 is an 


(ili) The product a non-zero rational n 


umber and i i ЭГ 
always irrational. an irrational number is 


For example, 7 іѕ а non-zero rational nu 


y mber and y5 isan irrati 7 г 
7X V5 i.e, 7\/5 is an irrational number. v епопарашавева во 


We know that \/3 is ап irrational number. Hence — 4/3 is also an irrational number. 
Their sum is /3+(— У 3) i.e.. 0 which is a rational number. 


—— лен 
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We know that У2 and 4/3 are two irrational numbers. 

Their sum is 2+ 4/3. Is it rational or irrational ? 

Let ,/2--У3 be a rational number. 

The square of a rational number is also a rational number. 

So, (V2--4 3)? should be rational. 

=> 24-3--2/243 should be rational. 

= §4+2,/6isarational number. But V6isan irrational number. Since the sum 
of a rational number and an irrational number is always irrational, 54-24 6 is irrational. 

Hence (V2-- v 3)? is irrational. This contradiction proves that 4/24 “3 is not rational 
i.e., V 24-3 is an irrational number. 

What do you infer ? 

The sum of two irrational numbers may be rational in some cases and irrational in some 
other cases. 

We know that 4/2 and УЗ are two irratiora! numbers. 

Their product= /2х V3= уб which is an irrational number because 6 is not a perfect 
square. : 

Again 4/5 and 4/20 are two irrational numbers. 

Their product = У 5x V20 —4/5x20 

= 4100 —10 which is a rational number. 

What do you infer ? 

The product of two irrational. mimbers may be rational in some cases and irrational in 
some other cases. 

We are familiar with the number n. The ratio of the length of circumference of a circle 
to the length of its diameter is always constant. This constant is an irrational number. It is 
denoted by the Greek letter. m. 

Since т is irrational, its decimal representation is non-terminating and non-repeating. 

The value of x to a few places of decimals is given by 

1314159265... 


The rational number 2 is very often taken tobe an approximate value of x, We 


should note that 2. is not equal to т and it approximates т to two places of decimals, 


^ 


EXERCISE—2 (5) 
(Section—A) 
1. State which of the following numbers are irrational : 
(a) v7 (0) үт (о) $3 (d 436 ^ (узу 


(f) 0:57390682 .. (g) 0714285 (А) 574625 (i) 123414141... 
Write down two irrational numbers between 1:5 and 176. 

Write down three irrational numbers between 2:3 and 32. 

Show 45 on the number line. 

On a number line, locate the point corresponding to -43, 


©» ош № 
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Example 1. State whether the given number is rational or irrational, 


(a) -2- (b) A/31 (c) 3/5 (4) 2:878787.... 
Solution. (a) 3 is of the form 35 where p and q are integers but 2:0. 


So it is a rational number. 


(b) ^/31 is the Square root of a number which is not a perfect square of à rational 
number. So it is an irrational number 


WACO) 3/5 is the cube root of a number which is not a perfect cube ofa rational number. 
So it is an irrational number. 


(d) 2:878787... is a non terminating but repeating decimal. -80 it is à rational number. 


Example2. Determine a rational and en irrational number between 3 and 2 
Solution. Let us express the given numbers as decimals : 
--0625 and : --0:6666... i.e., 0:66. 

So we сап write a terminating decimal fora rational number between these decimals, 
e.g., 0:64. 

Неге 0:642 0:625 and 064 —0:66, 
2 
3 

Similarly, we can write a non-terminating but non-repeating decimal for an irrational 
number between 0:625 and 0:66. 

Let us take 0:64312703...as the required number. 


4 
Hence 0:64 can be taken as a rational number between = and 


Here 0:64312703...2-0:625 and 0764312703... 0:66, 


Hence 0:64312703.. сап be taken as an irrational number between са апа ; 


Let us consider sum and product of two irrational numbers. 
(i) If a is irrational, then —a is also irrational. 


For example, 4/2 is an irrational number. So — V2 is also an irrational number. 


(ii) The sum of a rational number and a 


n irrational number is al 
| wi 
irrational. са 


For example, 5 is a rational number and 4/3 is an irrational number. 


ай So 5+ 3i 
irrational number. +¥3 is an 


(ili) The product a non-zero rational number and an irrational number is 
always irrational. 1 


Forexample, 7isa non-zero rational number and М5 is an irrational number So 
7X V5 Le, T4/5 is an irrational number. MAT 


We know that 4/3 is an irrational number. Hence — V3 is also an irrational number. 
Their sum is 4/34-( — v3) i.e., 0 which is a rational number. 
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We know that 42 and 4/3 are two irrational numbers. 

Their sum is У2--4/3. Is it rational or irrational ? Ў 

Let 4/2--43 be a rational number. 

The square of a rational number is also a rational number. 

So, (/2-+¥3)2 should be rational. 

=> 24-34-2У2У3 should be rational. 

= §42,/6isarational number. But 46 іѕ ап irrational number. Since the sum 
of a rational number and an irrational number is always irrational, 5--246 is irrational. 

Hence (У2--4/ 3) is irrational. This contradiction proves that 4/24- -/3 is not rational 
i.e., V 2-- 3 is an irrational number. У 


What do you infer ? 
The sum of two irrational numbers may be rational in some cases and irrational in some 


other cases. 
We know that 4/2 and УЗ are two irratiora! numbers, 
Their product— /2* у tee уб which is an irrational number because 6 is not a perfect 
square. 
Again v5 and 4/20 are two irrational numbers. 
Their product— У 5 х №20 = 4/5x 20° 
= 4100 —10 which is a rational number. 


What do you infer ? 
The product of two irrational mimbers may be rational in some cases and irrational in 


some other cases. 


We are familiar with the number п. The ratio of the length of circumference of a circle 
to the length of its diameter is always constant. This constant is an irrational number. It is 


denoted by the Greek letter. т. 
Since x is irrational, its decimal representation is non-terminating and non-repeating. 


The value of x to a few places of decimals is given by 
1— 314159265... 


227: 
The rational number 2 is very often taken to Бе an approximate value of x. We 
should note that 2 is not equal to т and it approximates x to two places of decimals. 


EXERCISE—2 (5) 
(Section—A) 

1. State which of the following numbers are irrational : 

(а) 47 () VIZ (с) 2/3 (d) 436 (е) 3/10 
(f) 057390682. (g) 0714285 (№) 574625 (i) 1723414141... 

Write down two irrational numbers between 1:5 and 1:6. 

Write down three irrational numbers between 23 and 32. 

Show V5 on the number line. 

On a number line, locate the point corresponding to —V3. 


So» oM 
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(Section—B) 
2 3 


6. Find an irrational number between EN and т: 


SES: 1 1 
7. Write two irrational numbers between ж” and —. 


3 
3 eae. 5 5 
8. Determine a rational and an irrational] numbers between Ж апа т 


9. Prove that 4/3 is an irrational number. 
10. Show that 7 is an irrational number. 
11. Prove that /3— V2 is irrational. 


12. Write two irrational numbers whose sum is 


(a) a rational number (b) an irrational number. 
13. Write two irrational numbers whose product is 

(a) a rational number (5) an irrational number, 
14. Write two irrational numbers whose difference is : 

(a) a rational number ‚ (5) an irrational number. % 
15, Write two irrational numbers whose quotient is 

(a) a rational number (5) an irrational number. 


2.5. REAL NUMBERS 


A rational number is a terminating or non-terminating but repeating decimal, 
Numbers like 42, 43, 45, 6, у 7, etc., cannot be expressed as a quotient of two 
integers. Such numbers are called irrational numbers. 


An irrational number is a non-terminating and non-repeating decimal. 


The set consisting of the union of the rational numbers and irrational numbers is called, 
the set of rea/ numbers. 


5 The set of real numbers is denoted by ‘R’. If S represents the set of irrational numbers, 
then 


QUS=R. 


No rational number is irrational and no irrational number is ration al. 


Thercfere w 
sets are disjoint. те woeh 


4^ QUS=¢ Also QC R and SC R. 
Note that NC WEZCOCR. 
Properties of R for Addition 
(i) Closure Property. Ifa, bER, a--bC R 
(ii) Commutative Property. If a, BER, a+b=b+a 
(iii) Associative Property. : If a, b, cER, (a+6)+c=a+ (b+c) 
(iv) Additive Identity. If aER, 4--0--0--а--а 


0 is called the additive identity for rea] numbers, 


(v). Additive Inverse. If a€ R, a+(—a)=0 and (—a)€ R 


хэ а called the additive inverse of ‘а. Additive inverse of ‘a’ is also. called 
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Properties of R for Multiplication | 


(i) Closure Property. Ifa, bER,a.bER 

(ii) Commutative Property. If a, bER,a.b=b.a 
(iii) Associative Property. If a, b, cER, (a. b) . c=a . (b. с) 
(iv) Multiplicative Identity. IfaeR,l.a—a.1-—a 


1 is called the multiplicative identity for real numbers. 
(v) Multiplicative Inverse. If non-zero a€ R, a. 1 = . a=1, where ER 


Ls. 
ais called the multiplicative inverse of a. 


(vi) Distributive Property of Multiplication over Addition. 
Ifa, b, cER, a. (b+c)=a.bt+a.c 
Thus, the set of real numbers under operations of addition and multiplication form a 
field. 
Let a be a real number (rational or irrational). 


Now there is a point on the number line which corresponds to the numbera. The 
distance of this point from the point 0 (zero mark) is called the absolute value of a. 


Since distance is also non-negative, the absolute value of a real number a is always 
positive and is written as | a |. . 


Thus [31= and | 23123 
4| 4 4j 4 
79179. 28 as 
We can also say that 
| a| =a, if apo and | a | =—a, if a<0. 
Thus | 5 | —5, since 5>0 


| —5| =—(—5) i e., 5, since —5 <0. 
Note that absolute value of zero is zero. 


and 


Example 1. Evaluate : 
(а) 151—1—31*1—71—121 


(Б) | (—7)x(-2)1 + 1-51 —1-4 l 
вонон. (а) 151-41:-31-51:21:-121555-3417-2 
=12—5 
=k 
(9 10-7)х(-2141:51-1-41-114145-4 
: —144-5—4 
.—19—4 
=15. 


Example 2. Find the value of x, when | x—3 | =8. 
Solution. When х-320, | х-3 | =8 gives x —3—8 

- x—84-3 i.e., х-11 
When х-3<0, | x—3| =8 gives —(x—3)=8 


38 


> —x+3=8 
> —x=5 ie., х= 5. 
Непсе х= —5, 11. 


Example 3. Find all the real numbers x оп the number line which satisfy the 
following equality/inequality : 
(a) |x| =2 (b) |x| 22 (c) |x| <2. 


Solution. (a) If x20, |x| —2 gives x—2. It is represented by point Pon the 
number line given below : 


Р Р 
ttt st to] э 
-4 Soar е2. 24 0 1 2 3 4 5 


If x<0, |x| =2 gives —x—2 + x=—2. It is represented by point Р” on the 
number line given above. 


. (b) When x30, | x | 22 gives x>2. We mark point P on the number line corres- 
ponding to number2. Then point P and all the points on the number line starting P to its 
right represent the inequality. й 


When х<0, | x | 22 gives —x22. 5.x«—2. We mark point P’ on the number line 


corresponding to number —2. Then point P' and all the points on the number line starting 


Чу Р! to its left represent the inequality. Therefore graph of these points is as shown 
elow : 


“hemi frm mfp n mm nap 
аэ uur it aa 0 1 2 3 4 


(c) If x20, |x| <2 gives x «2. 


This means all the points on the number line lying between 0 and 2, including 0 but 
excluding 2. 4 


If x<0, |x| «2 gives -х<2 > х>-22. 


This means all the points on the number line lying between —2 and 0, excluding —2 
but including 0. 


3 Combining these two, the inequality will represent all the points on the number line 
lying between —2 and 2, excluding the points —2 and 2. Нв graph is shown below : 


1 2 3 4 


Example 4. If x * y= | x—y |, find 5*3 and (—5) * 3. [C.B.S.E., 1984 (Delhi)) 


Solution. Given x* y= |х-у|. 

Then 5%3-|5-3| 
="|.2\[-=2. 
Also (—5)*3— | —5—3 | 


= | —8 | =8, 
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Learn the following results by heart. However, you verify them by assigning different 


real values to x and y: 


10. 


(i) x< | x | (4) 1х1--1-х1 

(ii) |х-у|<іхі-іуі (iv) |х-у| 21Х1:-1| 
27 j » [xp lel у 

0) |х.у|=|х|.|у| e) | Хур where sto. 


EXERCISE—2 (с) 
(Section—A) 
List four distinct real numbers. 
(a) Is every rational number a real number ? 
(b) Is every real number a rational number ? 
(a) Is every integer а real number. 
(b) Is every real number an integer ? 


Find 
(a) ROQ (b RUS (с) ROS 
(d) QUS (e 0015 (7) КОО. 


Is there a real number that is not rational ? 
Is there a rational number that is not real ? 
(Section—B) 


(a) Write a real number which is not rational ? 
(b) Write a real number which is not irrational ? 


Let 4-[s. 2, т, V7, Ji —5, 24-3, 3}, find the subsets of A -containing elements 
which are : 
(a) natural numbers, (b) integers, 

(c) rational numbers, (d) irrational numbers, 


(e) real numbers. 

If the universal set is the set of real number, find the complement of 
(a) the set of rational numbers, 

(b) the set of irrational numbers, 

(c) the set of positive real numbers, 

(d) the set of negative numbers, 

(e) the set of non-positive numbers, 

(f) Ше set of integers ending in zero. 


Evaluate ` 

(a) 18— | —7| - | 1] — | 222] 

(b 1(-4)х(-2)| — | -61 + | (—5) x3 | 
13 1 

e Heya --2] 


а) | (—4)x(-2)| +1 -41-1-21+1-¥31- 


13. 


14. 


15. 


3. 


Find the value of x, when 
(a) 12-х|-5 (b) | 3x—2| —4. 


Find all the real numbers x on the number line which satisfy the following equality. 
inequality 


(а) |хі|-3 .. (6) |x| >3 
(с) |х|<3. 

Find the points x on the number line such that 

(а) |х-5| <3 (b 1х-51-3 


(с) |x—5|23. 
Draw the graphs of the following equality and inequality on the number line : 
(а) |x|—v5 b) |x| 2 v5 
(с) |x| «5. 
By assigning any values to a and b where a and b€ A, verify that 
(а) |atb| «lal 4 |5| 
(0) la:5b|—]|a| . jb] 
(с) |a—b| 2|a| — jb] 
(d) |a-b| 2 |5|—]a| 
(e) Га [5| > |a—b| 
a 


0 | 18 над. 


REVIEW EXERCISE II 
(Section—A) 
Fiil in the blanks to make the following statements true : 
(а) 1-51-13| =... 


[C.B.S.E., 1981 (А.Т.)] 
(b) If | x--2 | =3, thenx=...... Ori. 


[C.B.S.E., 1982 (4.1.)] 


(c) Every number. of the form 52 where р and q are integers and 0550, is a...number, 


(d) If the square of a natural number is even, the number itself is о; 
(e) If x and y are positive real numbers and x * yis represented by a positive real 
number уху, then 6 * (3 * 12) represents the number......... 


[C.B.S.E , 1977 (Delhi)] 
(a) Write the least positive integer. 


(b) Write the least non-negative integer. 
(c) Write the greatest negative integer. 
(d) Write the greatest non-negative integer. 


Express 4 as a decimal fraction. [C.B.S.E., 1979 (Delhi)] 


4. When is a number d said to be additive inverse of another number b ? 


_ 5. Find the value of І-х|- |y |, when x= —2, у= —3, 


[C.B.S.E., 1984 (4.1)] 


п. 


12. 
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Give a counter example to show that 5. а255 is not always true in the вес оҒ integers. 


When x and y are positive real numbers, let x * y denote the positive real number 


4Ух(у--1). Find the value of 3 * 11 ` [C.B.S.E., 1978 (Delhi)] 

Express 6°46 in the form 2 where р, д are integers, 4550. [C.B.S.E., 1983 (Delhi) 

Find two rational numbers between 5. апа нэ [C.B.S.E., 1984 (A.I.)] 
(Section —B) 


Find the value of x in | 2—x | ^5. 
Prove that У2--43 is an irrational number. 
(Section—C) 


The sum of two given real numbers isa rational number. Show that the numbers are 
either both rational or both irrational. 
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SURDS 


3.1, SURD 


We know that 4/3, 8/7, т, 14142135..., 4/20, 07131331333... are irrational numbers, 


f We know that there is no rational number whose square is 2. However, there is a real 
number whose square is 2. In decimal form this real number is written as 14142135... which 
is a non-terminating and non-repeating decimal j.e., irrational. 


We write this real number in short form by the symbol 4/2 or 21/2. 


зі Similarly, the irrational (real) number whose square is 3, is denoted by the symbol 43 
or 31/2, 


үке the irrational (real) number whose cube is 2, is denoted by the symbol 3/2 

or 21/8, 
Observe the following real (irrational) numbers : V2, 43, 45, 5/2, 2/5, 1/8, 8/10. 
Such numbers are called surds or radicals, : 


. Ifa is a positive rational number, which cannot be expressed as the nth power of some 
rational number, then the irrational number Аа or atn i.e., the positive nth root of a is called 
8 surd or a radical. і 


The symbol V/ is called the radical sign, n is called the order of the surd and a is 
called the radicand. 
We should remember that * 
(i) 2/а is a surd, 
(il) a is a rational number, and 
(iii) п/а is an irrational number. 


For example, 4/25 is not a surd because 25— 52. Then 425 equals to.5 which is a 
rational number, 3 


Similarly \/2+ V7 is an irrational number but it is mof a surd because the number 
2--47 is not a rational number. : 


Also 43 is a surd, but the same written as 44/3 is not considered a surd because 4/3 
is not a rational number. - 


3.2. ORDER OF SURDS 


The order of a surd is determined by its index. 4/3 is a surd of second order, 2/4 18: 
a surd of third order, 4/2 is a surd of foarth order. 


(42) 
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Observe the following surds : 
45, 47, Vil , 431 , 452 , 475. 
Each of them is а surd of second crder i.e., all of them are quadratic surds. 
3/4. 3/9, 3/28, 3/60 аге surds of third order. All of them are cubic surds. 
3.3. PURE AND MIXED SURDS 
A surd which consists only of an irrational number is called a pure surd. 
For example, V2, 48, 2/15, 4/25, 57100 are pure surds. 


A surd consisting of the product of a rational number and an irrational aaa. 
ber is called 2 mixed surd. 


For example, 2V3, 54/2, 43/6, 8 4/10 are mixed surds. 
Now 3/2—3x212—(32)1? x 21/2 
=91/2 х 212=(9 x 2)12 
—(18)t2— 418. 

Thus we can express a mixed surd as a pure surd. 

Also 450 —4/25x2—4 25x 42 

—5x42—5/2 
Thus we can express a pure surd as a mixed surd. ` 


The laws of radicals enable us to expressa pure surd as a mixed surd or a mixed surd 
as a pure surd. 


Example 1. Express V/98 asa mixed surd. * 


Solution. 27 98 -47х7х2. 
=477 7 x 2-1» 42 
=742 
Example 2. Express 3/135 in simplest form. 
Sclution. 3/135 —8/3x3x3x5 
1/39: 3/8. 
-3х3/5-433/5 
Example 3. Express 745 as a pure surd. 
Solution. 7,5-4/7х7х 45 
-449х5 -У245 
‘Example 4. Reduce 43/5 to a pure surd. 
Solution. 43/5-3/4х4х4 х3/5, 
-уйх хэхэ 


-y56 


EXERCISE—3 (a) 


(Section—A) 
Simplify : 
1. 463 2. 4125 3. 4486 
4. 2/250 5. 8/648. 6. 47243 
Express as a pure surd : 
7. 547 8. 6410 9 74 il 
10. 23/9 1. 38/12, 12. 54/4 
: (Section—B) 


13. Express 4/567 as a mixed surd. 
14. Express 8/576 in simplest form. 
15. Express 3 4/5 as a pure surd. 
16. Reduce 3 8/4 to a pure surd. 


3.4. SIMILAR SURDS : 


Two or more surds are said to be similar when they can he reduced as to have 
the same irrational factor. 


For example, 342, 542, 842 are similar surds. 4/3 and 44/27 are also similar surds, 
for 4427 —4x 33 i.e., 124/3, 


Surds which are not similar are called dissimilar surds, 
For example, 9/5, 134/2, 24/7 are dissimilar surds. 
: 3.5. COMPARISON OF SURDS 
Two surds of the same order can be easily compared. We just compare their radicands, 
For example, 3/20 > 8/12 because 20-12 
ЗІ <4/53 because 31 «53. 
n the surds are not of the same order, we first reduce them to the same order. 
Example. Compare $/6, v2 and 3/4. 


Solution. The given surds are 1/6, /2 and 3/4. These surds are of the order 4, 2 
and 3 respectively. E 


: L.C.M. of 4, 2 and 3 is 12. 


1/6—(6)1 4— (6)812— (68) na =2/216 

V2=(2)N#=(2)6/18—(26)1/12 =щ/64 

М/4= (4))/3—(4)112— (49 n2 -13/256 
Therefore 4/256>12/216> 12/64 


4, 3/4>4/6 >у2 


45 
EXERCISE—3 (b) 


(Section—A) 
1. Reduce to surds of the same order : 
(а) V3, 8/4, 4/5 (b) 3/2, $/15, 3/8 } 
(с) 6/4, 3/3, 4/2 52(4): 1/3, 1/3,.9 2. 
2. Which of the following surds is greater ? 
(a) 4/5 or 3/4 (b) 4/10 or 3/6 
(с) 5/2 ог 8/3 (d) 4/4 or 5/5. 


(Section—B) ) 
3. Arrange according to ascending order of magnitude : 


(а) ¥3, 3/5, 4/6 (5) 8/27, 2/15, У21 

(c) 3/3, 4/9 1/5 (4) 2 ,/5,3 5/4, 1/1000. 
4. Arrange according to descending order of magnitude : 

(a) 4/3, 6/10; 12/25 (b) 3, 4710. 2/6 

(с) 3/2, 6/3, 8/4 i (4) 243, 3 72, 5/7. 


3.6. SIMPLE AND COMPOUND SURDS 


Surds consisting of one term only are called simple surds or monomial surds. 

For example, 47, 3 45, 48/7, —2 3/9 are simple surds. 

An expression consisting of two or more simple surds connected by the sign 
+ or — is called a compound surd. 

For example, \/2+¥3, 2/5 — 4/2--2 V3, are compound surds. 

M 5— 3 and 5 У2--? V5 are binomial surds. 

34+V7—V2 and 3/4-2 544/9 are trinomial surds. 


3.7. ADDITION AND SUBTRACTION OF SURDS 


Only similar surds can be added ог subtracted. While adding or subtracting surds, we 
use distributive property to combine similar surds. 
Thus, 014/243 у2=(7+3) V2=10 V2 
8 /3-2 ү3=(8 -2) /3=6 V3. 
Example 1. Simplify: 412-4/27--ү 75. 
Solution. The given expression ` 
=V12—V274-475 
-44х3-У923--У2523 } 
=V4 4 V 3- 9x 34 V25v V3 
=2 V3-3 35 V3 
=(2+5) У3-3 y3 
=7V3-3 V3 
=(7—3) V3 
=4 y3. - 
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Example 2. Simplify: 28/40+3 3/525—43/320. 

Solution. The given expression 
=28/40+3 2/625—4 8/320 
—23/8x 5--33/125x 5—4 $/64X 5 
7232/8 1/5--34/125:1/5--4 8/44 8/5 
72X28/5-3x 5 1/5—4x4 8/5 
74 4/5--15 $/5—16 3/5 
=(44+15) 8/5--16 2/5 
—19 $/5—16 8/5 


—(19—16) 3/5 
=3 8/5. 
EXERCISE—3 (c) 
2 (Section—A) 
Simplify : 
1. 342422. 2, 543-3 уз. 
3. 4504-472. 4 4147-4185, 
5. 4/128--3/54. 6. 4/375-4/192. а 
(Section—B) М 
Simplify : 
7. 412-4274-4/75. 8, 454-3 420—445, 
9. 4147—4108-4 i2 10: 4/72—2 4/321 V8. 
ll. 42/27+2/8-45 1/64. . 12. 23/445 1/32—8/108; 
(Section—C) 
Simplify : 


334. У728:-4/63-- V 1754-2 А/ 50. 

М. У24--45-4/96:-1/ 125. 

15, 548-45882 У727-4/162--4/ 108; 
16. {081—8 3/216--15 8/324 4/225. 
3.8. MULTIPLICATION OF SURDS 


We have seen that Vax \/b=w/ab, where a and b are any two non-negative rca] 
numbers, : ) 


Surds of the same order can be multiplied to give a single surd of the same order 
according to the following law : { 


4/8Х4/5--1/08, where a and b are positive real nurabers and p is a natural number, 
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Example 1. Multiply : 


(a) 8/7 by 3/9 (b) 6 V5 by 13 3. 
Solution. (а) 2/7x3/9—3/7x9 
—1/63. ; 
(b) 6 V5X13 4/3=(6х 13). /5 V3 
: =78 У5х3 
=78 415. 


If the surds to be multiplied are of different orders, we reduce each surd to the same 
lowest order.. Then we multiply them applying the above rule, 


Example 2. Multiply : (а) 3/5 by V6 
(b) 5/32 by 22/81. 
Solution. (a) L.C.M. of 3 and 2 is 6. 
So, both the surds should be of sixth order. 
8/5 = 518— 516—0/52—0/25 
v 6-612 —68/6— 0/69—8/216 
3/5х V6—1/25 x $/216—1/25x 216 
=1/1%. 
(b) 5 /32x28/81=5 /16х2х23/27х5 
=[5 4 16 /2)x[2 2/27 8/3] 
-15х4 V2] x [2x 3 3/3] 
—20 ¥2x6 2/3 
—20x6x42x2/3 
= 120 x £28 x 8/3? 
—120x $/8 x $/9 
-120х4/8х9 
=120 4/72. 
Note that simplification of surds is necessary before multiplication in the above example. 


EXERCISE—3 (d) 


(Section—A) 
Simplify : 
1, У3хУ7. 2. у6х +11. 
3. 3/7х3/9. 4. 475x478. 
5. 5 У3х3 47. 6. 45/8х54/9. 
7. У2х3/7. 8. 4/8х4/3. 
9. 


23/3х 45. 10. 43/4х5 6/10. 
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(Section—B) 
Simplify and express the result in its simplest form : 
п. 1/18х3/15. 12. 36x 454. 
13. 2420x445. | 14. 3414х2 428. 
15. 51/49x23/14. 16. 21/45x3 4/63, 
17. у2х1/3х6/5. 18. У2 X$/3x4/4. 


3.9. DIVISION OF SURDS 


We have seen that 4a 4. = T where a and b are positive real numbers. 


Surds of the Same order can be divided to give a single surd of th 
according to the following law : : Сэрээ 
тау а » where а and b are positive teal numbers and n is a na 


Example І. Divide: (а) 3/15 by 3/3 
(b) 3 /21 by 2 У35 


tural number. 


Soluti алї5-—-3уз— VIS 
Solu ох (a) 3/ -4/3- 3/3 
15 
E 73-75. 
E) ic 342r 
b 3421—2 У35- = 
(9 : 2 435 
sS OLE SES 


If the surds are of di ifferent orders, we reduce each 
we divide them applying the above law. о i lowest order. 


Example 2. Divide 5 3/4 by 3 у2. 


Тһеп 


Solution. 52/4-3 v2= 509. 


5 
poa 6 2-3 2/2. 
EXERCISE- 3 (е) 
(Section—A) 
Simplify : 
1 Уй» v6. 2. 1/24—1/6. 
3. 4/25-4/15 ! 4 $/28-5/8 
5. 3414—5 уз. 


123/354 8/50. 
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(Section—B) 
7. 8534/5. 8. У3--4/5. 
4/48--8/72. 10. 53/6—3 410. 
(Section— C) 
A/15x A/ 60x V/63 
440 x 4200 


2 /1x4/8x5 V3 
33x4i5x442 ' 


The process of multiplication of compound surds is similar to that of compound 
algebraic expressions. 
Example 1. Multiply 2 /12—У8 by 418. 
Solution. (2 412—8)x V 18 
—2 4 12x 418—V8x 418 
—2 V/12x18— V 8x18 
=2 46x6—412x17 
=2x6 /6—12 
=12 46-12. 
Example 2. Multiply 3 4/3—2 \/2 Бу 4/2—2 V3. 


Solution. (3 //3-2 У2)4/2-2 V3) 
—343(42—2 У3)-2 У2(у2-2 43) 
=3 4/6—6x3—2x2-F4 V6 


=3 V/6—18—4--4 vó 


11. Simplify : 


12. Simplify : 


=(3+4) 46-22 
=7 V6—22. 
EXERCISE—3 (f) 
(Section—A) 
Multiply : 
1. V¥2—¥6 by 2. 2. У64-У3 by 4/3. 
„ 43—2 /5 by V3. 4  410—4/15 by 4/5. 
5. 345—2 V2 by 2 V5. 6. 2 /8—418 by 3 2. 
(Section—B) 
Simplify : { 
7. (V5446(V/3—42) ^ 8. (V6—4V3)4 104-455). 


9. (3 Vi8+2 VI2(V50— \/ 27). 10. (V5+V/15)(2 3-1). 
П. (44343 V2)2 /5—5 43). 12. (3 /24-V5(V/10—2 42). 
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(Section —C) 
13. Find the square of (5 /3—6 4/2). 
14. Evaluate (2 4/74-3 4/2) 4/7—3 4/2). 
15. Evaluate (4/3—4/2)4. 


3.10. RATIONALISATION OF SURDS 


When the product of two surds is a rational number, then each surd is сайс d 
the rationalising factor of the other. 


For example, 3./2x /2=3x 42x2—3x2 ie, 6. Therefore V2 is the raticnalising 
` factor of 34/2. 


(V/54-43)x(V/5—43)—(4 52— (4/3 
-5-316,2 


Therefore (4/5— У 3) is the rationalising factor of (4 54-43). “Also (V54- /3) is the rationa- 
lising factor of (V 5—43). 


The process of multiplying of a given surd by its rationalising factor to give a rational 
number as product is called rationalisation of a surd. 


3.34. RATIONALISATION OF MONOMIAL SURDS 


The rationalising factor of a monomial surd can be found easily, as illustrated below : 
Example. Find the rationalising factor of 


(а) 8/25 (b) 38/4 4/27 

Solution. (a) Writing the surd in the index form, we have 
Q25—3/53 ie, 5213 

The fractional index 2 will become | by adding T 

So, the rationalising factor is 51/3 or 3/5, 


(b) Writing the given surd in the index form, we have 
31/441/2153.5/223/38. ie, 3,215,384 
Now 2215 x 2315—2515 jg 2 
and 38/x314—344 го 3 
Therefore the rationalising factor is 28/5,31/4 ү, 5728 4/3 or 8/8 4/3. 


EXERCISE—3(g) 


(Section—A) 
Find the rationalising factor of : 
1. 243 2. 342 \ 3. 445 
427 5. 445 6. У54 


(Section—B) 
Find the simplest rationalising factor оѓ: 
7. 9 в. 5o 9. 3/625 
10. 8/4.У3 п. 23/9 12. 3/9.4/7 
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Sometimes surds occur in the denominator of an expression. It is almost always best to 
rationalise the denominator. So we multiply numerator and denominator of the expression 
by the rationalising factor of the denominator. 


Example 1. Rationalise the denominator of 


7 43 
CN © уз 
Solution. (а) -% - ME. The rationalising factor of V5 is v 5. 
INS 
--- 
3 : А 5 
(5) e The rationalising factor of 4/2 is 2. 
EE 
2 
-4446. 
Example 2. Simplify: 7V3+4V2. 


; : _ v3 
Solution. 74/3—442— 7/2 
Rationalising the denominator, we get 

1/3 7У3хУ2 1у3х2 

42 4ү2ХУ2 4у2х2 


IVS ыш IMG 
7 4x2 пъ е 4 
Example 3. Given that 4. 5—2:236 approx., find the value of os upto 3 places of 
decimals. > 
à 3 3x45 
Solution. 2/5 = 2У5хХУ5 
ЖЕГЕ 22 345 
MET ETE! 10 
| 3x2236 
S) 
_ 6:708 
7710 


=0°6708 i.e., 0:671. 
EXERCISE—3 Һ) 
(Section—A) 
Express the following with rational denominators : 


6 2 3/2 
. —т 2. SS 
E уз v1 2 6 
4 6 4У6 
Ms суз S Sua р зуу 
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(Section—B) 
Simplify : 


CE 3 
7. / 8. 5/3-4V2 9, 35 
3 4 


(Section—C) 5 


2 
10. Given that 1/5--2:236 approx. find to three places of decimals, the value of 757 


11 Given У 2 =1°414, find the value of 2? upto 3 places of decimals, 


12. Given 73=1°732, find the value of a upto 3 places of decimals. 


3.12. RATIONALISATION OF BINOMIAL QUADRATIC SURDS 


Binomial quadratic surds are said to be conjugate to each other when they 
the sign connecting their terms. 


For example, 4/54- 43 and У5- УЗ are conjugate to each other. 
Similarly 24/3— 4/2 and 234-2 are conjugate to each other. 
(Q71— V3)X(V74+.V3)=(V/7)2—(4/3)2 


=7—3 =4 which is a rational number. 


Therefore (77+ 4/3) is the rationalising factor of (//7--У3). Also (V7= 4/3) is tke 
rationalising factor of (V^ 74-у3). But(/74 V3) and (4 7— y. 3) are conjugate to each other. 


Hence, the simplest rationalising factor of a Біпот 


differ only in 


lal quadratic surd is its conjugate surd. 


` Example 1. Express 3 172 with a rational denominator. 


Solution, The rationalising factor of (5--42) is (53-2). 
3 3 5-42 
5-42 5-42 5x2 
3(54-42) 
"6-263 y2) 


364 V2) _ 1543V2 
2053:25:52 522203 


Example 2, Rationalise the denominator of 2У3-3У2 
24/64-5 
Solution. The rationalising factor of 5+276 is 5—24/6. 


2/3-342 2У3-3У/2 5—2у6 


24/635 5342/6 5776 


= 10v3—15V2—44/18 4-64/12 
(5)2— (27 6)2 
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_ 10V3—15V2—4.3¥246.2V3 
-- 25—4x6 

104/3—154/2—12/24-1 4/3 
z 25—24 
_ (10++12) 43—(154-12) /2 

1 
=22/3—27\/2. 
Example 3. Express 110 TuS VO дра! denominator. 

434-4/10— 4/5 


Solution. Неге the denominator is a /rinomial. We write the trinomial as a binomial 
by grouping together two of the terms. 


V3+V/ 10 — V5 can be rewritten as (4/3--410)-45 
Therefore, the rationalising factor of (4/34- V 10 )— 4/5 is (V34- 4 10 )+ v5 
4110-45-43:  V/I0--V5—V3 
V3 10—4/5 (У3--410)-45 
_М10 +0503 — (у3-410)--45 
(У3--/10)-У5< (у34-410 )4-45 
_ 10+ /5)— v 3] x [CV 104-/5)4-/3] 
(v/34- 410)? (4/5? 
“ (У10-458- -(УЗР 
~ 3+10+2V3V 10 —5 
_ 10+54+2V 10 /5—3 


8--24/30 
_ 1242050 = X64- N50 ) 
~ 84230 2(44-4/30 ) 


258542 4—430 

T 44730 4-430 
— 24--20v2—6V/30— 54 0 

(4+4 30)(4— 4/30) 

_ 24420 V2—6¥30 -5х24715 
TE 16—30 

_ 24520У2- 6430 —10415. 

-14 


(6030 +104 15 — 20v 2—24) 
-14 
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22 —2(34/30-- 5415 —10v2— 12) 


—14 
-43430--54/15--10,/2--12 
7 
EXERCISE—3(i) 
(Section—A) 
Rationalise the denominator of the following : 
I A c GRÉ 
WYr.2 25 “055083 rema 
6 8, 4347 6 ey 
м3—%6 2 3587447 25453472 
(Section—B) 
Express with rational denominator : 

_ 32 5--у2 6 
TOT liem c: * 2-1 
10 24-32 п 4vV24- V5 12 1--3У2 

| 3-242 : 7 3/3-2У3 7 2454-3 
13. Given 4/3--1:732, find the value of Sui dE) ў 

2—03 
14. Evaluate ха, when х= 54-24/6. 
15. If x—3— 4/5, find the value of x 
 (Section—C) 


16. Given У2--1:4142 and 4/3— 17321, m Correct to three places of decimals, the value of 


4 
3У3-2У2 + NTOSR 
Simplify each of the following by rationalise the denominator 5 


їр ыы и сыған 12 
УТЕУЗЕ Уз SBE 


1. 


REVIEW EXERCISE—III 
(Section—A) 

Fill in the blanks to make a true statement in each case : 
(а) &/10 is a surd of ............ order. 

(b) A mixed can be expressed asa ............ surd. 

(с) А compound surd has at least ............ terms. 

(d) We can add or subtract only ...... ..... surds. 

(е) The conjugate surd of 2/3—45 is А 
(f) The rationalising factor of 4У5 is ............ 


(g) The rationalising factor of a binomial агана surd isits ....... 


(А) А complete surd can be E OSA: ............ surd. 
Simplify : 5/34-2/27 + 


7 3 
Simplify : 4252-546--4294-3 ft 
Divide №24 by 8/200. 
(Section—B) 
Prove that LT + ig di vat is rational, 


245 B É Й 
Express sm with a rational denominator. 


I 45—4/3 
implify : ————— ———,—— 
ad VEM 445-2. 
V6 1.43. 
Find the value of әуез 3r42 6-2 
(Section—C) 


3 : A ; 
Express :73::/24:4/5 with a rational denominator. 
1 
If x—3-- 48, find the value of. x#+ FE 


M 53-3 Д 
Vois n 1 * 
Find the value of V5—v3 Correct to three decimal places. 


If x=3— V 8, find the value of x94- i. 


surd. 
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- FUNCTIONS 


41. GRAPHS 


Graphs are generally used in various fields of life. А graph isa pictorial representa- 
tion. Its object is to convey quickly as much information as possible about variations in two 
related quantities. It is necessary to know how to fix the positions of points which form the 
graph, 


42. RECTANGULAR COORDINATE SYSTEM 


Let us draw any line X’OX and through O let us draw another line Y'OY perpendi- 
cular to X'OX. { 2 FAMAE 


Since there is a one-one correspondence between the real numbers and points on a line, 
teal numbers may be represented on either of these two lines. uve 


Let us take the point of intersection O of these two lines as the point corresponding to 
the real number 0 on either line. j : à 


7 


Il'QUADRANT 


Үс 


We know that every point of a line represents а real number, and conversel: | 
number is represented by a unique point on the line. Si every real 


г (56) 
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So we represent all positive real numbers on X'OX along OX and negative real numbers 
along OX’. 1 


Similarly we represent all positive real numbers on Y’OY along OY and negative real 
numbers along OY’. 


Lines X'OX and YOY' are called co-ordinate axes or axes of reference. 
The horizontal line X'OX is called axis of x or x-axis. 


The vertical line YOY' is called axis of y or y-axis. 
The point O is called the origin. 
The axis of co-ordinates divide the plane into four regions which are called quadrants 


XOY, YOX', X'OY' and Y'OX are respectively called the first, second, third and fourth 
quadrants. 


Ч YA Apia 
A point Pin the plane can be assigned cupo OE 
an ordered pair of numbers called co-ordinates, Э 
as shown in the figure. “ің 
9i------ 
(i) BPis called the X-co-ordinate or y ЇЙЛ 
abscissa of P. Origin 2 | 
i i 2 $ 
(ii) AP is called the Y-co-ordinate or VA DI зэл LA edi 
ordinate of P. » x4 55 -4:2-2-10 1 2 34:57 
(iii) We always write the abscissa first. |-2 
Thus the co-ordinates of P are "А 
(2, 3). Ў 
4 
The co-ordinates of the origin are. 1.5 
(0, 0). Д AN 
Y М 
ү 
6 * Q(5, 6) 
5 | 
Conversely ап ordered pair of і 
numbers (5, 6) for example, сап Бе 4: ) 
assigned to a point іп the plane as 3 ! 
follows. We measure 5 units along the : 2 j 
X-axis and then 6 units along a line n. ^ 
parallel to the Y-axis arriving at point Q. 1 : 


1 
You will note that the ordered pair (6, 5) жоол. ас. 1) ЕН 
will denote a different point. x’ | i oD Ba 0.0 У 


Hence we say that there is a one- 
to-one correspondence between the points 
in the plane and the ordered pairs of real 
numbers, 
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If we are given an ordered pair (x, y) of real numbers, we can represent it by a point 
on the plane as follows : 


Р (х, у) 


First we find on the axis Х”ОХ the point corresponding to the real number x and draw 
through it a vertical line. 


Next, we locate on the axis YOY’ the point corresponding to the real number y and 
draw through it a horizontal line. 


The point P where the vertical and the horizontal lines meet is said to represent the 
^ ordered pair (x, y) of real numbers. 


If the ordered pair (x, y) corresponds to the point P, we say (x, y) are the co-ordinates 
of the point P, x being called the x-co-ordinate or abscissa, y being called the y-co-ordinate 
or ordinate. n 


The coordinate system in the plane is also known as the rectangular co-ordinate system. 
Example 1. Ifa point has co-ordinates (—4, 0), does it Не on the x-axis or y-axis ? 

) Solution. The co-ordinates of the point are (—4, 0). 
Since the y-co-ordinate or ordinate is zero, it lies on the x-axis, 
Example 2. Does the point (5, —7) lie above the x-axis or below the x-axis ? 
Solution. The co-ordinates of the point are (5, ret i 
Since the ordinate is negative, it lies below the x-axis, 


Example 3. Determine the quadrant in which the points with the following co- 
ordinates Пе: 


(а) (-5,-9) (b (7, 12) (0(-8,10) (а) (9, — 16) 
Solution. (a) Abscissa=—5 which is negative 
Ordinate= —9 which is negative 
So the point lies in the third quadrant. 
(b) Abscissa=7 which is positive 
Ordinate=12 which is positive 
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So the point lies in the first quadrant. 
(c) Abscissa— —8 which is negative 
Ordinate= — 10 which is positive. 
So the point lies in the second quadrant. 
(d) Abscissa— 9 which is positive 
Ordinate— —16 which is negative 
So the point lies in the fourth quadrant. 


EXERCISE—4 (a) 


(Section—A) 
Plot on a graph paper the point whose coordinates are given below : 
1. (5, 9). 2.:(-5,1) 3550-7, 0): 4. (0, 11). 

5. (-6, - 13) 6. (0; —15). 7. (9,-16. 8. (0, —12). 
9. (7,0). 10. (—16, —16). 11. (10, - 10). 12. (-18, 18). 
13. (4, 20). 14. (—8, 22). 45>" (22, —6)- 16. (—9, —24). 

(Section—B) 


17. Name the quadrants in which the following points lie : 
(a) (x, y) where x is negative and y is positive. 
(b) (p, q) where p and q are both negative ? 
(c) (r, s) where r is negative and s is positive ? 
(d) (—7, 5), (e)1(—:9, — 5), (f) (0, —5), (g) (—3, 0). 
(A) (0, 0), (i) (3, 0). 


43. FUNCTIONS 


Function is an important concept in mathematics. We will explain the basic idea by a 
simple example. 

Suppose that 16 boys were given work in a factory on а particular day. Each boy is 
paid Rs. 10 as daily wages " 

Can you tell the total payment made by the factory for such boys on any working day ? 
If we know. the number of boys employed by the factory on a particular day, we can find the 


total payment made. 


If 20 boys were employed on first Monday of April 788, the total payment to be made 
to them will be Rs. 200. If 25 boys were employed on the next day, the total payment will 


be Rs. 250 and so on. ; 

If we denote the number of boys employed by x, the total payment made will be 10x. 

x сап take integral values between 0 and 30 i.e, 0<х&30 since the factory has the 
capacity to employ 30 boys. 

Then 10x will take integral values between 0 and 300 i.e., 0«10x« 300. 

Let us denote the set of non-negative integers between 0 and 30 by X and the set of 
non-negative integers between 0 and 300 by Y. 

Then X={x : x€I and 0x30} 

Y={y: yEI and 0<;<300) 
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Thus with every element x€ X, we associate an element y€Y such that y=10x. This 
relationship is described by saying that y is a function of x, where y= 10x. 


Note that each element of X is associated with one element of Y. But every element of 
Y is not necessarily associated with some element of Y. 25 ЕУ, but 25 is not associated with 
any element of X. Only multiples of I0 are associated with some elements of x because 


y=10x. 


Also note that the same element of Y may be associated to several elements of X. 
But each element of X will be associated with exactly one element of Y. 


Let X and Y Ье апу two non-empty sets. If every element x € X is associated 
by a rule, with one and only one element of Y, then this association determines a 
function from X to Y. 


The set X is called the domain ofthe function and the set Y is called the co-domain 
or range of the function. 
Functions are usually denoted by single letters such as F,f, G, g. 


A variable such as x, is used to represent the elements of domain. The corresponding 
elements of range are then denoted by f(x) or F(x). 


We read the symbol f(x) as “fat x” or “f of x". 
f(x) is called the image of x and x is called pre-image of f(x). 
The ordered pairs of a function f are represented as Ix, f(x).] 
Sometimes, in symbols, we write like this : 
foo Хо): f) x2) 
OR 
/={(х, у): y2x4-2). 


Considering that a function f from Ato Bis also the arrow diagram, we say f maps 
A into B and we write symbolically as under : s io лар 


(i) f: A—>B. Read as Ў maps A into B’. 


Jr 
(ii) А-->В. Read as ‘A is mapped into B by f’. 


(iti) 4A—- B, x——x--2. Read as ‘function f maps A into B such that each 
A is mapped into x--2. тхо 
A function is also known as mapping, 
A function is said to be a real function if its domain and range are subsets of 
real numbers. 
Here we will study only real functions. Let y=f(x) Бе a real function. 


х can assume any value in the domain of f. Then у will have a definite value corres- 


ponding to that value of x. Thus the value of y will depend on the value of i 
х is called independent variable and y is called dependent variable. тенту 


Consider a real function given by 
у=/(х)=3х%—1 
When x-21,- | y—f(1)23x12—1 =2 
When x=—2, y=f(—2)=3 x (—2—1-11 
ЛІ) is the value of the function at x=1, 
Then f(1)—2, Similarly /(--2) is the value of the function atx=—2. Then A(—2)=11, 
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Examplel. Let f: 4—N, х-эх2, where 
4-0, 2, 3, 4, 5). Express f in the roster form. 
Find the domain and range of the function. 


Solution. Given А={1, 2, 3, 4, 5} 
fixi 
Domain of f is (1, 2, 3, 4, 5} 
Then f : 11, 224, 3-9, 416, 525. 
Hence f:={(1, 1), (2, 4), (3, 9), (4, 16), (5, 25) 
Range of f is (1, 4, 9, 16, 25). 
Example 2. If the real function f is defined such that its value at x is 
Лх)--4(х--4) (7--х), find its domain. 
Solution. Given f(x)=V(x—4) (7—x) 
=Vx-4 47-х 
We must find x when :V/x—4 and 4/7—x are defined. 


For А/х--4 to be well defined, we must have x —42 0 i.e., x24. 
Also for 4 7—x to be well defined, we must have 
1—х>0 ог 72x i.e, х<7. 
Combing the two, we find that the function is defined when 4<х6,7. 
Bence the domain of the given function is the set of real numbers between 4 and 7. 
We can write it as " 
Domain of f={x : x is real and 4«x«7) 


EXERCISE — 1 (b) 
(Section—A) 


1. Ifa real function f is defined such that its value at x is given by Хх) = 4 x, find the do- 
main of f. b ! 
2, Let f: N-+R be given by 
fat x43 —3 
Find the value of (i) (1) (йі) f(13) [C.B.S E., 1980 [A.I.)) 


3. A={l, 2, 3, 4, 5, 6), B={—4, —3, -2, — 1, 0, 1, 2, 3, 4, 5} and 
S={(x, y), : y=2x— 5, xEA, y€ B). А 
(i) List the elements of S. 
(ii) List the domain of S. 
(iii) List the range of S. 
(iv) What is the domain of the variable x ? 


, 


4. Write down the domain and range of the function. 
(х, yy: x=3y and х and y are natural numbers less than 10}. 
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5. Iff: AN, x52 х®— 1, хе A, where 
4-0, 2, 3, 4, 5). 

Write the function in roster Гог” 

Give its domain and range. 

Б (Section—B) 
6. Write down the functions from Rto R defined below in the roster form. Draw their 

graphs. 3 

(а) /: x2llx, xE (1, 4, 4. 5.5. 9 

(b) f : х-э2х, хе М. 
7. Ifg={(x, y) :у=х2—1) find 

(а) 800) (9-І) (940)  (d)g(—3) 
8. If f={(x, f(x) : Лх) x—2), find 

(а) f(2), (0) 8) (с) Л 0, (d) A2). 
9. Let fix) ушел, ER, 


find the value of : na 


10. Given that f(x)=2x and f: NN 
(a) Find the range of f. 
(b) Find the domain of f. 
(c) Does f(2)-+/(3)=f(2+ 3)? 
(4) Does f(2). (3)=f(2 . 3)? 
(e) Does f(5x)=5 f(x) ? 
(Section—C) 
11. Letf: К + КБе given by f(x)=x2+2x+ 1, 
Find the value of (i) f(—1)--f(1) — (ii) f(2) х/\3) 
18/(—1)+Д1)=/(0)? 


Is f(2) Х/(3)=/(6) ? 
12. Let 7 be defined by /09- т. XER. 
Find (i) f (+ ) sso (ii) /(2х) 
(iil) f (x—1) (iv) 7(/(-1)) 
13. If f(x)= а =y, show that /(у)=х, 


4.4. GRAPH OF FUNCTIONS 


Let us now learn how to sketch the graphs of real functions. 
Let f be a function, defined as Лх)=2х+5, 


The value 2x4- 5 at x is defined for all real values of х, fi i 
function is the set of all real numbers. кырен бржи aptis 


a 4 a А = л... 
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We now choose various values of x in the domain and calculate the values of 1163) 


as under : 


When x=0, ЛОд-г2х--5--2Х0-4-5 -5 

When x=5, S(x)=2x4+5=2x54+5  —15 

When x—10, | f(x)=2x+5=2x10+5  —25 

When х----5, /(х)--2х--5--2х(--5)4-5 =—5 

When x——10,  f(x)=2x+5=2x(—10)4+5=—15 

When x——15,  f(x)-2x--5—2x (—15)4-5— —25 

We tabulate these as follows : 
me 


хо 5 10 
fe). 504 159) 25 


AEA EE EE А е ОА ЦА ОЬ 
We take the points, in a rectangular coordinate system, with abscissas as different values 


of x in the table and ordinates the corresponding values of f(x). Therefore we plot the points 
(0, 5), (5, 15), (10, 25), (—5, — 5), (—10, —15), (—15, —25). Then we join all these points. 


function, 


The line so obtained is the graph of the given function, Хо)-2х--5. 


Functions of the form f(x)—ax--b, where a and b are real numbers, are called linear 
8. 
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The graph of a linear function is always a line. 


We should assign only integral values to x to find the values of f(x). This will give 
only integers for abscissas and ordinates, Plotting of such coordinate is easier 


Although we need to plot only two points to determine the graph of a linear function 
over real numbers, it is a good practice to plot several points as a check. 


Let f be a function defined as f(x) 2 x1 — 3x—4. 
We shall now sketch the graph of f. 


Here x2—3x—4 is defined for all real values of x. Therefore, the domain of f is tHe set 
of all real numbers. 


We assign various real values to x and find the corresponding values of f(x). 


When x=0, /(0)=0—3х0—4=—4 
x=2, f(j=4-6-4 --6 
x=4, f(4)=16—-12—4 =0 
x=5, f(5)225—15—4 =6 
x=6, f(6)=36—18—4 =14 


хэ-1, -Д-1)-1-43-4 =0 

x=-2, /(-2)-4%6-4 =6 

х--3, | Д-3)-9-49-4 =14 
We tabulate these values as under. 


We plot the following points in a rectangular coor-inate system. 


(0, 4), (2, —6), (4, 0), (5, 6), (6, 14), (-1, 0), (—2, 6), (—3, 14). 


/ We join these points by smooth free hand curve. Thus, we get the graph of the function 
f(x)=x®—3x—4 which is given on the next page, 65. 


Note that this graph is a curve different from a line. 


The graph of a quadratic function is a curve called parabola. The ‘curve is concave 
upwards and is symmetric to y-axis. 
: EXERCISE—4 (c) 
Sketch the graph of the following functions : : 
; (Section—A) 


21. f@=x+2 2. /(х)--3-х 
3. f(x)25—3x :4. Жод-7--4х 
з. fo 292 в. J= 

(Section—B) 
7. f(x)=x?+2 8. f(x)2x?—3 
9. f()-2—» 10. Кх) =(х—2)2 
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10. 
M. 


REVIEW EXERCISE—IV 
(Section—A) 
Which of the following statements are True and which are False ? 
(a) The point (—2, — 2) lies on the x-axis. 
(b) The point (4, —5) lies.on the y-axis. 
(c) The point (—9, 0) lies on the y-axis. 
(d) The point (0, —€) lies on the y-axis. 
(е) The point (7, 0) lies on the x-axis. 
(7) The point (0, 8) lies on the x-axis. 
Represent the following points in a rectangular coordinate system : 
(a) (—7,0) (0) (4—9) (0) (9, 15)  (4)(—12, 257) 
Name the independent and dependent variables in the following : 


(а) 3y=x2—2 (b) V= + nr 
(с) у= 4 x—1- (d) y=3x+5 
(Section—B) 
ЖЕРІК 1 
Let f(x)= Exc хе» XER. 
Find the value of f(1), f(—1), f(0). — , 
Is f(1)+(—1)=f(0) ? [C.B.S.E., 1983 (4.1))] 
2 
ду ЕЗЕК! verity if ADEA) is true, (С.8.5 Е., 1983 (Delhi) 
1 
we 
Given f(x)= Т find the value of /(2). [С.В.5.Е., 1979 (Delhi ) 
х+ — 
x 
Draw the graphs of the following functions : 
fee в. (9-07 


Let f(x) EU ,X€R, wey. 


Find (i) f(0) (ii) f(—3) (iii) value of x such that S(x)=4 


[C.B.S.E., 1980 (Delhi)) 
(Section—C) in 


Let f be a function defined as f(x)—x?. Sketch the graph of f. 
Sketch the graph of a function defined as fix) xi x — 6, 


5 


POLYNOMIALS 


51. POLYNOMIALS 

We are familiar with the concept of function. Here we shall discuss a special type of 
function, known as polynomial. Polynomials are a special type of algebraic expressions 
involving only one variable. 

Let us consider р(х) = 5х2--3х--2. This is a function of x. 

Then р(1)-5-3--2-4; р(2)--20--6--2--16 

р(—1)=5+3+2=10 ; р(0)--0-0--2--2. 

Therefore p(x) is a function whose domain is the set all real numbers. 

Note that here powers of x in each term are only non-negative integers and the co- 
efficient of each power of x is a real number. 

Such functions are called polynomial over real numbers. 

The function f(x)=aot+a1x+a2x?+-...+-a,x", where x is any real number, п is any non- 
negative integer and 41, аз, 43, ..., ал are given real numbers and 8,560, is called a polynomial 
in x over reals. 

The domain of a polynomial function is the real set R. 

The real numbers ao, 41, ао, ..., ап are called the coefficients of the polynomials. 


If the coefficients of the powers of x are all integers, we call it a polynomial over 
integers. If they are all rational numbers, we call it a polynomial over rational numbers. 


For example, 5х2—2х+- 3 is a polynomial over integers. 
3-8 +4 xt — ixl is a polynomial over rationals, 
2x8— J/3x1-- x --2 4/5 is a polynomial over reals, 
A polynomial having a single term is called monomial, e.g., 3x, 2, М2. 
A polynomial having two terms is called a binomial, e.g., 2x—5, 3x?-- 1. 
A polynomial having three terms is called a trinomial, e.g., x?—3x-+2. 
Note that the word ‘monomial’ or ‘binomial’ or ‘trinomial’ is decided by the number of 
terms. 


We write a polynomial in the standard form by arranging the terms in either ascending 
powers of x or descending powers of x. ) 


(67) 
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Consider р(х)= 5x8 —2x+-7— is. қ ji 

It can be written in a standard form with powers of x in ascending order as 
7—23. 3258, 

It can also be written in a standard form with powers of x in descending order as 
Sxi 19-28. 

The polynomial having all coefficients as zero is called zero polynomial. 


For example, 0.х2--0.х--0 and 0.33— 0.x 4-0 are zero polynomials. 


The exponent of the highest poyer ‹ of x чон in a non-zero polynomial is 
called the degree of S polynomial Ч 


5x41, -3 4-р 4x are the examples of first degree or linear polynomials, ) 


A linear polynomial is of the form ax--b, where 2540. 


332— 5x 4-1, 531-3, х2--6х--7 аге the examples of second degree or quadratic 
polynomials, ЖАР 


А quadratic уша 18 of the form LL DEG scp аж: 
Consider the polynomial 3x5— xd >= 1 т. 


Observe that the term with the мын power of x is 3x". Its exponent is 5. So the 
degree of the polynomial is 5.: х ‘ 


Note that we do not assign any degree to the zero polynomial, 


Terms involving the same. power of the variable are called like балаа 
In the e. polynoptis] 3— x? -E5x-4-73?, terms —x? and 7x? are like terms. ` 


EXERCISE—5 (a) 


Бс (Section—A) 
1. Miss of the following functions are polynomials ! 1 
а) 3x. @) 333 5x2 
() Vàx-pxFS ^ MS — 
(xt Оу 
2. Classify each of the following polynomials as monomial, binomial or trinomial : 
‚ (a) 5х2--8х--3. s (8) 7х 
(c) 2x4-5 (d) заах 2. 


(е) 6x4 (f) 6x8-+4x—7, 
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3. Write each of the following polynomials in ascending as well as descending order : 


(а) 6а2--3а--5--7а3 (b) 5х3--6х2--3х 
(с) 9х2--8х3--6х4-5х--10 (4) 1— 6m5. 
4. Write down the degree of each of the polynomials given below ; 
(а) 3x3+x2—5 (b) 5x2—2x+ 1 
(с) 3—x2—4x3— x4 (d) 4-3. 


5. In each of the polynomials given below, list the like terms : 
(a) 5х19--6х2--7х3--5х--7х10--8х%--9х-- 6х3--1 
(b) 40--х--38--32--25--4х-4-50х8--4х3--5 
(c) 1—:+-413—6:2-- 51— 812—13 
(4) у—у3—у2—у+1+)4, 


5.2. ADDITION OF POLYNOMIALS 
Let us revise the addition of polynomials. 
(a) Addition of monomials. 


Example 1. Add together : 
5x, 2%; —4x, 71x, --2х, 
Solution. Sum of positive numerical coefficients=5+3-+-7 
=15 
Sum of negative numerical coefficients=4+ 2 
=6 
the difference =15—6=9. 
Here the sign to be prefixed i is positive. 
Ё the requiped sum=9x. 
(b) Addition of binomials, trinomials, etc. 


The polynomials can be added by arranging like terms in vertical columns and then 
adding each column. 


Example 2. Add the following polynomials : 
+ + ын у-У2; 2yME3- у3у. 
Solution. Arranging the terms so that like terms аге іп one column 


1 +B у-у2 


4 


2у2— уЗу +3 


(++ : аи }›+8-02 


So, the sum is 3-4. У3у-К(3- 4/2). 
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Example 3. Find the sum of the following polynomials : 
р(х)--х4-5х3--3х--1 and G(x)=Tx8-+ 8x— 4. 
Solution. |) р(х)+4(х)= (4— 5x8—3x+1)+(729+ 8x— 4) 
=x4+(7x3—5x3)+ (8x — 3x) -(1—4) 


xt 2x84 5x — 3. 
EXERCISE—5 (b) 
(Section—A) 
Find the sum of : 
1. 5x,3x,4x, x. 2. 7x2, 5x, x?, 2x2. 
3 1 7 3 
e ууз > * —8 > B . 2 2 "na 2 
3 13x, 7x, о. 4 qe x5 252 
(Section—B) 
Find the sum of the following polynomials : 
5. p(x)=x4—3x8+2x+6 and | g(x)=x8—3x-+2. 
6. p(x)2439—3x*-2 and | q(x) =x4—2x8+6. 
1 Ivo 8 2 1 
wp s ы тт vee as 
AUTE 22115) l e ia 
8. 755 V Жэрх and У7- vat 12x8. 
(Section—C) 5 


Find the sum of : 
9, 5x®+2x+3, -4х2--9, —6x—4. 
(30. x8 Sx248, 5х8--4х--7, —7x9+ 6x94 8x —5. 
11. Let р(х)-х%-5х2--х-6 and a(x)=5x2— x3 — x1—2. 
Find the degree of р(х) а(х). : 
12. Let p(x)=x?—5x+3+x4 
4(5)--5--0х24-х3--3х 
“:(х)--5х2--2х--3х9 
Find the degree of p(x)--a(x)--r(x). 


5.3. SUBTRACTION OF POLYNOMIALS 


The polynomials can be subtracted by writing subtrahend under the minuend with like 
terms in the same vertical column and then changing the sign of each term of the subtrahend 
mentally and proceeding as in addition. 


Example 1. Let p(x)=x?—8x+15 and а(х)= 333--17x—12. Find а(х) —р(х). 
Solution. q(x)— p(x)—3x84- 17x —12—(?— 8х--15) 
=3x2+ 17x—12—x?+ 8x—15 
=(3x2—x2)+(11x+8x)— (124-15) 
—2x14-25x —27. 
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Example 2. Subtract 6х2--7 from 8x3--5x*+ 6x — 8. 


Solution, Minuend 8x3— 53?--6x—8 In the first and third columns, as 
Subtrahend 6x? —1 there is nothing to be subtracted, the 
————————-— terms are put down as Such. 
8х3-11х2--0х-1 


Example 3. Subtract 3x?—2x from 127239 


Solution. Міпџепі 14-38 +1 
Subtrahend :3х2--2х 


x4— х3— 342--2x-1 


EXERCISE- 5 (с) 


(Section — А) 
Perform the following subtractions : 
1; 3x47 27 5x —9 3. 8x+11 
x+4 xx кыз в SAXESS. 
4 2x30— x 5. 4x3-- 6x 6. 7х4--5х2 
х2--9х Suen niet —4x44- 3x? 


(Section—B) 
7. Subtract x2—8x--15 from 3x?-- 17x— 12. 
8. Subtract 14x?—5x-+8 from 13x2—7. 
9. Subtract x5—5x2--7x —6 from 238 — 4x?-- 7x 4-5. 
10. Subtract x9--2x2—4x— 1 from 4+ 5x+ 3x3. 
11. Subtract 6x2—3x--4 from 23? 
(Section — C) 
12. Let p(x)=x3—3x2-+7x —10 and q(x)—1—3x4-4x2— 5x3. Find the degree of p(x)—9(x). 
13. Шр(х-х-14-х-х? and q(x)=1 -- x-x5—x1— x8; find the degree of q(x)— p(x). 
14. Simplify : 


(n +95 ЭГ 5-2 strae) (2+ p x-ven). 


15. From 5х94-3х- take the sum of 2x—54- 7x? and 3х2+4— 2x84 x. 


54. MULTIPLICATION OF POLYNOMIALS ; 


(a) Multiplying monomials. 
Example 1. Multiply 5x? by — 9x5. 
Solution, 5x3 x (—9x5)=5 x (—9) x x3 x x5 
E we Eo Pak as 035 
—e-45x8. 


Example 2. Find the product of — 3x, 6x? and 4x3. 
Solution. (— 3x) x (6x2) x (4x3)=(—3) x 6x Ax (xx x? x a8) 


=—72x8 
EXERCISE—5(d) 
(Section—A) 
Multiply : 


1. 2x? by 3x3, 2. Sx*by —9x5, 3. 4x7 by —3x5. 
4 (Section—B) 
Find the product of : 


яд си bes AMBAE Ag 4:49 
4. (-5х2) —4x8, — 3x5. 5. 3554 9-5. 
сз ES I] З дікі spicy dos 
6. 3x8, 375 4% 27; sx 25 3* 
8. 2x? 2% х Rs х 9, —24/3x3, E x? mi x4 
зт? М orl Аб 


(b) Multiplying а polynomial by а monomial. 


To multiply а polynomial by а monomial, multiply each term of the polynomial by the 
1nonomial and add these products. 


Example3. Multiply 3x—5 by 4х2. ( 
Solution, 3x—5 3xx 4xt*— 3X Ax xx x2 
4x? =12x8 
------ —5x4x?—(—5)x4xx? 
12х3--20х2 , 
CHALETS S =—20х?. 


Working of multiplication can also be arranged horizontal ly as under 
4x2 x (3x—5)=4x2 x 3х-4х2х 5 
-4х3хх2хх-4х5хх2 
=12x3— 20x2 
Example 4, Multiply 2x4— 3x34 5х%--7х--3 by — 5x2, 
Solation, (2x4—3x8+-5x2—7x+43) x (—5x2) 
= 2x4 x (— 5x2) —3x8 x (— 5x2) 4. (+. 5x2) x (— 5х2) — Tx x (— 5x®)-+3 x (— 5x2) 
= — 10x8+ 15x5 —25 x44 35x3— 1532, 
EXERCISE—5(e) 


(Section—A) 
Multiply : 
1. 3x—7 by 5х3. 2. 5x3—2x by — 3x2. 
3. х®%—7х+8 by 3x4. 4. 345--242--44--3 by 5а?. 


5. х2—4х-+9 by -- 5x2, 6. 4a2—6a+12 by iat. 
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(Section—B) 
Multiply à 
5x8—3x2—1 by 2x8 8. 5x8—4x2—3x+4 by —2х%, 
2 5 1 : 1 ; 
LSU ES кг 
3x' 3 х + $* 7 by 3x2. 10. 4/2x5—2x8.- vat —5 log vài x8 


(c) Multiplying a polynomial by a polynomial. 
The product of two polynomials is found using the distributive law. However the 


method given below is more convenient. 


We multiply a polynomial by another in the following steps : 


(i) Arrange the terms of both polynomials in ascending or descending powers of one 
of the letters. 


(ii) Starting from the left, multiply each term of the first polynomial by each term of 
the second. 


(iii) Arrange like terms in same vertical column and add the products. 


Example $. If p(x)—2x—5 and q(x) —x?—2x--3, find р(х), q(x). 

Solution. p(x) q(x)— (2x—5)(x?— 2x--3) 
—2x(x1—2x--3)— 5(313— 2x--3) 
=2x8—4x2+ 6x — (5x3 —10x--15) 
=2x38— 4x24 6x—5x2+ 10x—15 
--2Х9--4х2--5х2--6х--10х- 15 
= 2x8—9x2+ 16x—15 

Example 6. Multiply x8—x+1+x? by 1—x2--x. 


Solution. Arranging both multiplicand and multiplier in ascending powers of x 


we have 
ао 
1+x—x? 
1--х--х2--х8 Multiplying by 1. 
+x —x8-x8-+ x4 Multiplying by x. 
—x2+4x8— x4 x5 Multiplying by —x?, 
| —x?43x8 —х5 Adding the products, 
EXERCISE—5(f) 
(Section—A) 
Multiply : 
1. 2x4-3 by 3x—5. 2. 3x+4 by 2x—7, 
3. 4х2—1 by 5x—1. 4, 5х4--7 by 3x--4. 
5. 4xi—x-F5 by 5x+2. + 6. 4x2—x+2 by 5x—2. 
(Section — B) 
Multiply : 
7. 3334-4 by 3х2—4. { 8. 5х2—9 by 5x2.-9, 
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9. Ifp(x)- ze ке 5 and gaat 75 x2, find р(х). 409). i: 
10. Maus 2x2— 5x 8 and д(х)=х2— ти“ find р(х). q(x). x£ yd 1 —*x 
(будаг 47) "E vd Ts 3 ық 


11. Multiply -6х--6--3х2-х3 by 5 a а hxc шэн +1.,, Give денген of. the 


obtained as the ка 


polynomial 


j 


12. If p(x)— = За -4x 43 > ‘ad 4(9- e t ТЕТІ, ifia р(х) ТОГ 


i degree. 5 


5.3, DIVISION OF. POLYNOMIALS | 50001227 Hod 1o et 
(a) Division of monomials. 
Example 1. Divide 96x? by 8x4: daas үй ie] 5r 


воч у 7: 96x7 = 8xt= DT Қу 
- TT 1 
96 x? ay 
з ха ее 5 : 
-12хХ7:4 ^ -41238. NS id 
EXERCISE —5(g) 
(Section—A) | 
Divide : қ 
1. 12х6 by 2x4. 2. —30x9by 5x, =. 9. —24x* by 16x. 
35x5 by 28x5. 5. 28x8 by —21x*. 9.21 59 by —6x8. 
(Section—B) шиг 
© Find the quotient : ; CX Abr Жарар 
т. 3x2 8. 4/6х9:-2,/3х8. ч 
9. -745х8--4/533. 10. 12/6104 3267. 


(b) Division of a polynomial by a monomial. 


To divide a polynomial by a monomial, divide each term xf i ol 
monomial and take the sum of these partial quotients. À Polynomial ky ШЕ 


Example 2. Divide 8х8- oa by 2х2. 


igx — 10x2, 5 
Solution. (8x5— 1032) — xf = юса à 


=4х3—5, 
Example 3. Divide 12y4—9y8+ 6y® Ьу —3y3. ^ 
Solution. (12y4—9y?+ 65)—- —3у3 5 
_ Tayt—9y8+ 65 ; 

а 


_ 2и (yeso 


—398 С —39 +38 MUS 
53 649-83-:8 Le,3—4)—2)4,. BERET 
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; »pEXERCISE—5(h) 
тээг 
Divide : A ы 
1. 8x8—4x% by 4x. ^ ^ 40757772, 710х4--25х2 by 5x 
3. 9x1—6x2--8x3 by 2х2. пв. 3803430 22х4-4х3--8х2 by —2x. 
(Section—B) 
Divide : 
5. | /2x4— 6x8—9x2-+ 15x by —3x. 6, 8х5 4- У 3х3--ү2х9 by -5х2 


7, 4V3x9-~ 6x54 9x4— //7х3 by УЗх%. 8, 5V2x1 x 3,/2х5--8х84-6х7 by -2У2х4, 
(c) Division of a polynomial by d polynomial, : 
Let p(x) and g(x) be:two polynomials such that g(x)40. 
If we can find polynomials q(x) and r(x).such that 
қ р(х) = а(х) . (х) (х), 
where degree r(x)<degree g(x), then we say that p(x) divided by g(x) gives q(x) as the quotient 
and r(x) as the remainder. 
If the remainder r(x) is zero, we say that divisor g(x) is a-fuetor of p(x).. 
To divide a polynomial by another, arrange both the dividend and division in ascending 
or шаш powers of the variable. Then follow the method shown in the following 
examples : 076001 


Example 4. Divide 6х3--х2--5х--3 by 2x+1. 


Solution, 
3х2-х--3 
2x+1)6x8+ x?-- 5x-- 3 
6x34 3x? > І 
bague: әлгі c ! "(f 63-—2x =3х? 
—2xt-- 5x 
Бруса BIA TMG) EZR 22 x 
6x4-3 У (ій) бх--2х -3 
6х--3 й А 
0 


The required quotient= 3х2 —x+3 and the remainder is zero. 
So, 2x+1 isa factor of 6x3--x?-- 5x -- 3. 
Example 5 Divide 6x1—33--5x —6-- 4x? Бу 3x® 2px: 
Solution. Arranging the dividend and divisor in the descending powers of x, we have 
2x2—x+3 
3х2--х--2)6х4- х3--4х24-5х 506 (i) 6x1 —3x2— 2x? 
634-- 2x3 — 4x2 (ii) --3х3--3х2---х 
— (ii) 9х2--3х1--3 
— 3x34 8x2+ 5x 
—38— x2 2x 


9x?4-3x -6 


0 
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The required quotient—2x2— x--3 and the remainder is zero. 
So, 3x2—x—2 is a factor of 6x1—x9--4x?--5x —6. . We write it as 
6x1 — x3-- 4x2-+ 5x —6— (3x*-- x — 2232 — x 4-3) 


EXERCISE—5(i) 
(Section—A) 
Divide : 
1. х2-44х4-4Бух- 2. 2. 2x®—x—15 by x—3. 
3. x1—3x- .0 by x—5. 4. 5х2-17х--6 by 5x—2. 
5. 6х84-х44-5х-Ғ3 by 2х- 1. 6. 15--3а-7а%--4а? by 5— 4a, 
(Section—B) 
Divide 


7. х4-43--12х-9 Бу х3--2х-3. 

8. 3x4—14x8+12x2—26x—7 by x1—4x— 1. 

9, x#+57x—70 by x*--3x— 5. 

(Section—C) 
10. Divide p(x) by g(x), where 
p(x)e x*4-1 and g(x)=x+ 1. 
11. Divide p(x) by g(x) and find the quotient and the remainder, where 
р(ху)г-2х4--8х34-14х44-9х--2 and g(x)=x?+3x+ 1. 

10. Divide 125x94-127 by 5х4--3 and find the quotient and the remainder. 


5.6. PROPERTIES OF POLYNOMIALS 


(а) Let p(x)=3x8—1x+4 and ((х)---4х4--5х-9 
p(x) +-9(x)=(3x9—7x-+4)-+ (—4x2-4+-5x—9) 
2333 —4x1--(—7--5)c-H(4 —9) 
= 3x8—4x2-2x—5 
q(x)+-p(x)=(—4x8-+ 5x—9)+(3x8—7x+-4) 
=3x9—4x8-+(5—T)x+(-9+4) 
—339—4x1—2x— 5. 
Therefore px) a(x)m a(x)--p(x) 
(b) Let р(х) = 5x8— 4x3--x — 3 and д(х)--0 
Now p(x)--q(x) (5x3 — 498-1 x—3)-+0 
=5x8—4x8+x—3 | —p(x) 
itsef When a polynomial p(x) is added to the zero polynomial, the sum is the polynomial p(x) 
(c) Let р(х)=7х2—9х--4 and g(x)=0 
_Now P(x)—4(x)=(7x8—9x+5)—0 
=71x8—9x+-4 =p(x) 


| 
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When the zero polynomial is subtracted 1 і 
2 22 poly is racted from a polynomial p(x), the difference is the 
(d) Let р(х)--х2--4х-1 and q(x) -x3— x 4-3 


р(х) : 4(х)--(х3--4х-1)х2-х--3) 
=x"(x®—x+3)+ 4x(x1— x 4-3) — 1(38— x 4-3) 
=x4—x384 3x24 433— 4x24 12x —x1--x —3 
=x4+(—1+44)x8+(3—4—1),24(1241)x—3 
=x4+43x3—2x2+413x—3 

q(x) . р(х)--(х2-х--3Хх2--4х-1) 
--Х2(х2--4х--1)-х(х2--4х-1)--5(х2--4х- 1) 
=x4+4x8—x?—x8— 4x24 x -3x324-12x—3 
=x44-(4—1)x8-4-(—1—443)x2-+4(1412)x—3 
=x4+3x38—2x2+413x—3 

Therefore, р(х). q(x)=q(x) . p(x) 


(e) Let p(x)=2x8— x24 4x—5 and q(x)=0 
Now р(х). q(x)=(2x8—x2 + 4x —5).0 
= (2x8) х0—х2х04-4хх0—5х0 
=0. 


When a polynomial is multiplied by the zero polynomial, the product is the zero polynomial, 
EXERCISE—5(j) 

Let p(x)=4x8 —5x2+ 1 and 4(х) = — 5x*-- 6x3— 3. 

Verify that P(x)+4(x)=4(x)+p(x). 

Show that the sum of p(x) and the zero polynomial is the polynomial p(x) itself, where 

P(x)= —54-6x1 — 3x - 4x2. 
Let р(х) = 5x? —x-- 1 and q(x)—3x3— 4x24 5x— 3. 
Verify that р(х) . 9(x)= q(x) . р(х). 


‘Show that the product of p(x) and the zero polynomial is the zero polynomial, where 


p(x)=—3x+ 5x? —x3+7, 


When the zero polynomial is subtracted from a polynomial p(x), the remainder is the 
polynomial p(x) itself, where 


р(х)--5х2--2х3--х4--7х--4. Verify it. 


5.7. REMAINDER THEOREM 


We shall now discuss a method for finding the remainder without actually performing 


the process of division. 


Let p(x)=2x2+3x—5. Ме divide it by x—2 as under: 


2х--7 
x—2) 2x*4-3x—6 
2x2— 4x- 
7х—5 
7х—14 
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Here quotient=2x+7 and remainder=9. 
Then 0(02)=2х22+3х2—5 
-8-6-5 16.9 

Thus we find that p(2) is equal to the remainder when p(x) is divided by x—2. 
Consider p(x)=x4—2x8+-x—7 to be divided by x3: 

x8— 5x?--15x—44 

x+3)x4—2x8+-x—7 
х%-Е3х% 


--553--х 
—5x8—15x? 


15х2--х 
15x2-- 45x 


—44x—1 
—44x—132 


+125 

Here quotient— x3— 5x2-- 15x—44 and remainder= 125 
We know that p(x)=g(x) . q(x)-- r(x). 
Then (x--3) x q.x) + г(х)= 34 — 2x8 4- x— 7. 
Putting x= —3. we get 

(34-3) x q(x)-+r(x)=(— 3)4— (—3)8-+(—3)-7 
> 0x q(x)+r(x)=81+54—3-7 
di r(x)—125 
In fact p(—3) is equal to 125 which is the remainder. 
Note that the same remainder is obtained by both methods. 
When a polynomial p(x) is divided by х- а, the remainder is given by р(а). 
p(x) is divisible by x—a, when p(a)=0 
Similarly p(x) is divisible by x--a, when p(—a)—0 
We can now state the remainder theorem as follows : 


Let p(x) be any polynomial of degree > 1 and a any real number. If p(x) is divided by 


x—a, then the remainder is p(a). 


Let p(x) be a polynomial of degree nz» 0. If p(a)=0 for а real number a, then (х- а) 


is a factor of p(x). 


Conversely, if (х— а) is a factor of p(x), then р(а)--0. 
This is known as factor theorem. 
Example 1. Find the remainder when х44-2х3--3х2-- 2х— 5 is divided by x—-. 
Solution, Here p(x)—x*4-233 —3x?--2x— 5 
p(2)=244+-2 x 28-3 x 2?4+2x2—5 
So, the remainder=p(2)=16+16—12+4—5=19 
Hence the required remainder=19. 


13, 


14, 
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Example 2. Determine if x+3 is'a factor Of х34-8х2--19х--12. 
Solution. x+3=x—(—3) ә 
Let p(x)=x8-+ 8x2 19x 4-12 : ! шя 
Тһеп р(-43)-4(-38-н8(--3Р-419(-3)4-12 { 
==—27-+72=—57+-12=0. 
5 р(-3)-0 
Since p(—3)=0, х—(— 3) i-e., x+3 is a factor of p(x) by the factor theorem. 
EXERCISE—5(k) ` 
(Section—A) 


‚ If p(x)=x8—6x2 + 11x — 5, find the remainder when p(x). is, divided by 


(a) x—1 (b) x—2 


.' Let р(х) = 6x*4-8x9-- 3x2-4-5x-+ 3; find the remainder when p(x) is divided by 


(a) x+! i ( (b) x4-2 


. Find the remainder when х34-х2- 14x—29 is divided by x+3. 


Find the remainder when x3—2x? —23x-—80 is divided by x4-5. 


. Show that 3x8—2x?—7x—2 is diyisible by x-2. 
. Prove that х--1 is a factor of 2x1—5x9--5x—2.. 


(Section—B) 


. Show that x—2.and x+4 are the factors of 2x9-4- 7x2 — 10x — 24. 

. For what value of m will x—2 be a factor of x3 —5x*-- mx 4-m ? 

. Find the value of a for which x +1 may be a factor of 2x3— ax?—(2a— 3)х+2. 
. Find the value of u, if x—a is a factor of x3— a?x 4- x-- 2. 


(Section—C) 


‚ Ifx—4 and x+6 are the factors of 3х2--ах2--74х--5, find the values of a and b. 
. The polynomials рх3--2х2--3 and xi-px H4 leave the ‘same remainder when they are 


divided by x—2. Find the value:of р: 
Find the values of p and q so that (x-- 1) and (x~ 1);аге factors of 
x5 p px34- 223 — 3x +4. 


What number should be (а) added to, (b) subtracted „from, 4x3— 6x? --2x-- 7 io make 
it divisible by 2x+ 1 ? цаг 
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REVIEW EXERCISE—V 
(Section—A) 


- Fill in the blanks to make the following statements true : 


(a) А polynomial has only......powers of the variable in its terms. 
(b) A polynomial having .....terms is called trinomial. 

(c) All the coefficients in a zero polynomial are .. ... 

(4) The degree of the polynomial —7 is ...... ы 

(е) If (x—a) is a factor of p(x), then р(а) equals ...... T 

(f) The domain of a polynomial over reals is the set of ... .. 

(g) A polynomial of degree n has at the most ..... terms. 


‚ Which of the following functions are polynomials ? 


(а) У2у3--У3у (b) у2 Vx v3x 


‚ Let p(x)— x'—x5-:2x?--1 and q(x) -u—u7—2. Find p(x)--q(x). 

. Let p(x)=3x?7—2x?+ 3 and q(x)—x9—3x*--x?-Ex. Find p(x)—q(x). 
- If (х)--1--52--х and q(x)— x?--1— x, find p(x).q(x). 

- If p(x)— 4x3 + 7x®—3x—15 and q(x)— 4x — 5, find р(х)--а(х). 


(Section—-B) 


» If p(x) =7х—х2-+2— 3 and g(x)=5x3—x244+4 x4, find the degree of p(x)-- q(x). 

- If p(x)—x* —6x?--9x—5 and 0(х)--4х--3х2--х3--х4, find the degree of p(x)—q(x). 
. If p(x)—x3— 6x?--x —3 and д(х)=х?— 3x 4-2, find the degree of p(x).q(x). 

. Divide 1— a4 by 1—a. 

‚ Add together : 2-- 5x8, —x— x?—1, x2+2x+ 1 and 6x-- 232, 

. Subtract 2x? 4-3 from 5x3--3x2--7x — 3. 

. Multiply 5x?—x--1 by 3х3-4х2--5х--3, 

. Divide 6х3--х2--22х--15 by 2x—3. 

. Find the remainder when 8x3— 2x2— 15x —9 is divided by 4x— 3. 


(Section — C) 


. Divide 2x5--3x?—3x —2 by x—1. 
. Divide x12— 2--x8 by 1--x?--x1, 
. Find the remainder when 27x3—9x2-L6x--4 is divided Бу 3x+1, using remainder 


theorem. 


. Divide х4--33--13х2--12х--4 by х2-х--2 and find the quotient and the remainder. 
. What must be added to 5x1— 7x3-1- 6 so that the result may be divisible by х--37 
. If x 4-2 and x—3 are the factors of 2х8-- 3x24 px 4-q. find the value of p and q. 
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FACTORISING POLYNOMIALS 


61, FACTORS 
If g(x) and A(x) are two polynomials and their product is a polynomial p(x), then we 
write as 5 
g(x) һ(х)-ер(х) 
Viewed the other way about, g(x) and h(x) are two factors of p(x) and we write as 
p(x)=g(x) h(x) 
Thus, p(x) can be factorised into two factors g(x) and h(x). 
ў Since 4х--2 is the product of two polynomials 2 and 2х--1. So, 2 and 2х-ҒІ are 
factors of polynomial 4х-1-2. 
62. FACTORISING QUADRATIC POLYNOMIALS 
Let us recall the following formulae learnt in earlier classes : 
(i) (x+-a)®=x?+2ax+a? 
(ii) (х--ай-гх2--2ах-над 
(iii) (х-ға(х-а)-х2--а? 
We know that (a+b)?=a?+2ab+b? 
When we multiply (a+b) Бу (a+b), we get a*-+2ab+b*. Hence the factors of 
a3--2ab 4-b? are (a+b) and (a+b) 
a--2ab--b*— (a -b)(a-- b) or (a+b)? 
Similarly we can write 
aà—2ab--b2— (a —b)*. 
Example 1.. Factorise x?--22x-- 121. 
Solution. x?--22x4-121— (x)? - (10) (x) - (11)? 
=(x+11)?. 
Example 2. Factorise 25x2+40xy+ 16y2. 
Solution. 25x2+-40xy+ 16y?=(Sx)?+2(5x)(4y)+(4y)* 
=(5x+4y)2. 
Example 3. Factorise 49x?—42xy+9y?. 


Solution. 49x2—42xy+9y?=(7x)?— 2(7x)(3y) + Gy)? 
=(7х—3у)?. 


(81) 
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EXERCISE—6(a) 
Factorise each of the following : 
(Section—A) 


1. x?--14x 4-49. 2. х2-18х--81. 

3. 1—6m--9m?. 4. 4p?--4p 4-1. 

5. 4х2--12х--9. 6. 9х2-42х--49. 

7. 25x2—40x4-16. 8. 16х2--72х--81, 
409. 4х24-12ху-89у8, 00 10. 9х2--42уу--49у2. 
11. 16х2--120ху--225у2. 12. 4949?--126ab 4-815?. 


(Section—B) 
13. 4(т--п)4-28(т--п)р--49р?, 
214. (а--Ы)--2(а--ЬХа-5)--(а--5)2. 18 (А bis 
(Section —C) І \ 
15. 16a%b%c—8abc3+-c5, ys: (x) 
16. 45a?*b-F5ab3— 304?p?. 
63. FACTORISING DIFFERENCE OF TWO SQUARES | 7 
We know that (a--b)(a— Б) = a? — 2. 
Therefore (a+b) and (a—b) аге (he factors of a2— b2. ` 
a? —b?=(a+b)(a—b). 
Example 1. Factorise 92—16, * 
Solution. 9x2—16-—(3x)*—(4)?: : 
—(3x4- 4)(3x —4). 
Example 2. Factorise 49x?—81y2. 
Solution. 49x?—81y2=(7x)?—(9y)? (hi dx 
-(7х--9у)7х-9у), “00 “(0-5 deii mor 
Example 3. Ғасіогізе х4-- 16,4. л 
Solution, x4—16y4=(X?)®—(4y2)2 a ba 
= (x?-+ 4y2)(x? 42) : 
=(x? + 452)[(x)*— (2y)9] 
— Q8 4y?)(x+2y)(x—2y). 
Example 4. Factorise 49(x-4-y)*— 36(x— y). 
Solution. 49(x4-y)?-- 36(x —y)*—[7(x4-y)2—[6(x — Ур 
=(7х-Е7у)#—(6х— 6))? 
=[(7x+ Ty) + (6x—6y)] [(7х-Е7у)— (6x— 6y) 
=(13x+y)(¥+ 13y); 
EXERCISE—6(b) х ? ын 
(Section—A) 


Factorise : 7 
1. 64x?— 16952, 2. 121a?— 362, 
3. 1--81р402, 4. c?— (a 4-b)?. 
5. 164—953. е засо 


49 


. 9(--58-41. 
. (3x—1)?—16x?. 

‚ 81(x-2y—16(2x — у). 
. 25(х—у)2— 4(x-- 4: 

. 2—50x?. 

..16y3—4y. 


16a1— b^. 
х2--у8--2уг--25 


Example, Factorise x? —)2— 4xz 4-42, 
Solution. Х2--у2--4х24 42%. 
1 (xtdxz 4z?) y? 

— [(x)3—2.x.2z--(22)?]— y? 


—(x—2zf-—(Y* 


(Section —B) > 


8. 1—25(x—y)?. 
(6x-- 12 — (5x -1?. 
12. 4(x—b)?—(2x+a)*. 
14. 8-2х2. 
16... 8x35—2x. 
18. 18a9—8aP?. 


(Section—C) 


20. х4у4-:4, 


22. 25à-10x3 15.36) 


=(x—2z+y)(x—2z—y) 
-(х--у-22)(х--у--22). 


EXERCISE—6(c) 
Factorise ibe цэн! polynomials : 
(Section—A) 


1. a? — Br c?--2àc. 


3. 1—x1—8xy—16)?. ° 
5, at—b? Ё28с--03. 


:7,а2--52--2а8--22-:42:4 264, 
9, 2(ab-+-cd)-—a2 — b*-- c* +-d?. 


2. Mia yl 20 zy 
4. Axt- у%—9:#-+-буг. 
6. 09x2 =4a2-+4ay—y2, 
(Section — B) 
218. аса а у, 
10. (a*—b*)(c? — d?) 4abcd. 


We will now factorise those polynomials which can Бе reduced to the form. a3— c? b; 
completing the square. i n6 y 
Example 1. Factorise x4+.x*y? 4- y^. 


Solution. 


x4 Fret 
a =(х®)#+2. xi y? 02) x2y2 


= HEY (ху 
QE YH EX)G Y? xy) 


—G xy yo xy yt). 


Example 2. Factorise x4--4. 


Solution. 


х4--4 қ 
er Oy 


= (x22 + 2()*.(2)4- (2) — 4x? 


oe Gd On? 
: =(х®@+2++2х)(х®+2—2х) 


=(x2-+ 2x-+2)(x®—-2x +2). 
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EXERCISE—6(d) 


Factorise : 
: (Section—A) 
1. x4+28-+1. 2. .х4—11х2+25. 
3. 9х4—7х?+1. 4. x4—x%y2+ 16y4, 
(Section—B) : 
5. 4x4+1. 6. x4+4y4. 
7. 4x4+81. 8. 81х4--64у4, 


64. FACTORISING TRINOMIALS : x?bxtc 
We know that the product of two linear polynomials is a quadratic polynomial. 
Is a quadratic polynomial always the product of two linear polynomials ? 
In case of some quadratic polynomials. itis possible to express the quadratic-polyno- 
mial as the product of linear polynomials. 
Let us examine the following cases : : 
(i) (х4-1) (х--2)-гх2--3х--2 
(ii) (х-Е4) (х-3)-х2--х-12 
(iii) (x—5) (x+3)=x?—2x— 15 
(iv) (x—3) (x—4)—93?—7x-4-12. 


In (i)wehave 2=1х2 and 1+2=3 
In (ii) we have —12=(+4) (—3) and (+4)+(-3)=1 
In (iii) we have —15—(—5) (+3) and (-5)4-(3)---2 
In (іу) we have 12=(—3 (—4) and (-3--Ф--7 
What do you infer ? 


й We decompose the constant term of the trinomial into two factors such that their sum 
is equal to the coefficient of x. 


Example 1. Factorise х2--13х--40. 


Solution. x?+-13x+40 The possible factors are 
=x2+5x+8x+40 40=1 x40 40=4 x10 
=(x2+-5x)+(8x+ 40) 40—2x 20 40=5x8 
=x(x+5)+8(x+ 5) 40=5x8; 5+8=13 
=(x+ 5) (x+ 8) ‘ 

EXERCISE—6 (e) 

Factorise the following polynomials : 

1. x*4-5x4-6. 2. х2--8х--15. 

3. х2--7х- 12. 4. х2--11х--24. 

5. х2--19х--60. 6. х2--20х--91, 

7. х2--19х-Н70. 8. x*--27x-4-180. 

9. x?--28x4-187. $ 10, x2+35x+286. 
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Example 2. Factorise x?— 18x4-65. 
Solution. x2—18x+65 


=x®—13x—5x+65 65-4(-13)х(-5) 
—(x1—13x)—(5x—65) (—13)+(—5)=—18 
=x(x—13)—5(x—13) 
=(x—13) (х— 5) 
EXERCISE—6 (f) 
Factorise : 
1. х2--6х-8. 2. х2—8х+15. 
3. x®—5x+6. 4. х2—7х4+12. 
5. х2-14х--45. 6. x?—25x--84. 
7. x®—22x+120. 8. x?—27x--72. 
9. х2-27х--176. 10. x?—39x-{-224. 
Example3. Factorise x--3x— 40. 
Solution. х2--3х--40 
—xt--8x—5x—40 —40— (4-8) x (—5) and 
=(x2+8x)—(5x+40) (+8)+(—5)=+3 V 
=x(x+8)—5(x+8) 
=(x+8) (х— 5) 
Example 4. Factorise х2--17х--84. 
Solution. х2—17х— 84 
=x2—21x+4x—84 —84=(—21) (+4) and 
=(x2—21x)+(4x—84) (—21)+(+4)=—17 


==х(х—21)+4(х— 21) 
=(x—21) (x+4) 
EXERCISE—6 (с) 


Factorise : 


1. х2+х—6. 2. xi—x—6. 

3. х2--2х-15. 4. x1—2x—15. 
5, x2+4x—45. 6. x$—4x—45. 
7. xt4-16x—105. 8. х2-3х-108. 
9. х2--11х--126. 10. х2—3х— 130, 


FACTORISING TRINOMIALS : ax?-bx+c 
Let us factorise the trinomial ax? d- bxc. 
x2-+bx+c is a special form of ax?+bx+c, where а=1. . 

We multiply the coefficient of x? and the constant term. Then we decompose this 

product into two factors such that their sum is equal to the coefficient of x. 

Example 1. Factorise 2x*—7x+6. 

Solution. 2x2—7x+6 


6.5. 


Coefficient of х2--2 
Constant term=6 


—2x1—4x—3x4-6 
—(2x1—4x)—(3x—6) Their product=2x 6—12 
—2x(x—2)—3(x—2) 12=(—4) (—3) and 


=(x—2) (2x—3) (—4)+(—3)=(-7) 
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EXERCISE—6 (h) - 


Factorise: | 
1. 4xtpl2xj 5. 2. бх?4-х-2. 
3. 2х4--5х-3. 4: 2x2—x+6. 
5. 4x24+13x—12. 6, 6x2—x—2. 
7. 6x®—-13x+5. 8. 6х%—х—12. 
9. 14х2--25х--6. 10: 12x?--17x—40. 
1L 6x?+13x—5. 12. 8x2+43x+15. 
13. 3х2-4х-7. 14. 6x?—7x—3. 
15. 1-.18y—63)9. 0 тк 16. 40+3x—x?. 
Example 2. Factorise 72x?— 53xy--5)*. 
Solution. 72х2--53ху--5у? 
=72x2—8xy—45xy-+ Sy? 0 772%:5==360 >25 
=(72х®—8ху)—(45ху—5)у%) | 360--(--8) (— 45) ‹ 
EIE эн (9х--уу--5у(9х-у) | (— 8) + (+ 45) = = 53 
=(9x=y) (8x—Sy) ^ i í ) 
EXERCISE—6 (i) 
Factorise. NIS : n 
RS CENSUI INO NEN: (Section—A) 
1 x8 MxyT 455%. RC LER 2. xL dxy— 4592, 
3. x8—32xy+112y | 4. х2-(1ху-80у2. 
5. 6x2—11xy—10y?. 6. 8x2—22xy+15y2, 
7. 6x®—Sxy—6y". Я 8. 3—4х—7х3 ^ 
9. 12x*--17xy —40y?. 7710. 20x2—60xy+25y2. 
: o. e (Section—B) е 
11. x?j2—8xy—48. ; 12. a®x2—2abxy—15b2y2, 
13. (х+4)+#—5(х+4)—6. 9 14. 16x4+36x2-+ 81. 


The following example illustrates factorisation by the meth« d of completing the square. 
Example 3. Factorise. х2--2х-- 399. 
Solution. х2--2х--399--(х2--2х--1)--1--399 

=(х+1#—400, 2, 

=(х+Ь1)#—(209.. 5. 

—(x--14-20) (x+ 1—20). 


=(x4+21) (x— 19) 

EXERCISE=6 ( j )-° ізді 
Factorise the following polynomials by the method of completing the squaré:; | 2 
1.. х2--6х-72. | ; 2. Ж#+16х-Е55. 
3. x245x—24. dor 4.^ х2--9х:520, 7 


койдо” СЕЛО, | 6. 8924x441, 


6.6. FACTORISING a+b? 
We know that (a+b)? =a+43+ 3ab(a+b) 
= @+-b3=(a+-b)8—3ab(a-+-b) 
Also a+ b3— (a+b) [(a+b)?—3ab] 
—(a--b) [a?--2ab-4- b? — 3ab] 
аЗ--ЬЗ--(а--Ь) (a?—ab--b?) 


Example. Factorise 808--2753, 
Solution, 8a54-2753—(2a)3-- (35) 
=(2a+ 3b) [(2a)*— (2a) (3b) + (3b)] 
=(2a+3b) (4а2-- 6ab -- 95?) 
EXERCISE—6 (к) 
Resolve into factors : 
(Section—A) 


1. 484-64. 2. а23--216. 

3. 64x3+ 1000, 4. la9--125p3, 
(Section—B) 

5. 27х6--125у6, 6. . 343a1b — 64ab4. 

7. (2а--3Ь)8--27с3. 8. (a —-2b)94-1. 
(Section—C) 

9. 27(x4-y9--8Qx— y. 10. 8(x —y)9-- 125(y —2x)8. 


6.7. FACTORISING a3—b* 
We know that (a— b)8— a3— 53— 3ab (a-- b) 
> (0 а3—63== (a —b)*4- 3ab (a—b) 
Also a3— b3--(a—b) [(a—b)? 4- 3ab] 
—(a— b) [a? — 2ab4- b*4- 3ab) 
ҚА аЗ--Һ3--(а-Ь) (a2+ab+b?) 
Example. Ғасіогізе 125х3— 83. 
Solution. 125х3--8у9--(5х)3-(2у)8 
--(5х--2у) ((5х)2--(5х) (2у)--(2у)») 
--(5х--2у) (25х2--10ху--4у2). 
EXERCISE- 6 (1) 
Resolve into factors : 
(Section—A) 


1. 27х3--1. 2. 8—x3. 
3. 2748-1258, 4. 729x8—216. 
Т (Section—B) 
5. 8x3—1000y. 6. a5—8b5. 
(Section— C) 
7. а”--27058, 8. а9— 9, 


9, (3x-+2y)8—28, 10. 125(a—2b)8-—27(3a—4b)8. 


68. APPLICATION OF FACTOR THEOREM 

We can factorise polynomials of 3rd or 4th degree using factor theorem. Study the 
worked out example given below : 

Let us factorise x3—7x?--14x — 8. 

Let Лх) =х3—7х2+-14х— 8. 

Since 8 is divisible by 1, 2, 4, 8, we will substitute 1, 2, 4, 8 for x. 

Since it is a poly nomial of 3rd degree, it should have three linear factors. 


fü) =1—7+14—8=0 Hence x—1 is a factor of f(x). 
f(-1)2—1-1—14—8- —30 Hence x+1 is not a factor. 
fQ) =8—28+28—8=0 Hence x—2 is a factor. 
-2--%-28-28-8--72 Hence x+2 is not a factor. 
ЛА) 264—112—56—8—0 Hence x —4 is a factor. 


Therefore x8—7x2+ 14x —8— (x— 1) (x—2) (x— 4). 
Example, Factorise 4x$—4x3—21x—9 
Solution. Let f(x)=4x8—4x*—21x—-9 
Since 9 is divisible by 1, 3, 9, we should substitute 1, 3, 9 for x. 
Then Л0)-4-4-21-9--30 So, х- is not a factor. 
f(—1)5 —4—4--21—9—4 So, x--1 is not a factor. 
f(3)-4x21—4x9—21x3—9— 108—36—63—9—0 
So, x—3 is a factor of f(x). 
4x3— 4x1 —21x —9—4x8— 12x3--8x1—24x- 3x —9 
=4x2(x—3)+8x(x—3)+3(x—3) 
=(x—3) (4x*--8x4-3) 
=(x—3) !4х2+2х+6х+3] 
=(x—3) [2х (2x+1)+3(2x+1)] 
=(x—3) (2x+1) (2x+3) 


EXERCISE—6 (m) 
(Section—A) 
By means of the factor theorem, find the factors of the following polynomials: | 
1. х3-6х4--11х--6. 2. х3--2х4-5х--6. 
3. x8—2x2?—x+2 4. x8+x2— 10х--8. 
5. x8—3x?—10x4+24. 6. x8+8x?+19x+12. 
7. х8--7х2--14х- 8: 8. x9--9x?--23x-F15. 
(Section—B) 
Resolve into factors using the factor theorem : 
9. 3x8+x2+x—5. 10. 43 4-3x*4 x42. 
11. 6x9--7x$—16x— 12. 12. 2x3—332—12x--20. 
(Section—C) 
Factorise the following polynomials using the factor theorem : 
13. x4—2x8—6x—9. 14. x1—27x*—14x4-120. 
15. х4--27х4--14х. 16. 2х44-х5—14х2—19х—6. 


17. 3x4-+4x8—57x*— 18x —40; 18. 254--17х8-23х2—105х— 225. 
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6.9. H.C.F. OF POLYNOMIALS 


We have already learnt how to find H.C.F. and L.C.M. of two numbers in earlier 
classes. The concept of H.C.F. and L.C.M. can be extended to polynomials also. 


A polynomial h(x) is called to highest common factor (Н С.Е.) of two non-zero poly- 
nomials f(x) and g(x), if 
(4) h(x) is a common factor of f(x) and g(x). 
(ii) the degree of h(x) is highest among the common factors f(x) and g(x). 
We will illustrate the method of finding H.C.F. through solved examples given below. 
Example 1. Find the Н.С.Е. of x1— 4x4-3 and x?— 5x 4-6. 
Solution. Let us factorise the given polynomials : 


х2-4х--3 х2-5х--6 
=x9—x—3x-+3 =x?—2x—3x+6 е 
—x(x—1)—3(x—1) —x(x—2)—3(x—2) 
=(x—1)(x—3) =(x—2)(x—3) 


We find that (x —3) is a common factor of given polynomials. Also the only common 
factor of given polynomials is (x—3). 

Therefore, the required H.C.F. is (x— 3). 

Example 2. Find the Н.С.Е. of 4x1—16 and 6х2--24х--24. 

Solution. Factorising given polynomials, we have 

4х%—16=4(х%—4)  =4(x-+2)(x—2) 
бх2--24х--24--6(52--4х--4)--6(х--2)8 

The H.C.F. of the numerical factors 4 and 6 is 2. 

The highest power common factor is x+2. 

Hence, the H.C.F.— 2(x4-2). 

We find the H.C.F. of two non-zero polynomials in the following steps : 

(1) We express the polynomials f(x) and g(x) in the complete factored form i.e, аз а 


. product of numerical factor, linear factors and quadratic factors, if linear factors are not possible. 


(2) We find the Н.С.Е. of the numerical factors of f(x) and g(x). 

(3) We find the factors with highest power common to f(x) and g(x). 

(4) We then find the product of all such common factors with highest power and the H.C.F. 
of the numerical factors. : 

(5) The product so obtained is the H.C.F. of f(x) and g(x). 

Sometimes it is easier to find the H.C.F. by division method. We shall now solve an 
example to illustrate this method. : 

Example 3. Find the Н.С.Е. of x8+3x?—6x—8 and x?--7x —18. 

Solution. We divide x9--3x?—6x—8 by x*--7x—18 because x8+3x2— 6x—8 is of 
higher degree. 

x—4 
Х24-7х-18 ) 8+3x2— 6x—8 
x34 7x2—18x 


—4x24-12x—8 
—4x1—28x4-72 
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The remainder is 40x—80. We divide the remainder by numerical factor 40 which is 
common to both the terms in the remainder. Thus, we get x—2. 


Now the new divisor becomes x—2 and the earlier divisor х24-7х--18 becomes the new 
dividend. 
x+9 


x—2 ) х2--7х- 18 
х2-2х 


9x—18 
9x—18 


0 
Since the remainder is 0, the process of division stops. The last divisor is x—2 which 
is the required H.C.F. of the given polynomials. 


EXERCISE—6(n) 


5 (Section—A) | 

Find the Н.С.Е. of the following polynomials : i; 

1. 2x—4 and 3x—6 2. 3x+3 and 5x45 | 

.8. xi—xand(x—1) 4. x+2 and x?—4 

5. x*—6x- 8 and x2—5x-+6 6. х2--7х-18 and x?-- 10x -9 
7. 2х2--5х-42аа43х2--13х-30 8. 3x2+5x—12 and 15x?—11x— 12 


(Section—B) 
Find the H.C.F., by factorisation method, of the following polynomials : 
9, x*—6x+9 and x3—3x2—9x+27 10. x4—1 and x?4-x?-- x 4-1 
11. x8—5x2+3x-+1 and x3— 6x?-- 11x— 6 
12. x3-2x?— 19x — 20 and x9--9x2--23x 4-15 
(Section—C) | 
Find by the method of division the H.C.F. of the following polynomials : 
13. x84-2x2--3 and x4-x?—2 
14. 39—2x—3 and х3--4х2—7х— 10 
15. x3—19x--30 and x3—10x?--31x — 30 
18. х3:-7х2-4-15х--9 and х34-6х2--10х--3 
17. 3x8—14x2+9x+10 and 15x3—3432--21x —10 | 
18. 2х3--20х2--62х--60 and 2x84 18x24 52x+48 | 
6.10. L.C.M. OF POLYNOMIALS | 


A polynomial m(x) is called the least common multiple (L.C.M) of tw 
nomials f(x) and g(x), if 


(i) m(x) is multiple of both f(x) and g(x), 

(ii) the degree of m(x) is the least among the common multiples. 
We will illustrate the method of finding L.C.M. through solved examples given below : 
Example 1. Find the L.C.M. of 3?—4 and x?— 4x 4-4. 
Solution. First we factorise given polynomials. 

х2—4=(х+2)(х—2) 

x1—4x--4— x2—2.2.x- (2)? =(х— 2)? 

Hence L.C.M.=(x-+2)(x—2)? 

=(x+2)(x—2)(x—2) i.e., (x—2)(x2— 4) 


o non-zero poly- 
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Example 2. Find the L.C.M. of x8—19x-+30 and x3— 10x? +31х— 30, 

Solution. First we factorise given polynomials. 

Let (х)--х3--19х--30 Then /(2)—8—384-30—0 

So, x—2 is a factor of f(x). 

f(x) 33— 19x 4-30 

—x8—23?4-231—4x — 15x 4-30 
=x*(x—2)+ 2x(x—2)—15(x—2) 
-(х--2)х2--2х--15) 
—(x—2)ix*-- 5x —3x —15] 
—(x—2)[x(x4- 5) —3(x4- 5)] 
z(x—2)(x4- 5)(x—3) 

Let g(x)— x95— 10x?4- 31x—30 Then f(2)=8 -40+62—30=0 

So, x—2 is a factor of g(x). 

g(x)—33—10x2--31x—30 

=x8—2x2— 8x24 16x+15x—30 
—x*(x—2)—8x(x—2)--15(x—2) 
=(x—2)(x?—8x+15) 
=(x—2)[x?—5x—3x+15] 
—(x—2)[x(x —5)— 3(x—5)] 
=(x—2)(x—5)(x—3) 

Hence the L.C.M.=(x—2)(x—3)(x+5)(x— 5). 

We find the L.C.M. of two non-zero polynomials in the following steps : 


(1) We express each polynomial in the complete factored form i.e., as a product of питегі- 


cal factor, linear factor and quadratic factors if linear factors are not possible. 


(2) Then we find the product of the following— 

(a) L.C.M. of the numerical factors in the given polynomials. 

(b) Common factors with highest power of the given polynomials. 

(c) The factors other than common factors, with highest power, present in the given 
polynomials. 

(3) The product so obtained is the required L.C.M. 


Sometimes it is difficult to find factors of the two polynomials. Then we find their 


H.C.F. by division method. Lastly L.C M. is found by the formula given below : 


Product of the two polynomials 
H.C.F. of the two polynomials 


Example 3. Find the L.C.M. of x8—x3—5x+2 and x3--4x?4- x — 6. 
Solution. First we find the H.C.F. of given polynomials by division method. 
1 


L.C.M. of two polynomials— 


x8—x2—5x42 ) х3--4х4--х-6 
х3—х2—5х+2 


+5x8+ 6x—8 
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Now 5x2-+6x—8 is the new divisor and the new dividend will be 5(х3--х2-5х--2) i.e., 
5x3— 5x2— 25x 4-10. : 
x+il 
5x2+6x—8 ) 5x3— 5x2—25x-- 10 
5х3--6х2- 8x 


—11х2—17х+10 
FTS, 


7777 5544 85х—50 
55x2-+ 66x—88 


i 19x4-38 
The remainder is 19х--38. The new divisor is (19х--38)--19 i.e. х--2 апа the new 
dividend is 5х2--6х--8. 
5x—4 
x42) 5х2-- 6x—8 
5x®+ 10x 


— 4x—8 
— 4x—8 The H.C.F.=x+2 


0 


_ f(x) Xalx) 
« So, the LCM.—— 7 | 


En (x8 —x2—5x-+2)(x8+4x2+x— 6) 
x2 
--(Х2--3х-р перна 6) 


г 
(x8—x2—5x-+2)(x2-+2x—3), 
EXERCISE—6(0) 


А у (Section—A) 
: Find the L.C.M. by factorisation method of the following polynomials : 
1. x?-1lend 32--2х-1 2. 2. x?—4and х2-х--2 
3. x1—4and x8+8 4 xtland xt—1 
5. x2+9x+20 and x?--11x 4-28 6. x2—10x--24 and х2--11х--30 
7. 2х2—8 and х2-5х--6 8. 2x?—2x—12 and 33?-- 15x 4-18 
(Section—B) 


Find the L.C.M. of the following polynomials : 
9, x8+x2—3x—9 and x9—53?--9x —9 
10. 2x3—232—9x--18 and х2--3х2-10х- 24 
11. x3—x2—10x—8 and x3—2x$—13x— 10 
12. x8+6x2+11x+6 and х8—х2—24х—36 
(Section—C) 
Find the H.C.F. and L.C.M. of the following polynomials : 


13. 3х34-2х2—11х+4 and 3х3--14х2--13х-8 

14. 6x8-+-25x2+16x+7 and 6x3—11x2—8x—5 

15. 2x1-L33—9x2--8x—2 and 2х4--7х2--11х2--8х--2 

16. The Н.С.Е. of two polynomials is x—7 and their L.C.M. is x3—10x?--11x--70. One 
of the polynomials is x2—5x—14. Find the other polynomial, 


geen 


8 
REVIEW EXÉRCISE—V1 
(Section—A) 

State for each of the following statements whether it is True or False : 
(а) (x—2) is a factor of (2— x)?. 
(Б) (a+3b) is a factor of (42—962). 
(c) (3a+5) is a factor of (6a3— b). 
(d) (x—2) is a factor of (x3— 4x). 
One of the factors of 942—2 is (3a—b). What is the other factor 7 
If one factor of a2—3a+2 is (a - 1 , find the other factor. 
Given that x?--2x—15— (x--5)(x--K), find the value of k. 
Fill in the blanks to make each of the following a true statement : 
(a) If f(—1)=0, then......... is a factor of f(x), where f(x) is a polynomial in x. 
(b) (x+2) јѕ.. ... of 2x84+4x2—5x—10 (C.B.S.E., 1987 (А.1.)) 
(с) The Н.С.Е. of the polynomials (x —2)(x--3)(x—4) and (x—2)(x--2)(x— 5) is......... 

[C.B.S.E., 1987 (Delhi)) 


(d) The H.C.F. and L.C.M. of two polynomials are (x--1) and 2(х--1)х2-4) 
respectively. If one polynomial is (x+ 1)(х— 2), then the other is......... 
[C.B.S.E., 1987 (A.1.)] 


пппп 


(Section—B) 

Factorise : 
2x24 yz —2xy — xz. 7. 942-42-4:3а-5, 
x(x+2)—y(y+z). 9. (a4-b)*—(a--b). 
9—х%+2ху—у%. ў 1l 32—2 (х—4)2, 
ab(x-- y2)-+-xy(a?-+ b). 13. х5-54-х-1. 
a®+-ac+be—b?, 15. х2--23х- 108. 
x3—29xy-- 12052. 17. x$—39x— 550. 
30x1—xy —42y?. 19: (4—x)?—2x. 
(За 2101 64-2. 21. 85—275. 

t (Section—C) 
Factorise the following : 
x9—729. 23. x®—26x8—27. 
x18— y12, [C.B.S.E., 1986 (Delhi)] 
Find the Н.С.Е. of 4x2-- 8x?—3x —9 and 12x34-28x?-- 13x —3. [C.B.S.E., 1986 (А.1.)) 
Find the L.C.M. of x3-- x?-- x-- 1 and х3--2х2--х--2. [С.В S.E., 1987 (4.13) 
The Н.С.Е. of two polynomials is x+3 and their L.C.M. is x8—7x+6. If one 
polynomial is x*--2x —3, find the other. [C.B.S.E., 1986 (Delhi)) 
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LINEAR EQUATIONS IN ONE VARIABLE 


71. LINEAR EQUATIONS 


Any open sentence using the sign ‘=’ is called an equation. 


Any open sentence using the sign of inequality “>” ог ‘<’ is called an inequation. 
Examine the following equations : 


(а) 2х--5--7 (b) 3х-7--2х--3 
(с) x?—9—16 (d) х2--7х--12--0 
(e) x3—1—20 (f£) х3--4х2--3х--2 


Observe that equations (a) and (5) contain only linear polynomials. In equations (c) and 
(d), only quadratic polynomials are involved, whereas in (e) and (f) cubic polynomials are 
involved. : 


An equation involving only linear polynomials is called a linear equation. 


A linear equation in one variable is of the form ax+b=0, where a and b are real 
numbers and 250). 


The number ‘a’ is called the coefficient of x and + is called the constant term of the 
equation. 


Let us consider the linear equation 3x+5=14 
We will substitute only natural numbers for x. 


Substituting 2 for x, we get Left Hand Side=3 x 24- 5—11 


Right Hand Side =14 
Therefore, L.H S. ZZ R.H,.S. 


Substituting 3 for x, we get І.Н.5.--3х3--5-- 14 


R.H.S. =14 
Therefore, L.H.S.=R.H.S., when x—3, 
Here natural numbers are domain of the variable x and 3 is the solution. 


і The set of numbers from which the values of the variables in an equation are selected 
is called the replacement set or the domain of the variable. 


The set of values of the yariab! 


le which make the equation true is called the solution 
set or the truth set. 


Example. Examine whether 4 is a solution of 
5х—3=3х+7 


(94) 


— -——————————————" 


a 77: 
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Solution. Substituting x=4, we get 
L.H.S.=5x 4—3=20—3 i.e., 17 
and Е.Н.5.--3х4--7--12--71е., 19 
So,  L.H.S.ZR.H.S. Therefore 4 is not а solution of the given linear equation. 
Solving an equation means finding the truth set of the equation. 


The process of solving an equation consists of getting a series of equivalent equations 
such that each succeeding equation is simpler than the preceding one and the last equation 
directly gives the truth set. 


The following properties of equality are used in solving equations : 


(i) Addition Property : An equality remains unchanged when the same number is 
added to both sides of it. 


If a=b, then a+c=b+c. 


(ii) Multiplication Property : An cquality remains unchanged when both of its sides 
are multiplied by the same number. 


If a=b, then cXxa-—cX b. 


(iii) Cancellation Law for Addition : An equality remains unchanged when the same 
real number occurring as an addend on both of its sides is cancelled. 

If a-- c b4-c, then a=b. 

(iv) Cancellation Law for Multiplication ә An equality rémain unchanged when 
both of its sides are divided by the same non-zero real number. 

If ac— bc, then a=b. 

Example 1. Solve 5х--7--2х--25, хЄМ. 


Solution. 5х--7--2х--25 


or 5x--7—2x--184-7 
Cancelling same addend 7 from both sides, 
5х=2х+18 


Adding —2x to both sides, we get 
5x—2x=2x+18—2x 


or 3x=18 
or 3.x=3.6 
Dividing both sides by 3, we get 
x=6 
The solution set is {6}. '  (6EN) 


Example 2. Solve 5х--3--2х--7, х60. 


Solution. 5x—3=2x+7 
Adding 3 to both sides, we get 
5х-3--3-2х- 7-35. 
ог 5x=2x+10 
Adding —2x to both sides, we get 
5x—2x=2x+10—2x 


‘or 3x=10 


96 


Dividing both sides by 3, we wet 


ж 0 
$533 
or => D. is a rational number. 


So, the truth set -D }. 


In the above working, by adding 3 to both sides —3 disappears from the L.HS. and 
appears on the R.H.S. with its sign changed. 


In actual practice, a term may be transferred from one side of an equation to the other, 
but its sign must be changed. 


This process is called transposition. 


Example 3. Solve 7543-3142. ә where xER, 


Solution. 7x+3=3x+ 5. 


Bringing variable terms to left hand side and those not involving variable to right hand 
side, we get 


ж-е -3 Ву transposition, changing the sign of 3x and 3.] 


or (7223... =н 


ог 4х== wile 


7 

Soe RD 

Un EY 

Le, x= -4 E 2 is а real number, 
So, the solution set is { - T] 


EXERCISE 7(a) 
Find the solution set for the following equations, taking хе М. 


1. 6х-7-42х--31, 2. 3х--4х--2--37. 
Find the solution set of the following equations, domain being the set of integers : 
3. 8х-4-45х4-19, 4. 7x42—2x—23. 
5. 4(x4-5)—x— 7, 6. 28x4+1=15, 
Find the solution set for each of the following equations, the replacement set being the 
set of rational number : 
7. 2xt+4=x+}. `8. 3x+10=x—7, 
9. 7x4-10—3x—5. 10. 8x—5—5x—8. 


Solve the following equations, when x€R. 
1. 2x43—16(2x—3). 12. ~-Sx+2=8x—22-4x° 


or 


11. 


13. 


15. 
17. 


- ~ Ix-1 1 -х) 
Example. Solve 5, at 2x— ia )=6 : , when xER. 


5 7х-1 1 Tc 19 
Solution. 23 +( 2x- Jy )= um 


1х-1 2х. 1000 19: 


Re 4723 Єз ДЗ 

ог 3(7х—1)—4(2х)++2(1—х)=4х 19 

ог 21х-3--8х--2-2х--76 

ог (21—8—2)x—1—76 

or 11х—1=76 

ог 11х—1+1=76+1 
11х=77 

» dom 
ТІЛІ 

x—7and 7€ R 


The solution set— (7) 


-EXERCISE—7 (b) 


Solve the following equations. The domain-of the variable in each case is А. 
(Section—A) 


buie v ie e 

3 mares 2. 4 2 =3. 
(5х—4)—(3х—1)=3 4. `5х—3(х—2)=3х—2(х—1). 
х 2х-5 0 6 gee ЙД 1 

Mr reete ah ING Eau mg 47 

х—1 х—2 

33552218 -1, 8. ¥3x+5=7. 

(Section—B) 

А 11572 2-3х | 1-Е5х 3-8х 

* (3x—4)+ 6 (3х+1)= 157 10. Rie gar a 
= ( —— ese 12. (x—2) (x+3)=x2 4. 
22 2 3x+2 х-43 5 
45:33) “х: ЕЗ-22(х-41) NE d ME ээн 
з (х 3)—x+3=2 (x—1) 14. Хх 2 5 +5 0. 

(Section— C) 

3x —4—3V2=2x4 V2. 16. 5х—3=2х—8+ 42x. 
6x+12=V75x+21. ^ 18. V7x—V3=V3x+7. 


7.2. APPLICATIONS 


Equations can be translated into story problems and vice versa. 

Study the following example. 

Six times a number diminished by 7 comes to 47. What is that number ? 
We can translate the given situation into an equation. 


9 
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or 
or 


or 


Let x be the number. 
Six times of the number is 6x x Le., 6x. 
Then this number diminished by 7 is 6x— 7. 
But this is equal to 47. 
ee 6x—7=47 
6х—7+7=4754-7 
6х= 54 


A х=9. The required number is 9. 
Check. 6х9--54, 54—7=47, 
This agrees with what is given in the problem. 


Example 1. Naresh Kumar is three times as old as his son., In 12 years he will be 


twice as old as his son. Find their ages. 


or 
or 
or 
or 


1. 
2. 


Solution. Let us say that son’s present age is x years, 
Then Naresh Kumar's age—3 x x years— 3x years. 
After 12 years, son's age will be (х--12) years. 
After 12 years, Naresh Kumar's age will be (3х+- 12) years. 
According to the given condition, 
3х--12--2(х4-12) 
3х--12--2х--24 
3x--12—2x4- 124-12 
3х--2х--12 
2х-Ех-22х- 12 
ДО ‚х==12. 
-The age of the son=12 years. 
The age of Naresh Kumar=3 x 12 years— 36 years. 
Check. | After 12 years, 12-:12--24 years 
36--12—48 years 
And 48—2x 24. : 
This agrees with what is given. Hence our Solution is correct 
While solving story problem, follow these steps : 
(i) Represent the unknown by a letter x (variable). 
(ii) Translate the conditions of the problem into mathematical phrases. 
(iii) Form an equation according to the relationship of conditions. 
(iv) Solve the equation to find the value of x. 
(») Check the value[values with the help of original problem. 
EXERCISE — 7(c) 
(Section—A) 
Five times a number diminished by 8 comes to 27. Find the number, 
The sum of two consecutive whole numbers is 71. Find the numbers, 


3. Three times a number less the number itself gives 20. Find the number, | 


18. 


19. 


20. 


21. 
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What is the number which when multiplied by 3 is 32 more than itself ? 


The age of a father is four times the age of his son. The sum of their ages is 85 years. 
Find their ages. 


Find three consecutive even numbers whose sum 15:84. 
Find three consecutive odd numbers whose sum is 117. 


The difference between 12 times the length and 10 times the length of a line is 120 cm. 
Take the length of the line to be x, and by forming an equation in x, find the length of 
the line in centimetres. 


Find a number such that one-fifth of it is less than one-fourth of it by 3. 


(Section—B) 
Find a number such that if 19 be added to it, the sum is 12 less than double the 
number. 


Jagdish's age is five times his son's age and 4 years ago the sum of their ages was 28 
years. Find their present ages. 


A father is twice as old as his son. Twenty-five years ago he was seven times as old as 
his son. What are their ages now ? 


A number consists of two digits whose sum is 9. If 45 be added to the number, the 
digits are reversed. Find the number. 


A number consists of two digits. The sum of its digits is-1 On reversing the digits 
of the number, the number decreases by 36. Find the number. 


The sum of two digits of a number is 15. If 9 is added to the number, the digits are 
reversed. Find the number. : 


The ten's digit of a two-digit number exceeds the unit's digit by 7. The sum of the 
digit is 2 of the number, Find the number. 


The numerator of a fraction is 2 less than the denominator: If 21 is added to the 
numerator, the value of the fraction is doubled — Find the original fraction, 


(Section—C) 


A man covers a distance of 15 km in 3 hours, partly by walking and partly by running. 


‘If he walks at 3 km/hour and runs at 9 km/hour, find the distance he covers by 


running. 


Five shirts and seven half-pants together cost Rs. 232, The cost of a shirt is Rs. 8 
more than the cost of a half-pant. Find the cost of each. 


The present age of a father is 3 years more than three times the age of the son. Three 
years hence, father's age will be 10 years more than twice the age of the son. Find 
their present ages. ІС.В.8.Е., 1982 (Delhi)] 


A bag contains 10 paise coins and 50 paise coins. The number of 10 paise coins is four 
times the number of 50 paise coins. Ifthe total value is Ёз. 9, how many coins are 
there in each variety ?. 


At a fair, a boy tries his skill in shooting. He was to receive 20 paise for hitting the 
*bull's eye" and had to pay 8 paise for missing the “Ыш eye". Не tried, 50 shots 
but received only 20 рае. How many times did he hit the “Би eye" ? 


100 


Example 1. Subir bought two radio sets for Rs 1200. He sold one at a loss of 14% 
and the other at a profit of 14%. If the selling price of each set is the same, find the cost 
of each. 


Solution, Let the cost of first set be Rs x. 
Then the cost of second set is Rs ( 1200—x). 
For first radio set, C.P.—Rs x and loss=14% 
S.P. of the first set Rs 2002. 
For second radio set, C.P.—Rs (1200— x) and gain— 1497 
114 х(1200—х) 
100 7 


S.P. of the second set— Rs. 


But S,P. of both sets is the same. 
86xx 114х(1200—х) 


100 | 100 

or 86x x=114 x (1200— x) 
or 43x=57 x (1200— x) 
or 43х= 57 x 1200— 57x 
or 43x-+ 57x=57 x 1200 
or i 100x=57 x 1200 
or ў х= 57х12 
Le, x= 684. 
So, C.P. of the first set —Rs 684 

C.P. of the second set —Rs 1200— Rs 684=Rs 516. 


Example2. A man rowing at the rate of 5 km 
much time in going 40 km up the river as in going 40 
river flows... 


an hour in still water takes thrice as 
km down. Find the rate at which the 

[C.B S.E., 1982 (А.1.)) 
Solution. Let the rate at which river flows be x km per hour. 


The man rows at the rate of 5 km/hour in still water. 
Speed of the man downstream=( 5--х) km/hour. 
Also speed of the man upstream=(5—x) km/hour. 


Then time taken in rowing 40 km downstream= s hours. 
x 


And time taken in rowing 40 km upstream— 


5—ху hours. 


According to the given condition, 


40 y: 40 
52x ON Sy ) 


or 522140 (5-:5)--3х 40 (5—х) 
or 5+x=3 (5—x) 

or 5--х-415--3х 

or x+3x=15—5 

or 4x=10 


e x=2'5 
ie.., the rate at which the river flows is 2:5 km/hour. 


TT LENSES RITTER REED 


10. 


11. 


12. 


13. 


14. 


15. 


16. 
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EXERCISE—7 (d) 
(Section—A) 


The perimeter of a rectangle is 350 metres. Its sides are in the ratio 5:2. Find the 
area of the rectangle. = 

The width of a room is three-fifths of its length. If the length had been 4 metres less 
and width 4 metres more, the room would have been a square. Find its dimensions. 
Two trains with speeds 32 km and 24 km per hour respectively, starting. at the same 
time, run in opposite directions between two stations A and B, 336 km apart, one 
going from P to Q and the other from Q to P. Find when and where they will meet ? 


Mohan Singh had Rs 2000. He lent part of it at 10% simple interest and the restat 
5 & сіне total annual interest received was Rs 184. How much did he lend at 


A certain number of men do a piece of work in 40 days. If there had been 45 men 
more, the work could have been finished in 25 days. How many men were employed 
to do the work ? : 

(Section—B) 
The length of a lawn is thrice its breadth. If length is increased by 4 metres and 
breadth is diminished by 1 metre, the area does not change. Find its dimensions. Ў 
The length of a hall exceeds its breadth by 6 metres. If the length be increased by 
4 metres and the breadth diminished by 2 metres, the area is increased by 4 sq. metres. 
Find the dimensions of the room. 
In a co-educational school there are 30.more girls than boys. If the number of girls 
was increased by 10% and the number of boys by 16%, there would be 18 more girls. 
Find the number of pupils in the school. 
At noon Sohan starts to ride at 8 km an hour ; two hours later Ramu starts after him 
on а bicycle at 12 km an hour. How far will Sohan have ridden before he is overtaken 
by Ramu ? 
Find also at what time Sohan and Ramu will be 8 km apart. 
The population of a town is 15,000 ; the annual death-rate of males is 44% and that 
of females is 54%. The total number of deaths during the year is A Find the 
number of males and females in the village. 
A path 1:5 metres in width is laid all round outside a square lawn and covers an area 
of 129 sq. metres. Find the area of the lawn excluding the path, 


x (Section—C) 
Two partners Rahim and Karim together lend Rs 3364 at 5% compounded annually. 
The amount Rahim get at the end of 3 years is the same as Karim gets at the end of 


5 years. Find the share of each in the principal. 
Karim bought a tonga and a horse for Rs. 6000. He sold the tonga at a gain of 10% 
and the horse at a gain of 15%, making a profit of 127% on the whole. Find the cost 
of the tonga and the horse. 
А and B сап do a piece of work іп 9 days. A alone can do it in 12 days. In how 
many days can B alone do it ? 
Two cyclists A and B start from the same place to ride in the same direction. A starts 
at noon at 7:5 km and B starts at 2 P.M. at 10 km an hour. 
(a) How far will A have gone before he is overtaken by В? 
(b) At what times are A and B five kilometres apart ? i 

d of a boat in still water is 8 km per hour. It goes 20km down stream. 1f 


The spee L n 
it can ғ» 12 km upstream in the same time, find the speed of the stream, 
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13. 


14. 


REVIEW EXERCISE— VII 
7014 (Section—A) 

If x--5: 2—18 : 3, find x. 
Solve : 2839 =8. 


Examine whether x— —1 is a solution of 24—3(x— 2)— x4-8. 


3х-1. х-1 


Solve the equation 5282-5770 and verify the solution. 
- 4 


2 
dem eee Pac 
Solve: 4 + 37* 3^ 
Solve: px = хз +3-=0, XER. [С.8.5.Е, 1979 (Delhi)] 


“5: ох 2 Ug «IE ecl 

Sove: 3E e 21 1( x- AL) x€R. 
(Section—B) 

A square has the same area as a rectangle whose length is 5 em longer, and. breadth 

4 cm shorter than the side of the square. Find the length and breadth of the rectangle. 


Divide Rs, 3100 into two parts such that if one part be put out 5% per annum and 
the other at 8% per annum, the total yearly income may be Rs. 200, 


УМ 2 3 
Зоре: tsa (С.В S.E., 1982 (4.1) 


1 1 
ub Ux 


Т. е difference of ages Sohrab and liis father is 30 years. The difference of the squares 
of their ages is 1560. Find the ages of the son and his father. [C B.S.E., 1983 (Delhi)] 


(Section—C) 


How many grams of pure gold be added to 150. grams of alloy 70% pure to make the 
alloy 85% pure ? ! 


1 1 
8016: ar ara (С.В.8.Е, 1983 (А.1)] 


Divide Rs. 12,615 between Ram and Shyam so that the amount that Raw receives in 
2 years and Shyam in 4 years are equal. Interest is 5% per annum, compounded 
annually. [C.B.S.E., 1984 (Delhi)) 


mo 
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LOGARITHMS 


8.1. INDICES 
If m is a positive integer, then 


axaxaxax «upto m factors=a” . а" is read as ‘mth power of a’. The repeated 
factor ‘a’ is called the base, and ‘m’ is called the power or index or exponent. 


Example. OX. XXX. X. X. xoxt. 
You are already familiar with the following laws of indices : 


(i) a" хал=а"+п, 
(ii) a" —a"—a"7^, т>п, 
(iii) (amy—(a"), 
(iv) (abyn--a" b", 
0) (ғу =, b0, 
when m and n are positive integers ; а and b are real numbers. 


Example 1. Simplify xt, xr, х5. 


Solution. x?^.x"3. х5==х?"+"7$+5, 
-= x3n+2 
Example. Simplify 35x7 уб2--7х3 y? z. 
35x1 уі 22 


Solution. 35x7 > 12--1х8 y z= mp8 у8 2 
= 5x773 34-2221 


= 5x4 y? 2, 
3 55 \4 
Example 3. Simplify (== = ) 
4 
Solution. ( an) =(4871 55:23 
= (a? 3) 
= (a2)? (8)! 
=a8b!?. 
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EXERCISE—8 (a) 


(Section— A) 
Simplify : 
1. a xaxax a’, 1 2. (х2)5 x (x3)2, 3. (637--3х4)8, 
4 Ey 5. xAx x"? x x5 315 6. 45--47-- 9 x д8 
(587 j сх =х15, . а5--а?--а9ха8, 
7. x3atboc хсза-Ь . х?5+с-а_ 8. (ха)-<х( хӧ)ста x (хе)а+ь, 
(Section—B) 
Simplify : 
atb у хєх xeta 
9. po г : 10. (c? b2)" x (abAyv. 
11. (а259)л--(05 Мур, 12. (xyz?) x (xy8z8)n x (x2 y3 55), 
13. [(xtbte x xa-b+e)b]e, 14. [(x?a-bt8c.— ya-2b+2c)c]a, 
й GM : ха үен x? \btr f xa Nate 
15. (xax (хе "ajb (xa-b)e, 16. (3) (48) (48) 
(Section—C) 
Simplify : 
ха xbtc xta 
т RR 
a+b? atb py btc с2+а? с+а 
х % x 
‘18: (5-5) (E) | = ) i 
х gabe. ү xb Vit betc®. / хе үйл сагай 
» 2520 x] (=) 


8.2. RATIONAL INDICES 


The five laws of indices haye been deduced by assuming that m and n are positive 
integers. Then al^, д-т, д0, ат, etc, have по meaning. 8 B 


By assuming a" x a^—a"** true for all values of m and n, 
or fractional; we can deduce meanings for a™'a, д0, а-л and alln, 


(i) Any non-zero number raised to zero power is equal to ]. 
49—1, where а is any real number other than 0. 
If a is zero, then a? is nor defined, 


0 
Examples. 59=1, ($ J—1, qtti, 


(ii) Any non-zero number raised to a negative power is multiplicative i 
number raised to the corresponding positive power. Vac E VERE of The blue 
a-m=qlim, where 0560, 
1 1 1 
PIE LR MET p 
Examples. 3 Тэрэ Хээ (ху) Gye 
(iii) If a is a positive real number, m an integer and n a positive integer then, 
q"h—t/g" OR —qmh—( t/ ay: 


positive or negative integral 
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Thus, a7/^ may be interpreted either as the nth root of mth power of a or as the mth 
power of the nth root of a. N 

In particular, аїФ=+ а, а@3=%/а, q1A—4/ а ‚ an= а, 

Examples. 21/2—4/2, 408—8, 4, (25)4=4/25. 

With the help of these meanings, the remaining laws of indices can be proved for all 
integers, positive or negative and fractional numbers. 

Since laws of indices are universally true, all the operations of multiplication, division, 
involution and evolution are also applicable to expressions containing fractional and negative 
indices. 

Example 1. Find the value (1024)-4/5; 

Solution. (1024) 4/5—(210)-4/5 — 210-415 


128 
Er Е 
TED) 77256 


Example 2. Simplify (271° 23/4)-2/3-- (44/9 bm 
Ў , 71/2 p8/4)-28 
Solution. (сэл IIS) (ot brun CT 
--(а-ыз B34)-8/8 x (g4/9 5-1/8)-8/2 
=(a-1/2)-218 (3/4) 2/3 (489) 812 (5718)-3a 
=а48 | Ь-12. д7213 , b112 
= gl/8-2/8 , -1/2+1/2 
Е 
Iun 1 
ав зэр 
Example 3. Simplify 
( x? үа 4-а64-02 (pre (xy 
Lord хе x 
Solution. The given expression 
ха \a2+-ab+b? (= b?--bc-- c? (zy 
-(55) Ux ) ха 
(pat) Etot, ($=) tbet А (са) 2+ ca ta? ) 
(2-8) (Фан) 300—0 (23--Бс4-02) (e—a) (с2-са+-а?) 
e 3_ 
ШЕ ана, D, óc a 
р аы гш 


=x 
zz 
EXERCISE- 8 (b) 
(Section—A) 
1. Find the value of : : 
@ (25:18. (5) (27)418, (6) 9-8/2, 


l 27 
(d) (128)37.. _ © 41688” 0) (8) : 
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2. Simplify : 50x 4-4 81s 
3. Simplify and express with positive exponents : 
(a) (3x8)9 . (ху) 2 (b) (—27а9)#8 
(Section—B) 
4. Simplify : 
(a) (27578 c3)1/8, (b) (8-2 х 93/4)-213, (c) (уаз 576у-4 
(d) 43758 4/5 у, 
5. Find the value of /(16):3/4(125) 8, 
В » xl үт xm тіп nt! 
6. Simplify : (55) х(42) x(+) 7 
n-l 
7. Simplify : IU 2 
ЯГ": 32+4—6 х 3т+1 
8. Simplify : Tae 
MAS a+b+c 
9. Smely: S 
10. Simplify : уз Pan 
үле) 25002232 
11. Show that ————- = vA + ісуі” яс 
(Section—C) 
12. Provethat . 
17:19 Ly 
(9-8) х(>-т) „(г 
TI l.W у 
Carr Ra ед 67 
хт" x" \atl-m х! М+т-п 
13. Show that Gy" SE (X) =1, 
Katy o Ries a?—ab+b 52. — Tbe. xe ү2— 2 
14. Simplify : (3) «(= xe ) х(2, x zv) сеа 
1 1 \ 1 
15. Show that Таа к Еа х}а х “ape + Torpo. 
ab py с са 
EN tA x LASS bte х ұз 
2 simply: (ру ) мат) сар 


8.3. MEANING OF LOGARITHMS 


The word ‘logarithm’ has been derived from the 
Logos means ratio апа Arithmos means number. It was 
matician John Napier (1550—1617). 


Greek words Bus and Arithmos. 
discovered by a Scottish mathe- 
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We use logariihms for computations with numbers. The logarithms use the idea of 
base and power. Тп this chapter, we will be finding logarithms of positive real numbers. 


28—8 we say ‘3 is the logarithm of 8 to the base 2" 
we write ^" logs 8=3 

58—125 we say ‘3 is the logarithm of 125 to the base 57. 
we write logs 125—3 3 

3-2-4 we say *—2 is the logarithm of 3 to the base 3’. 


we write logs 3— —2. 


The logarithm of any number toa given base is the power to which the base’ 
must be raised in order to equal the given number. 


If a, х, n are numbers such that a*=n, where a» 1. 
then we say loga n—x 
loga n is read as ‘logarithm of nto the base a’. 

Thus 25--32 - loge 32=5 


3:4---- е» logs A= 


The definition of logarithm helps us to find the logarithms of those numbers which can 
be expressed. as powers of the numbers to the given base or its prime factorisation. 


Example 1. Find log; 343. 


Solution. Let _ log; 343=x «^ (Ty—143 
Waste (7¥=(7)8 е х=3 
Непсе log; 343=3. 


Example 2. Find the logarithm of 324 to the base 34/2. 
Solution. Let x be the required logarithm. 


Then log, v2 (324)=x > (3У/2у-324 
e (3у2Р-44Х81 <> (342j9—(J2)0x(3* 
„> (3У2)-(3У2)%4 = x=4 
Hence log, v2 324—4. 
Example 3. If log. 64— —3, find x. 
Solution. Given log, 64— —3 <> х-8--64 
22 х73—(4-1)-8 
= х-41---- 
EXERCISE—8 (с) 
(Section—A) 
1. Change the following exponential forms to logarithmic forms : 
(a) Zi-128 | 0) gano (c) [5/38/3625 


2. Express the following in exponential form : 
(a) loge 216—3 (b) 6—log 0/5 125 (с) —3=logs8. 
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(Section—B) 

3. Evaluate the following : 

(a) loga 256 (b) logo ( -т) (с) logao 343 V7. 
4. Find the logarithm of 

(a) 144 to the base 24/3 (b) 4/5 to the base 008. 
5. Find the value of x, if 

Ч) ; 
(a) log, 4--- (Б) log, 0625— —2. 


84. LAWS OF LOGARITHMS 
Examine the following cases : 
3-81 4 log$1—4; © 92-81 С банер 
We notice that logarithm of the same number is different for different base. 
Consider the following examples : 3 


0 
(59-41: (+) be =P when 3&0; 
For all non-zero values of a, we know that a0— 1 
Then loga 1=0 


Thus logarithm of 1 to any base is zero. 
Again for all values of a, we know that 
ai—a Then log,.a—1 


Thus logarithm of a number to itself as base is 1. 


(1) The logarithm of the product of two numbers i: t 
logarithms of the numbers to the same base. булгийн ах ош of the 
Le, v m,n, a>0, loga (mn)—1oga m-Flog, n 


Example. logro 35--10210(5 Х7) 
=logio 5--logto7 


(2) The logarithm of a quotient of two numbers i: i 
the logarithms of the numerator and the denominator. . еее of 


Le, M m, n, a2 0, Іова clos m-—log,n 

Example. logio lone 7—logio 5. 
ad DEM logarithm of the n power ofa number is n times the logarithm of 
іе, х т,а>0,  log.m"—nlog,m. | HerencQ. 

Example. logio 58-23 10810 5. 

Example 1. Show that log, x? (x+1)=2 logs x--logs (x-+1), 

Solution. log, x? (x+ 1)=108a x*-logs (x--1) " 

—2 log, x--loga (х--1) 


= 


vos 


e 


Éxample2. Express loga V хтул--$ /2 in terms of log, x, logs y and log, = 


Solution. log, х”)7-43/2--1орд(х”ул--3/2)2 


х” 
=} 102, ( ur ) 
=} Пора (x"y")— logs 3/2) 
=} (loga x"--loga y"—log, 21%) 
=} (m loga x+n loga y — 3 loga 2). 


Example 3. If a?+-b2=7ab, prove that 


logp ( at? )- (log, a+logp Б) 


Solution. Given | a2-- b2— Tab 
a2--2-4-2ab— Tab--2ab 
(a+b)?=9ab 
a+b=4 9ab 
a+b=3V ab 


$$ + ¢ 


4 


3 
log, ( ate іне» Jab 
=log, (ab)? 
1 


1 


logy (ab) 


12: 
+ (log, a+log, Б) 
EXERCISE 8(d) 

(Section—A) 


Prove that loga (х2— 1)=loga(x+1)+loga(x — 1). 
Show that loga (1-+2+3)=loge 1--loga 2--loga 3. 


Prove that (log, a)?— (logp b)?— (log, ab) [ logy + | 


Prove that log, X Hop, Dog, Eon 0. 
If log 2—x and log 3— y, find 
(i) log 6 and (ii) log 1°5 in terms of x and y. 
Given logio 2-2, logio 3--9, find in terms of a and b, 
(i) logo 24 .. (ii) 10810 36. 

(Section—B) 
Express the following in terms of loga x, Іова y. 10222: 
loga х2у23, 8. log, x3yV z. 
loga v х2уЗ23, 10. log, 3/х3)3---, 
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ll. If a+b8=0 and 24-250, prove that 
log, (a+b)=- (logs ачНовь 5--logy 3). 


12. If a2+b2=7ab, prove that 
2 log, (a—b)=log, 5+ logy a+logy b. 
13. If a?--b?—6ab, prove that 


log; [ 2 J4 (log, a+ logp b). 


(Section—C) 


214 Given logio x=a and log 10 y=b. 
(a) Write down 10471 in terms of x. 
(b) Write down 1029 іп terms of y. 
(c) If logio P— 2a— b, express P іп terms of x and y. 


16 25 Bis 

15. Show that 7 log, 15 +5 loga 54 +3 log, 40 =log, 2 
14 343 64 

16. Show that 3 log, 16 —logs 516 Flog, D —log. 3. 


8.5. COMMON LOGARITHMS 


Since our system of numeration has base ten, we use logarithms to the base ten in all 
computations with numbers. Logarithms to the base 10 are called common logarithms. As 
we shall work only in base 10. we agree to omit the suffix denoting the base, thus, instead оѓ . 
logio 2, logio 15, etc., we will simply write log 2, log 15, etc. 


8.6. CHARACTERISTIC AND MANTISSA : 
We know that the logarithm of a number to the same base is equal to 1. 
Then logio 10—1 
10810 100=logyo 10?=2 logio 10=2 x 1—2 
Thus the logarithm of any number lying between 10 and 100 lies between 1 and 2 i.e., 


the values of log 17, log 46, log 90,...... will lie between 1 and 2 and hence they will be of the 
form (14-a fraction). 


Therefore, the logarithms of numbers are not always integral, but they are made up of 
two parts—an integral part plus a decimal part. 5 
Again 10810 “1-410810 (-б-)=!ово (10)71== -10810 10— —1 
10810 '01—logio ( Tor )- let (10)-2=—2 logis 10— —2 
Thus the logarithm of any number lying between “1 and “Ol lies between —1 and —2, 
Therefore the logarithms of numbers are not always positive. 


The integral part of the logarithm of a number, obtained after expressing the decimal 
part as positive, is called the characteristic and the positive decimal part is called the 
mantissa 


In short, the decimal part of a logarithm is its mantissa and the number to the left of the 


decimal is its characteristic. х 
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Let us determine the characteristic of the logarithm of any number greater than one. 


10°=1 e logio 1—0 40) 

101—10 - logio 10—1 248) 

102—100 23 10210 100--2 -+-(iii) 

108--1000 е .. logio 1000—3 -“(і») 
and so on. 


From (i) and (ii), it follows that the logarithm of any number lying between 1 and 10 
(i.e., a number having one digit in the integral part) lies between 0 and 1 ; and, therefore, it has 
only a decimal part. Hence its characteristic is zero. 


From (ii) and (iii), it follows that the logarithm of any number lying between 10 and 
100 (i.e., a number having two digits in the integral part) lies between 1 and 2, and therefore, it 
has 1 as its integral part. Hence its characteristic is 1. 


From (ili) and (iv), it follows that the logarithm of any number lying between 100 and 
1000 (i.e., a number having three digits in the integral part) lies between 2 and 3, and therefore 
it has 2 as integral part. Hence its characteristic is 2. 


Similarly, we can show that the characteristic of the logarithm of a number, having four 
digits in the integral part is 3. 

Thus, the characteristic of the logarithm of a aumber greater than 1 is positive 
and one less than the number of digits in the integral part of the number. 


Let us determine the characteristic of the logarithm of a decimal fraction. 


10°=1 = logio 1=0 Ue) 
1 : 
сла а 1=—1 39 
10 10 1 > logio І (ii) 
10-2— m= TEAM logio '01——2 (ші) 
1073— dag - € - 1о8л0 '001 — —3 849) 


From (i) and (ii), it follows that the logarithm of any number lying between 1 and ‘1 
(i.e., decimal fraction having no zero just after the decimal point) lies between 0 and —1, and, 
therefore, it is equal to (—1-++a positive proper fraction). Hence, its characteristic is —1 and 
is written as I and read as “Баг one”. 

From (ii) and (iii), it follows that the logarithm of any number lying between '1 and 
01 (i.e., a decimal fraction having one zero just after the decimal point) lies between —1 and 
—2 and therefore, it is equal to | —2+a positive proper fraction). Hence, its characteristic is 


From (iii) and (iv), it follows that the logarithm of any number lying between “01 and 
*001 (і.е., a decimal fraction having two zero just after the decimal point) lies between —2 and 
—3, and, therefore, it is equal to (-3--а positive proper fraction). Hence, its characteristic 


is 3. | 
М characteristic of the logarithm of a number less than 1 is negative 
and Nee one more than the number of zeros just after the decimal point. 
The characteristic of the logarithm of a number can be found by inspection. 
The mantissa of the logarithm of a number is obtained from a table called logarithmic 
table. 
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8.7. OPERATIONS WITH LOGARITHMS 

We follow algebraic rules in performing four fundamental operations on logarithms of 
numbers. The following examples will illustrate the methods. 

Example 1. Add 2:3579, 32074 and 17243. 


Solution. 2:3579--3:2074--1:7243 
--2:3519--3:2074--(-1--7243) 
=5'5653—1-++0°7243 
=6:2896—1 
=5'2826. 
. Example 2. Add 2:5931 and 1:8547. i 
Solution. 25931--1:8547--(-2--05931)--(-1--0:8547) 
: ----2--1--0:5931--0:8547 
----3--1:4478 
=—3+1+0°4478 
а= —2+0°4478 
-24478. 
` Example 3. Subtract 2/7285 from 3:2594. 
Solution.. 3'2594—3°7285=(—3+0°2594)—(—2+0'7285) 
= —3--0:2594--2—0:7285 
——14-0:2594—0:7285 
----1-0:4691 
--1-14(1-04691) [Note this step] 
----2--0:5309 
4 --2/5309. 
‚ Note that the mantissa is always kept positive. 
Example 4. Simplify 3°3807 x 3. 
Solution, 23807х3--(-2--0:3807)х 3 
=—6+1'1421 
' ---6--1--01421 
=—5+0° 1421 
E 1421. 
Example 5. Simplify 3:7265--5. 
Solution. 37265-+5= 27265 
=}(—3+0°7265) j 
—1(--3—2--24-0:7265) [Note this step] 
+ 021654277265) 3 
=— 10:5453 
-15453. 
2% Note that by suitable addition and subtraction, the negative ‘characteristic is made divisible 
y 5. 
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EXERCISE —8(e) 


Simplify : 
1. (а) 4:7295--2:8537 | (b) 3:9457--1:5831 
(с) 8:1674--1:8049 (d) 2:6925--3 0957. 
2. (а) 3:4906--1:9538 (b) 2:6386—2:9617- 
5 (с) 1:9945--2:4306-0:2199 (4) 8:9407--2:8984--1:5664. 
| 3. (a) 10759х4 (b) 27394х5 
(c) 279367 x3 (d) 19743 x7. 
4. (а) ТЗ232--3 (Б) 1:5617—2 
(0) 17138--4 (d) 8:3745--5, 


Example. Find the characteristics of the following : 
(a) log 7473 (b) log 3:074 (c) log 04902 (d) log 0 00508. 
Solution. (а) The number 747:3 is greater than 1 and has three digits in the integral 


part. 
The characteristic=(3—1)=2 
(b) The number 3:074 is greater than ! and has one digit in the integral part. 
The characteristic=(1—1)=0 
Қа (c) The number 0:4902 is less than 1 and has no zero immediately after the decimal 
point. 
The characteristic —(04-1)— —– 1—1. 
3 (d) The number 0:00508 is less than 1 and had fwo zeros immediately after the decimal 
point. 
The characteristic —(2+1)=—3=3. 
The mantissa is always kept positive. 
Suppose the logarithm of a number is 2:5619. 
Here the decimal part i.e., mantissa is positive. The mantissa is “5619. 
Suppose the logarithm of a number is —2°5619. 
Here the decimal part is negative. It should be made positive. 
Then —2:5619— —2—'5619 
) ----2--1-Қ1--:5619) 
=—3+'4381 
Thus characteristic=—3 and тапііѕѕа = '4381, 
But —34-:4381 is written as 3°4381. It is read as “Баг three point four, three, eight, 
one." 
The horizontal line placed over 3 is called bar and denotes that the characteristic is 
negative. 
Let log 2963=3°4717 
2963 
Then log 29°63=log 100 =log 2963—log 100 
—34717—2 =1:4717. 
2963 


--log 2963— log (10)4, 
=3'4717—4 =1:4717, 


log :2963—1og 


10000 
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log :02963—1og 28 =log 2963—log (10)? 
=34717—5 =4717. 
“Моге that numbers 2963, 29:63, “29:63, "02963 consist of the same significant digits, 
arranged in the same order. - They only differ in the position of the decimal point. 


We see that the mantissae of the logarithms of all the above numbers are the same, but 
their characteristics are changed according to the position of the decimal point. 

Thus, the mantissae of the logarithms of all numbers consisting of the same 
digits arranged in the same order but differing only inthe position of their decimal 
points, are the same. 

Example 1. If log 3682--3:5660, write down the value of 


(а) log 3:682 (b) log "003682. 
Solution, Given log 3682— 35660 
Then log 3:682--0:5660 


log :003682—3:5660 
Example2. If log 2—:3010, find log "0005. 


Solution, ^ log(0005)-log 101 log 5157 
—log 1—1og 2000 —0-—1og (2 x 108) 
=— (log 2+log 108) | = —log 2—3 log 10 
-—:3010—3x1 =—3—'3010 
——3—14(1—:3010) = 44-56990 
=4:6990. 


Example 3. Find the number of digits in 362 and the position of the first significant 
figure in $3 given log 3="4771. 


Solution. | Let х= 362 Then log x=log 362, 
= log x=62 log 3=62х 4771 
=29°5802 
Here the characteristic is 29. So the number of digits in 362 will be 29+-1 i.e., 30. 
Let х=37%% ) 
Тһеп log x—log 3732 
> log x=32 log 3 ——32x 4771 
=— 152672 =—15—'2672 


--16--(1- 2672) --16:7328. 


Here the characteristic is —16. So there will be 15 zeros just after the decimal 
37392, Thus the first significant figure will be in the 16th place of decimals. per 


EXERCISE—8(f) 
(Section—A) 
1. Find the characteristic of the following : 
(a) log 6937 (b) log 56°49 (c) log “0752 (d) log 4:093 


(е) log 0075 - (7) log 000834. 


15. 
16. 


decimals—four, five and seven. 
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Find the characteristic in the logarithms of the following numbers : 


(a) 297°6 (Б) 0°С835 (c) 0:0009 

What is number of digits in the integral part of the numbers whose logarithms are 
(а) 447712 (b) 1:48509 (c) 0:84509 ? 

Give the position of the first significant digit in the numbers whose logarithms are 
(a) 1:90309 (b) 2:30103 -. (e) 8:36173 

If the mantissa of the logarithms of the number 3578 is “5537, find the logarithms of 
(i) 35:78 (ii) 0:3578 (iii) 00003578. 


Without using logarithm tables, evaluate 3+logio (1072). 
- (Section—B) 
Simplify log 4+-log 5—log 2 without using the tables. 


Simplify without using tables : 
3 log 25—2 log 3+log 18. 


Without using the log tables, find the value of 
2 log 5+log 8—} log 4. 
If log 3=0°4771 and log 7=0°8457, find the value of log (24). 


If log 64439=4'8091488, find the numbers whose logarithms are 
(i) 68091488 (4!) 18091488 (iii) 78091488. 


Given log 2—:30103. Find the value of (a) log 128, (Б) log *128. 
Given log 2—:30103, log 7="84510, find the value of log 112. 


Given that logio 2—0:3010 and Jogio 3—0'4771. Without using tables, calculate the 


value of 
(a) log1o 36 (b) logio 80. 


(Section—C) 
Find the number of digits in 2100, Беше given that log1o 2—:30103. 
Given log 3--"4771, find the number of digits in (i) 345, and the position of the first 
significant figure in (ii) 3757. ў ? 


USE OF LOGARITHM TABLES 


Different tables have been prepared for the mantissae correct to differeit places of 
For all practical purposes the four figure-tables are used. 


These tables give the mantissae of the logarithms of all numbers consisting of four. significant 
digits correct to four places of decimals. The decimal points are dropped in the tables for 


convenience in the printing. 


Let us now learn how to consult the table of logarithms for finding the mantissae. 
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Four-figure tables are given at the end of the book. A part of it is given below to 
explain its use. 


Mean difference 


0 1:1:2:1 3 4 5:1:/6:4::7 8 9 ad ela sls 
65 | 8129 8182 5 
66 | 8195 8248 5 
67 | 8261 8312 5 
68 | 8325 8376 4 
69 | 8388 8439 4 
70 | 845i 8500 4 


(a) We see a column on the extreme left containing numbers of two digits. The two 
digits given in this column represent the first two significant digits of the given number whose 
logarithm is required. : s 

(b) Then we see ten columns headed by the digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 respectively. 
These digits represent the third significant digit of the given number. 

(c) We ee nine more columns headed by the digits, 1, 2, 3, 4, 5, 6, 7, 8, 9 respectively 
under the heading ‘mean differences’. These digits represent the fourth significant digit of the 
given number. . 

(i) To find the logarithm of 69 

First we see 69 in the column on the extreme left. Opposite to it, we find 8388 in the 
next column headed by 0. So the mantissa of log 69 і "8388. As the given number has only 
two digits, its characteristic is 1. 

E log 69--1:8388. 

(ii) To find the logarithm of 698 

In the extreme left-hand column, we see the number 69. Now we see further in the 
same horizontal row beginning with 69 till we find the number 8439 in the column headed by 
8. Then `8439 is the mantissa for the logarithm of 698. But its characteristic is 2. 

ss $ log 698--2:8439. 

(iii) To find the logarithm of 6987 

First we see the mantissa corresponding to 698 as above. Now we find 8439 and then 
we see further in the same horizontal row till we find 4 in the small column headed by 7 under 
mean differences. Adding 4 to 8439, we get 8443. Then the mantissa of log 6987 із :8443 
and its characteristic is 3. { 

Жү, АЙ. log 6987=3`8443. 

Remember the following points while using tables. 

(1) The mantissae of log 2, log 3, log 4, etc., are the same as those of log 20, log 30. 
log 40, etc. : : н 

(2) The decimal point is not given before any number іп logarithm tables. S if 

place a decimal before the obtained mantissa. 5 НИ 
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(3) While finding mantissa ignore the decimal point of the given number and consider 
only the significant figures. 


89 ANTILOGARITHMS 


The number corresponding to a given logarithm is called its antilogarithm. In short 
notation we write antilogarithm аз antilog. : 

If log тээх, then m is called the antilogarithm of x and is written as 'antilog x’. 

e.g., log 47:86—1:6799, then antilog 1:6799— 47:86 

When the logarithm of a number is given, the number can be found from the table of 


logarithms by reversing the process explained for logarithm. But antilog tables have also been 
provided for finding the numbers. The tables of antilogarithms are used the same way as the 


tables of logarithms. 


Mean Differences 
0:11 |. ЕЗ 5 б T ea 2:0. З 


11213(41516171819 


wn 
ж 
чә 
ч 
О оч ч со 


(1) First column to the extreme left represents the first two digits of the decimal part 
of the given logarithm. 

(2) Each of the next ten columns represents the third digit of the decimal part of the 
given logarithm, 

3) Then, each of the nine mean differences columns represents the fourth digit in the 
decimal part. of the given logarithm. 

To find antilog 37457 

First we see '74 in the extreme left-hand column. Now we seein the same horizontal 


line till we find 5559 1n the vertical column headed by 5. Then we see further in the same 
horizontal line till we find 9 in the small vertical column headed by 7 under mean differences. 


Here characteristic is 3. So there will be two zeros after the decimal point: 


Then antilog '745—5559 
Mean difference for 7— 9 
Antilog "7457—5568 
Antilog 3:7457—:005568. 


While using antilogarithm tables we only consider mantissa. From the characteristic, 
we find the number of digits in the integral oart, or number of zeros immediately after the 
decimal point in the required number. 
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EXERCISE—8 (g) 
(Section—A) 
1. Find the value of the following : 
(a) log 478 (b) log 9°35 (с) log 652 ` (d) log 81:59 
(е) 1og:07583 (У) log "0003471. 
2. Find the logarithms of the following numbers : 
(a). 6820 (b) 2:008 (с) "00007832. 
(Section—B) 
3. Find the value of x in each of the following : 
(а) log x=2:7701 (Б) log х--1:7604 (с) log x—0:5401. (d) log х--2:7619 
'4. Find the numbers whose logarithms are 
(a) 06799 (Б) 27257 (с) 5:5739 (4) 1:9568 
(e) 36808 (f£) 1:8455. 
5. Simplify the following and find the value of x : 
(а) log x—1:862—3:891— 2:761. 
6. Given log x—1:4713, log y—0:3880 and log 2--1:7266, use mathematical tables to find 
the values of 
(a) x (b) » (с) Уз. 
8.10. USE OF LOGARITHMS 
Example 1. Find the value of 7:8 x 4:325. 


Solution. Let x=78 X 4'325 

Then log х--108 (7'8 х 4:325) 
=log 7'8+log 4:325 
-0:8921--0:6360 
=1'5281 


Now we find antilog of 1°5281. 
antilog *528— 3373 
difference for1— 1 
antilog "5281--3374 
antilog 1:5281--33:74 
22 x=33°74, 
Example 2. Divide 42:87 by 0:00358. 
42:87 
Solution. Let x= -500358 
42°87 
0:00358 
=log 42:87 —log 0:00358 
=1°6321—3'5539 
—1:6321—(—34-:5539) 
^ =1:63214-3— :5539 


Then log x=log 


10. 
13. 
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—4'0782 Here the characteristic is 4. 
log x—log 11980 So the number consists of 5 
Hence x=11980 digits and ; hence add one 


zero in the end. 
EXERCISE—8(h) 
(Section—A) ^ 
Using the tables of the logarithms and antilogarithms, find the values of the following : 


43:5х 75°61. 2. 27:49 х 0"0469. 3. 00287 x 0:000372, 
97753x10:34x0:9252. 5. 43:54-12:67. 6. 1367--0:0472, 
5/0'1437. 8. 1/0%05358. 9. &/:00000165.. 
(Section—B) | 
Use logarithms to find the value of қ 
QA. п. 40330 : D. 2723x3276. 


(36:71 x 08246) +546. 14. 2821х0:699--243, 


(62848. 3/627 

(00504 — 
(6:284)8. 3/624 

(005) 

(6:284)8 x (624)1/8 

қ log x=log 000519 —— 
= log (6'284)3+ log (624)1/8—log (-005)1/4 
—3 log 6:284--1 log 624 —} log 005 
=3 (0:7983)--3 (2:7952) —1 (3:6990) 
—2:3949--0:9317—1 (--3--:6990) 
=3:3266+1— '4247 


> log x—3:9019 
Antilog 3'9019= 7979 
х= 1979. 


Example. Evaluate 
Solution, Let x= 


Then 


EXERCISE—8(i) 
(Section—A) 


Use logarithms to find the value of 


1829xV/741 — . 2,3 / 5014 
POs 2. 1528х 0023 
0:732 
Use logarithm tables to evaluate (15:68 


: 7222 х 281°8 
Find the value of “42:Х-0065: 
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_ (Section—B) 
5. Simplify with the use of four figure tables 
(640110 x $/(256)8— 4/80. 
й / 9377 
6. Find the value of 4 707500624 


16:28 х 3/0652 


7. Use logarithms to find the value of 5-05 


correct to 3 significant figures. 
(4:321)?-- (8:468)? 
A/0:3645 


0:7214 x 20°37 
69:8 


8. Evaluate 


9. Calculate a 


M б 2 . 
10. Use logarithms to find the value of oe correct to 2 significant figures. 


(Section—C) 


SOSTE 8/0:04361 
11. Evaluate шов исон А/ 004364 4 
0:003123 


(0437)2/5 x (1:407)? 


12. Evaluate "(0015)U2 xx (1235)177 


Я (645) х 47 00034 

3. - 7 = 

1 Using four-figure tables, find the value of (9378 x 1/893 
(21°65)3/4 х (0:75)2/7 

(12:56)2/9 х (75:18) 9 


S T 818,784 71/2 
15. Find the value of | 0729711252326 correct to four places of decimals. 


14. Compute 


8.11. APPLICATIONS 


Ме have studied about compound interest, population growth, depreciation of value of 
an article, areas of rectangles, squares, triangles, rhombuses, trapeziums, раг; 


а ‹ allelogram 
in eaer classes. We shall now solve harder problems based on these, using PE 
tables. х 


If P is the principal, п the number of periods, ғ the rate of interest per ci i 
and A the amount at the end of periods, then 4 is given by the formula E per period; 


A=P ( 14-16) 


Given any three of the variables P, ғ, n and A, the fourth is easily 


aoe determi : 
logarithmic tables. eed using 


Example 1. Find the compound interest on Rs. 1600 at 8% per ann 
when the interest is compounded half-yearly. ^ p peta 2 yedi 
Solution. Here P=Rs. 1600, r=8% per annum=4% per half-year 
n=2 years=4 half years. 


5 


Ё 121 
Using the formula 4=:P ( Ls) we get 


4 м 
45 1600 ( 1+0) 
ог A=1600 (1--0:04)4 
or A==1600 x (1:04)4 
: log А--1ов [1600 х (1:04)4] 
=log 1600--1ов (1:04) 
=log 1600--4 Іор 1:044 
—32041--4 x 00170 
72372041 4-00680 
=3'2721. 
25 A=antilog 3:2721—1871 
Thus compound interest— Aniount— Principal 
—Rs. 1871 — Rs. 1600 
—Rs. 271. 
If we calculate compound interest directly without using log tables, the result would be 


Rs. 27177. This difference of 77 paise is due to the fact that the mantissae obtained from 
log tables are approximate values. : 


When an entity increases in magnitude over a period of time, we say that it has grown 
during that period. The growth is measured as a ratio of the final magnitude to the initial 
magnitude. 


Very often we talk of rate of growth of money, population, per capita income, weights . 


and individuals, etc. The rate of growth of objects can be positive in some cases, as in case 
of population ; in some other cases it can be negative as in the case of depreciation of machi- 
nery over a period of time. 

We are familiar with the compound interest formula used in the above example. The 
same formula is applicable in problems on rate of growth. 


Population A after п years with growth rate at r% per annum is given by the formula. 


A=P ( 166) where the present population is Р, 
Value А after n years of a machinery with depreciation at the rate of r% per annum is 
given by the formula 


4-P( 1-10), where Р is the present value of the machinery. 


Example 2. The industrial output ofa scooter factory increases by 5% of whatit 
had been in the beginning of every year. Find the production after 3 years, if the factory 
turns out 80,000 scooters per year. 


Solution. Here P=80,000, г--5%, n=3. 
2 pos 
Using the formula 4—P ( +755) „ме get 


5 Ww 
Production after 3 years, 4— 80,000 ( 1108 ) 


=80,000 (14-:05)3 
=80,000 х(1:05)9 
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log A=log 80,000--1ов (1:05)3 
= 4903143 log 1:05 
—4:90314:3x (0:0212) 
—4.9031--0:0636 
=4'9667 
A=antilog 49667 
= 92,620. 


Hence production after 3 years= 92,620 scooters. 
Example 3. А machinery plant costing Rs. 1,60,000 depreciates each year by 10% 
of its value at the beginning of the year. Find the value of the plant after 5 years, 

Solution, Cost of the plant (P)=Rs. 1,60,000 

Rate of depreciation (r)=10% 

Period of time (n)=5 years. 
Let the depreciated value of the plant after 5 years be Rs. х; 

r 


Using the formula 4=Р ( 1-3): we get 


5 
x= 1,60,000 ( 1-- 70) 
=1,60,000 (1—0:1)5 
=1,60,000 x (0:9)5 
А Aa! log x=log 1,60,000--1og (0:9)5 
=log 1,60,000+5 log 0:9 
--5:2041--5 х(1:9542) 
--52041--5(-1--09542) 
--5:2041-5--4:7710 
2-4'975] 
x=antilog 4:975] 
—94430. 
- Hence the depreciated value of the plant=Rs. 94,430. 
Let us recall the following formulae for the areas of plane figures : 
(1) Area of a rectangle—length x breadth Sq. units. 
(2) Area of a square = (side)? sq. units, 


(3) Area of a triangle — E (base x altitude) sq. units, 


(4) Area of an equilateral triangle “3 (side)? sq. units. 


(5) Area of an isosceles triangle — X 1/458:-48, where sides are a, b and b, 
(6) Area of a triangle= \/s(s—a)(s—b)(s—c), where a, band c are lengths of sides 


and гс 
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(7) Area of a меса x height sq. units. 5 


(8) Area of a rhombus = — (product of the diagonals), sq. units 


2 
(9) Area of a trapezium = + (sum of parallel sides) x height, sq. units 


(10) Area of a quadrilateral= + (sum of its off sets) x diagonal, sq. units 


Example 4. Find the area of a triangle whose sides are 142 dm, 12:6 dm and 
8:4 dm. 7 ы 
Solution. Let а--14:2 dm, b=12°6 dm, с--8:4 dm. 
atb+c 142--12:6--8:4 4 

PRISES 2 

-176 dm 

5--а--(176--14:2) 4ш,-3:4 dm 
5—b—(176—12:6) dm.—5 dm 
s—c-—(176—84) dm.=9'2 dm 


Using the formula A=+/s(s—a)(s—b)(s—c), we get 
4-4176х34Х5х9:2 sq. dm 


Then s= 


log A=log (176х34х5х92)/2 
or log 4= 1- log (176x 34x 5x92) 


[log 17°6+log 3°4+log 54-108 9:2] 


2 A=antilog 17199 
ог A-5247. 

Hence the area of the triangle is 52:47 dm?. 

Example 5. What is the radius of a sphere whose volume is 288 dm?. Give the 


answer correct to three decimal places, taking n—-7 - 


4 
Solution. Volume of а sphere= y zr. 


But the volume of the sphere -288 cm*. 


Со 4 eei 
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or 


or 


or 
or 
or 


12, 


13. 


LAE VD LI 3— * 
3 хр Xr 288 
X 88/3 

21 =288 


log 8878—log 21—1og 288 
log 88-+log r3—1og 21—1og 288 
1:94454-3 log r—1:3222—2:4594 
; 31og r—2:45944- 1:3222—1:9445 
=1°8371 
log r=0°6124 . 
r=antilog 076124 
—4'097. 
Hence, the radius of the sphere— 4:097 dm, 


т EXERCISE—8 (j) 
(Section—A) 
Using logarithm tables, find the volume of a cube whose one side is 2°255 metres. 
Find the approximate area of a circular plot of land whose radius is 75 dm. (Take 
log х= 04972). 


Use logarithms to find the radius of a circle whose area is 48:5 sq. т., taking n= 2 


. In how many years will Rs 4000 amount to Rs 5324 at compound interest at 10% per 
` annum? 


Taking m to be 3:142, use logarithms table to calculate to two significant figures, the 
radius of a sphere whose volume is 2:462 498, р 


(Section—B) 


Find to the nearest rupee the amount of Rs 1000 in 20 years at 4% per annum com- 
pound interest when interest is due yearly. Ё 


Find the compound interest on Rs. 6250 at 14% рег annum for 1} years when it is 
calculated half yearly. 


A manufacturing concern write off depreciation at the rate of 5% every year of its plant 
and machinery, the original cost of which is Rs 3,00,000. Find the depreciated value 
at the end of 10 years. 


What sum of money will amount to Rs. 8316 in 3 years at compound interest, the 
interest for first, second and third years being 8%, 10% and 12% respectively. 


The sides of a triangle аге 48:69-4т., 52:09 dm. and 32:8 dm. · Find its area. 


The volume of a cylinder whose height is equal to its radius is 2090 dm’, Find the 
height of the cylinder, correct to two decimal places. 2 ; 


If the volume of a sphere is 128:1 dm, find its total surface area. 
(Section—C) 


In the 1981 census, the population of India was found to be 6:7х 107. 18: the popula- 
tion increases at the rate of 2:575 every year, what would be the population in 1991 2 


14, 


15. 


16. 


17. 


18. 


19. 


20. 
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In a factory the production of scooters rose to 46,340 from 40,000 in 3 years. Find 
the annual rate of growth of the production of scooters. 


The time period T (in seconds) of a simple pendulum is given by the formula 


Т--2п / БЕЗ 
£ 
where g is the acceleration due to gravity. If 115 281:3 ст and g=981 ст/ѕес?, find 


the time period of the pendulum, taking n=31415. 


At what rate per cent compound interest will the sum of Rs. 3350 amount to Rs 5535 in 
3 years ? 

The lengths of parallel sides of a trapezium are 56 ст. 40cm and the length of the 
outer sides are 28 cm and 30 ст. Find the area of the trapezium. 


A cubical block of metal, each edge of which is 36 4 cm, is melted down into a sphere. 
Find the diameter of the sphere as correctly as possible with Four-Figure Log Tables. 


The value of a machinery plant depreciates by 1 1% per year. Its present value is 
Rs 38,400. What was its value 3 years ago ? . 


From a point in the interior of an equilateral triangle perpendiculars drawn to the three 
sides are 84 cm, 49 cm and 44 cm respectively. Find the area of the triangle. 


һү 
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17. 


18. 


REVIEW EXERCISE—VIII 
(Section—A) 
Tn answer to each of the following questions write ‘True’ or ‘False’ as appropriate : 


(а) If logio x—a, then 104--х 
(5) log ход 1000=0 


lgx _ 23 
(c) di. =log x—log y 
(4) The mantissa of the logarithm of 83344 to the base 10 is 2 


If log х= —3, find the value of x. 
Given log 4:113--0:6142, Find x, if log x=2'6142. 


. Without using log tables, find the value of 


10210 200--10210 5. 
Express 1051 2+1 in the form logio x. 
If log 12:45 is 10952 and logio 3:79 is 0:5786, find the value of 
.. 10210 124:54-log1o 379. 


If log (4y—3)—1og (2у-- 1)—1og 3, find the value of y without using logarithmic tables. 


У (Section—B) 
Б 
Express log 4. Y В in terms of log а, log b, log c. 
МУ : 


Show that 3 loge 5+logs 10—loge 625=1, 


Simplyfy : 2 log n log 7-+3 108 4- 


. If log 2="3010300, find the number -of digits in 225, 


Find the first significant digit in (:15)19, given log 2—:3010 and log 3—:4771. 
Find the smallest index x of 7, which makes 7*2 (10)99 true, given log 7—:8451, 
Use logarithms to calculate the cube root of 06755. j 

Find the mean proportional between 2:87 and 30°08.. 

Using logarithms find the seventh root of 142771. 


(Section—C) 


Find the value of PESE using logarithms. 


( 300x z7) 


=== to the nearest integer. 
2722569 s 


Find the value of 


19. 


20. 
21. 


22. 


23. 


24, 
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1--4/0:0075 
1—83/0:0075 
Find the compound interest on Rs 1159 for 5 years at 6% compounded semi-annually. 


A machine purchased for Rs 10,000 depreciates at the rate of 6% per annum, The 
depreciation is worked on the value of the machine at the beginning of the year. Use 
log tables to find its depreciated value, correct to nearest rupee, after 7 years. 


The volume of a sphere is 33:87 cubic cm. Find the radius of the sphere using 
logarithms. 


The time period T (in seconds) of a simple pendulum is given by the formula 


T=2n BAS 
gis 


Find the value of g when /=100 cm, T=2 seconds and x— 3:142. 


The volume of a sphere is 33:87 dm3. Find the radius of the sphere, correct to three 
decimal places, using logarithms. 


Evaluate 


9 


TRIGONOMETRY 


91. The word “trigonometry” is derived from two Greck words that mean “triangle 
measurement”. Originally it dealt with the angles and sides of a triangle and various relations 
existing between them. But now it has a much wider scope and deals with angles of any 
magnitude. It has alsoa wide application in every branch of Higher Mathematics whether 
pure or applied. It is of practical use to the engineers, the surveyors and the astronomers. 


9.2. Euclid defined an angle as the inclination between two intersecting lines. Accord- 
ing to this definition, an angle cannot be greater than 2 right angles. But in Trigonometry an 
angle can be of any magnitude and is also capable of sign—positive or negative. 


Let Х”ОХ and YOY’ be any two straight lines 
in a plane, intersecting at right angles at O. 


Let a revolving line OP, starting from its 
initial position OX, revolve about O in the anticlock- 
wise direction. 


When the revolving line takes up the position 
ОРІ, the angle described is ХОРІ, which is less than 
a right angle. 5496 


When the revolving line takes up the position 
ОР», the angle described is ХОР», which is greater 
than a right angle. 


When the revolving line takes up the position 
OPs,the angle described is ХОРҙ, which is greater 
than two right angles. 


When the revolving line takes up the position OPs, the angle described is ХОР), 
which is greater than three right angles. 


When the revolving line comes to its initial position, i.e., makes one complete revolu- 
tion, the angle described is four right angles. : 


If the revolving line OP revolves still further and takes- up the position ОР, for the 
second time, after having made a complete revolution. the angle described is 4 right angles 
plus Z ХОР} and not just ZXOP3. 


Similarly, if the revolving line OP starting from OX makes two complete revolutions 
then takes up the position OP;, the angle described is 8 right-angles plus / ХОР; and 
» on. 
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: hus a revolving line may make any number of complete revolutions before taking up 
its final position. 
So an angle can be of any magnitude and it is measured by the amount of rotation of 
a revolving line about a fixed point from a fixed initial position to another position. 
_ Ifthe revolving line starts from its initial position and revolves in the counter clock- 
wise direction, is described a positive angle. 


93. DEFINITIONS 

Let XOX’ and YOY’ be the axes of co- 
ordinates. 

Let a revolving line OP of length r, 
starting from its initial position OX, revolve 
through an angle 6 and take up the position OP. 

; Draw PM perpendicular to XOX ' 'jntersect- 
E. ing b at M. Now we get aright-angled triangle 
12% РОМ. 


Then side OP (opposite to right angle) is 
hypotenuse, side MP (opposite to angle 0) is per- 
pendicular and side OM (adjacent to angle 0) is 
base. 

Let the coordinates of P be (х, y). 


Thus ОМ--х, MP=y and OP—r 


3 ог PEP. ің called the sine of angle 8. 
hyp. 


r 


It is written as зіп 0= 53 


ren 


p Ж or base |, called the cosine of angle 0. 
hyp. 


iy X 
It is written as COS “вэ 


4 


z о I is called the tangent of angle 0. 


It is written as tan o=% 


hyp. i; called the cosecant of angles 0. 
perp- 


о 


ЫБ 
4 


NIE ў r 
It is written as cosec 0— өлі 


hyP-_ үс called the secant of angle 0. 
base 


о 


“ ғ 
З 


s r 
Tt is written as- Sec 08-58 


or base. called the cotangent of angle 8. 
регр. 0 


=|н 


/ ы Ж 
It is written as cot СЭЕ7 


These six trigonometrical ratios are also called Trigonometrical function or Circular . 


functions of 0. 
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Sin 6 is a single symbol and sin cannot be detached from 6. It is not equal to sinx 6 
i.e., sin is not a multiplier of ө. А similar remark is true for other ratios also. 


EXERCISE 9 (a) 
(Section—A) 
1. Find the sine, cosine and tangent of each angle marked in the following triangles : 


A 
> | М | 
B с D ; 
2. Find the cosecant, Secant and cotangent of each angle marked in the following 
triangles : х 


(b) 
X 


j 


(a) 


(Section—B) 


[] 
2 


3. In the accompanying figure you have three right- 
angled triangles POR, PST and QRS. 


Write the expressions for tan QPR sec PST and 
sin SQR. 
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4. For the given ADEF, write the following trigonometrical ratios in two 
ways. 


EF DE DF 
(а) DE (b) DF (c) EF % 


94 Let AOP by any acute angle. 
Take any point B and D on OP. 


Draw BC and DE perpendicular to 
0A. 


Alsotake any point F on OP and 
draw FG perpendicular at F intersecting 
OA at G. 


From the right-angled triangle BOC, 


2 СВ 
sin BOC= oR 


From the right-angled triangle DOE, sin DOE --ЕБ. 


From the right-angled triangle FOG, sin FOG— 


But / BOC= Z DOE= / ЕОб= (say) 


> СВ xp BD o. FG. 
Then sin 0—5B' sin 0— op? біп %- 0G ў 
But the triangles BOC, DOE and СОР, are equiangular. 
So th imilar мша Fu. 
o they are similar, ^ СОВ OD OG` 


Thus the sine of the angle POA is the same whether it is obtained from the ABOC, or 


from the ADOE, or from the AGOF. 
atios do not depend upon the length of revolving line, but depend 


Thus trigonometrical r т h t 
The trigonometrical ratios are always the same for the 


only upon the magnitude of the angle. 
same angle. 
The trigonometrical ratios of an angle are numerical quantities. Each one of them is a 
ratio of two lengths. Therefore, like | other numerical quantities, algebraical operations, 
addition, subtraction, multiplication, division and indices, etc., can be applied to these ratios. 
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(sin 6) (sin 6) or (sin 6)? is written as sin? 0. It is read as ‘sine square 0”, 
(sin 0)? is written as sinë 0. It is read as ‘sine cube б. 
(cos 6)3 is written as cos? 6. It is read as ‘cosine cube б. 
Example. In triangle ABC; BC—4 cm, AC=3 cm and / Са right angle.. 
Find all trigonometrical ratios of angle B. 
Solution. In ДАВС, ZC=90°. A 
AB*— АС%-- BC? 
> АВ2--9--16 
> АВ%--25 : 
АВ= 5 cm 3 ст 


1 

E 

à № 

о 
v Aajo t 


cosec posti... —— 


perp. 


U ш 


EXERCISE 9(b) 
(Section—A) | 


о 


1. From the adjoining figure, find the values of sin А, 4% 3 ст 
cos.C, tan A, cot C, cosec C and sec А. 


х 


2. From the adjoining figure, find the values of 


(7) sin C (її) соз B х 
5 units 


(iii) tan B S (iv) sec C 


(») cosec B (i)cotC  . 
Ё с 12 units A 


10. 


1. 
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(Section—B) 


A 
using the measurements given in the figure, find the value 
о 
14 
(а) sing (b) tan 0 D 
5 
41 ПП 
в с 


Ina right-angle triangle, it is given that A is an acute angle and that tan 4-4 7 


Without using tables, find the value of cos A. 
In a right-angled triangle it is given that 4 is an acute angle and tan 4-42 . Without 


using tables, find the value of i 
(i) cos A (ii) sin A 


Triangle ABC is right-angled at C and cos a=. Without using tables, calculate the 
value of sin A and tan A. 

If sin 5 and 0 is an acute angle, find 

(i) cos 0 (ii) tan 6 

f tan xp 0°<с8<90°, find the values of sin 6 and sec ё. [С.В.5.Е,, 1987 (Delhi) 


2 


In a right-angled triangle, it is given that angle A is an acute angle such that tan А---үж - 
Find the value of cosec A—cot А. 


Given tan А Є A 90 fid the value of sin A con 4. ЧСА БЕ, 1986 (4.1) 


с 


In the adjoining figure, ZB=90°. Find the value of 


sin? A+cos® A. e niis 


134 


12. 


13, 


14, 


15, 


16, 


17. 


18. 


19. 
20. 


ABC is a right-angled triangle, right-angled at B. Given that 
4.АСВ--0, side AB=-2 units and side ВС--1 unit, find the value of 


sin? 0-I-tanf 0, 


‘Tf sin 4-2 » find the values of tan A and sec A. 


If sec 4-3, find the values of tan A and sin A. 


ои GG 
МЇт#—т? ` 


If sin A= x provethattan 4— 


Wit 
If cos 0— "mL find the values of cosec 0 and cot 0. 
(Section—C) 


5 sin 0—3 cos 0 


5 sin 042 cos 8 [C.B.S.E., 1981 (Delhi)] 


If 5 tan 0—4, find the value of 
Ifsin 4— 5. prove that tan 4--ѕес A=3, when А is an acute angle. 


Іп a triangle ABC, right-angled at C, prove that tan А--(ап B=. 


In the figure given below, A ABC is right-angled at В, A BSC is right-angled at 5, and 
o 5, right-angled at А, АВ--18 сш, ВС--75 cm, RS=5 cm, ZBSR=x° and 


AES Ri<— 6 cm—>B 
f ——— — — 18 cm——— — — — —5» 
Find (i) tan x°, (i1) sin у, (iil) cos уг. 
(Leave your answers as fracticos). 
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95 TRIGONOMETRICAL RATIOS OF CERTAIN ANGLES 

Here we shall find the values of trigonometrical ratios of angles 0°, 30°, 45°, 60° and 
90°. These values can be obtained with the help of a right-angled triangle containing the 
particular angle. 

To find the trigonometrical ratios of 45°. 

Let the revolving line OP, starting from OX, 
trace out / XOP=:45°, in the positive direction. · 

From P, draw PM 1 ОХ. 

Now in AMOP, 1 

ZMOP=45°, ZPMO=90°. 

Since the three angles of a triangle are together 
equal to 2 rt. Zs, 

ZOPM=180°—45°—90°=45° 

ZMOP=ZOPM_ ~. MP=OM=a (say) 
In the rr. Zd AMOP, Д 


ОР?=ОМ?+ МР? (Pythagoras Theorem) 
> OP?=a?+a? -208 
- ОР=ау?2. 


МР а 1 
T В o = = 
hen sin 45, — OP аУ2 W2 


SOROM, I ge 
соз 49=-ор — 2 42 


о. MP a 
tan 45°= OM а zl 


cosec Ao MPEG ar -X2 


o OP. aV2 . 
вес 45 “ОМ ЕТ 


ase, OM 4 
cot 45°= ATP z 1. 


То find the trigonometrical ratios of 30°. 
Let the revolving line OP, starting from OX, trace 
out Z ХОР--309, in the positive direction. 
From P, draw PM LOX. 
Produce PM to Q such that MQ=PM. 
Join OQ. 
In AOMP and ДОМО, 
MP=MQ 
ОМ--ОМ (common) 
Incl, ZOMP=Incl. Z0MQ-1 rt Z. 
AOMP= ЛОМО 
LMPO- LMQO 
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1.МРО--1809--(309--909)--609 
2.МРО- ZMQO=60° ^ 

APOQ is an equilateral triangle. 

0P—0Q-—PQ 
ОР--РО--2МР--2а (say) 


In the rt. Zd AMOP 
OP3—0M?--MP? | (Pythagoras Theorem) 


or 


> (2a)2=0M?+a? 
> OM?=4a?— a? —3a* 
d 5 ТаКіпр--уе sign with the square rootas ОМ 
QA a3 { is measuredalong OX. 
MP 5. — 1 


DL ULT кылан д 
Then sin 30°= OB 52 


cosec 30-05 — 22. = 
— OP 2a _ 2. 
51258777 ava ^ v1 
OM ау3 
cot 30°= -7P ae: =4/3 


To find the trigonometrical ratios of 60°. 
Let the revolving line OP, starting from OX, 


trace out Z YOP=60°, in the positive direction. 
From Р, draw PM 1 OX. 
From MX, cut off MN such that MN—OM. 
Join PN. 
Now in APOM and APNM 
OM=MN 
МР= МР (common) 
ZOMP=included Z ММР--1 rt. Z 
APOM&APNM 
2.МОР-- / MNP=60° 
APON is equilateral. 
OP=NP=ON 
or OP=ON=2 OM=2a (say) 
In the rt. Zd AMOP, 
ОРЗ--0М2-МР ` ` : (Pythagoras Theorem) 
(24)—а%-- МР? 


included 
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Th in 60° T 
en, 8а60--0р 122 2 


о OM 10:14 
00800): “op. 24.0: 
tan 60°= И? = 2 43 


ОР 2а 2 


HS Eas! 


pn OM 224. 
cot OP la 3. уЗ 
Now we shall find the value of trigonometrical ratios of angles 0° and 90° also. 


E Arum mut : 
dime the function uon which the numerator a has a fixed positive value and the 
denominator x varies through positive values. 


1 а. a 
F 241225 ME 
ог example, when x 10” 2 1 i.e. 10a 


s 


1 
When Шин 2-.5- i.e., 500a 
500 
23 ac a 
When x= 2000” aad i.e., 4000а. 
4000 


i a 
Thus, as x becomes smaller and smaller, the value of БУ becomes larger and larger: 
a 
The value of к can be made as large as we please by making x sufficiently small. 


Therefore we say that when x tends to zero, through positive values, 5 tends to in- 
x 


finity. Tt is denoted by “о”. 
Note. (1) Here x is not equal to zero. Division of any number by zero is not defined. 


(2) Infinity is not a definite number, but a symbol denoting a very very large number. 


“То find Trigonometrical ratios of 0°. 

Let the revolving line OP, starting from 
OX, trace out a very small angle XOP=6, іп the 
positive direction. 

From P, draw PM 1 OX. 

As the angle POM gradually decreases, MP 
also gradually decreases, i.e. P and M come 
near and near. Ї ; 

When OP coincides with OM, MP vani- 
shes and Р coincides with M. 

Then OP=OM=a (say); 

MP=0,.and 80-40, 
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D 


. cosec 62:05 => совес 0°= = =% (not defined) 


МР ` very small number 


sec = ОР. > sec 0%= =I. 


20M. RIAM a i 
cot b= MP > cot Mine ишеп o (not defined) 


Note. The trigonometrical ratios of 0° are really: the limiting values of trigonometrical 
ratios of an angle 


To find the trigonometrical ratios of 90°. 


Let the revolving line OP, starting from OX, 
trace out / XOP—0, a little less than, 90°. in the 
positive direction. г 

From P, draw PM 1 ОХ. 


As the angle POM gradually increases, MP 
also increases and OM decreases. 


When OP coincides with OY, OM vanishes 
and ZPOM becomes 90°. 


Then OP=MP=a (say), ОМ-0 and 6=90° 


inü- in 909— 2. = 
sin 0— Op > Sin 90' 2 1 
коле. OM. ОА. 
aa OP = cos 90 220 
I MP o a , 
ман Oud c ER m very small number ^ (not en 
cosec 0— 02. = cosec 90°= 4 =] 
pu a 
_ OP 23 а 
моё- gy * se ve mal namber o (not defined) 


Е Е 62002 
eot gn; лох уа 


These values of trigonometrical ratios can be written as under : 


Example 1. Find the value of sin 30°+tan 459--сов 60°, 


Solution. sin 30?--tan 45?--cos 60°=4+1+4 
ше! 


Example 2. Evaluate, without using tables 
tan 60° 


(a) tant 30°+tan? 45°+tan® 60° (b) 2609-0168 


Solution. (a) tan? 30* --tan? 45°+tan? 60° 


V3 
1 
- mob 
1 
54% 
b tan 60° Уа 
0) біп 60°—cos 60° — V3 1 
2:712 
QU RI үз rol 


139 


140 


15, 


24/3 
73-1 
24/3 (43-1) Rationalise the denominator. The 
773-1 (7330 rationalising factor is (4/3-- 1). 
172Х 2х3--2У3 3 
= (У3/-(1)% 


In answer to each of the following statements, write ‘True’ or ‘False’ as appropriate. 
(a) sin 33%-сов 609, 

(Б) If 6=90°, then cos? 0— 1. 

Given 4/3— 1:722, express as decimal the ч : 


(D) sin 60° КЕНІ 
Angle Cis acute and sin C=cos С. Find the value of C. 
% (Section—B) 
Without using tables, find the values of the following : 
совес 30°-+-cot 45°, 5. 2 ѕіп 30° cos 30°, 
sin? 30°+-sin? 45°, 7. cos? 30?-- cost 45°, 


cot? 45°-+tan® 609. | 9. cosec? 60? —cot? 60°. 
Prove that sin 60°=2 sin 30° cos 30°. ; 
Verify without using tables that cos 60°=cos? 30?— sin? 309, 


аео An 7. 
Prove that tan 60°= Itan? 309 3. 


If 4=30°, show that cos 24—1—2 sin? A— 2 


If А--609, B=30°, verify that 
(а) sin (A—B)=sin A cos B—cos A sin B. 
(b) cos (А-- В)--сов A cos B+sin A sin B. 

; Я “ғ. sin? 459-- cos? 45° 
Without using papies find the value of ЗЭХ Л AA 
Example 1. Find the value of sin? 45°+sin? 609--яш 90°. 
Solution. sin? 45°+-sin? 60°= sin? 90° 

=(sin 45°)2+-(sin 60°)2+-(sin 90°)2 


45 HER 


хээөөвэю 


12. 


13. 
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Example 2. Find the value of 
A(sint 30°-+cos4 60°)—3(cos? 45°—sin® 90°) [C.B.S.E., 1985 (4.L.)] 


Solution. Given Exp. —4(sin* 30°-+-cos* 60°) — 3(cos? 45? — sin? 90°) 
Oricon! 


ne (qh) а) 


' EXERCISE—9(d) 
(Section—A) 
Calculate the value of each of the following : 
(a) sin? 90°—tan® 45"--sin 45° cos 45°, ` 
(b) sin 60° cos? 30°-+ sin? 45? sin 90°. 
(c) sint 45°+ tan? 60? — cosec? 90°. 
(d) sec? 0°—cosec® 459 --cos? 90°-+ cot? 30°. 
Evaluate cos 90°+ cos? 45° sin 30° tan 45°. 
Prove that sin 90°=3 sin 30°—4 sin® 30°. 
Prove that cos 90°=4 cos? 30°—3 cos 30°. 
Find the value of 3 sin? 30°+2 tan? 60°—5:cos? 45°. 
Prove that 2 sin? 30°—3 cos? 45°+ tan? 60°=2. (С.В.8.Е., 1986 (4.12) 
Find the value of sin? 30°—3 cos? 45°+4 tan? 60°. (C.B.S.E., 1987 (4.1) 


(Section —B) 
Prove that 
1 


АС 1 4 
$209 — — 2 609— — 2 459 H J 
3 tan? 30 3 sin? 60 2 ОКУ 45°+ 3 sin? 90°= =, 


Find the value of mer 50° + па 30° —sin? 45°. 
Without using tables, find the value of 
^. sin 30°+-cos? 45°+ sin? 60° 
tan? 30° 
Find the value of 
sin? 30° cos? 60°— cas? 30° tan? 45°. 1С.8.8:Е., 1985 (Delhi)) 

Prove that is 
cot 45° сіп 309 сов609 1 

.. совес 300 — sin 90° 1 tn459 2. 
Prove that 


m мч 


3 tan? 30°4 + біп? СЕ cos? w- cosec? 48-4- 
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14. 


Er Hi eK NI 4 


Simplify 


cos 45° sin 30° сов 60° 


cosec 309 cot 45° + tan 45 ` 


Example 1. Find the value of x if sin 2x— — 


Solution, sin жез 


<> 


> 


sin 2x—sin 30° 
2x=30° 
x=15° 


Example 2. Find x from the equation 


cot? 30° sec 60° 


x sin 30° cos? Қ-А сс. 


Solution. 


2 409 
x sin 30° cos? аз. ae 
* (У3)2х2 
ХХ 2Х(2:7- (У23х2 
I d 3х2 
ххх 27 2x2 
З 
4 2 
xe x4 
х=6. 
) EXERCISE 9(e) 
(Section—A) 


Find the value of x if tan 3x—1. 
1(2 sin 20— v3, find the value of 0. 
Find the value of x from cos x?—sin 30°. 


If 0 cx <90°, find the numerical value of х for which tan x°=cot x°, 
If 0x «90? give the numerical value ofxfor which sin x?—cot x°, 


(Section—B) 


Find the value of x from 
tan? 45°—cos? 609 —x sin 45° cos 45° cot 30°. 


If 2 cot 459—2 ѕїпќ 60° + 3. tan? 30°=x2 cos 609 


, find the value of х, 


БРРЭРЭР РОР ae 
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(Section—C) 
8. In adjoining figure, ABC is a right angled triangle with x с 
B as а right angle. 
Given that AB=y units, ВС--43 units, AC=2 units 
and / А=х°. . 
Using trigonometrical ratios find (a) х (5) tan х (с) use 
cos x to find the value of y. 


о 


9. А pole 15 т long rests against a vertical wall at an v ҮЗ units 
angle of 60? with the ground. Calculate : 
(i) how high up the wall will the pole reach ? 
(ii) how far is the foot of the pole from the wall ? KA 
10. A rhombus of side 10cm has two angles of 60°. д B 
Calculate the lengths of the diagonals of the rhombus. y 


9.6. HEIGHTS AND DISTANCES 


We use trigonometry to find heights of objects and distances between points, without 
actually measuring these heights and distances. In such cases the following two terms are used. 


Let OA be a horizontal line in the same vertical plane as an object P. 


P 


Angle of 
Elevation 


[9] Horizontal Line А 


о Horizontai Line А 
—— 


Fig. (i) Fig. (ii) 


If the object is at a higher level than our eyes, we have to lift up our head to view the 
object. In the process, our eyes move through an angle. This angle is called the angle of 
elevation of the object. Д 

In figure (i), the object P is above the horizontal line OA. The angle AOP is the 
angle of elevation of the object P as seen from the point 0. 

If the object is at a lower level than our eves, we have to turn our head downwards to 
view the object. In the process, our eyes move through an angle. This angle is called the 
angle of depression of the object 7 

In figure (ii), the object P is below the horizontal line OA. The angle AOP is called the 
angle of depression of the object P as seen from the point O. 

Notice that both angles are measured with the horizontal. Numerically angle of 
elevation is equal to angle of depression. E 

Example 1. The angle of elevation of the top of a tower ata distance of 20 metres 
from its foot on a horizontal plane is found to be 609. Find: the height of the tower. 
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Solution. Let AB represent the vertical height of the 
tower. 


Let O be the point of observation at a distance of 20 metres 
from its foot. 


Неге OB=20 m, AB=hm and Z AOB=60°. 
From the rt. 24 A АОВ, 


h=20x 4/3 
-20х1732т 
The height of the tower=33'64 m. 


: о 20т B 
Example 7. The angular elevation of a tower from a point is 309, at a point in a 


horizontal line to the foot of the tower and 100 m nearer, itis 60°. Find the height 
thetower. Find also the distance of the first point from the tower. о 


Solution. Let RT be the tower; A 
and B the points of observation such that T 
= LRAT=30°, Z RBT— 60? 
and AB=100 m. 
Letthe required height of the tower 
be x m. 2 
In the right-angled A ART, 


_ АК о AR 
cot RAT=-RT then cot 30°= = 
X3— 48. Therefore AR—x* 3 B R 
In the right-angled A BRT, |<——— 100 m ———-s} 
cot квт 25 5 Then cot eoo SR 
К 1 BR ЕМІ»? 
К v гт Therefore BR= v3 


SIR SBR x3 3 
But ABRAR BR =x4/3 và 


n ms 
ees 100--- 
E AUS de. x=50V3 
Hence, the height of the tower =50V/3 m 


=50х 1732 т. 
— 866 m nearly. · 
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The distance of the first point of observation from the tower 
=AR=x V3 metres 
=50 4/3x 4/3 metres 
=150 metres. 


Example 3. The angle of depres- 
sion of a 26 metres high building from the 
top of a tower 56 metres high is 30°. 
Find the distance between the building 
and the tower. 


Solution. Let АВ and CD repre- 
sent the vertical heights of the tower and 
the building respectively. 

Неге АВ--56 m. 

CD=26 п 
and ZXBD=30° 

Let AC be x metres. 

Then DE=x metres, 
EB—AB-AE—AB—CD 
=56 m—26 m 
=30 m 
ZBDE=alternate / XBD=30°. 


In the rt. 7d ABDE 


_ DE 62.3. 
со! BDE= ЕВ > cot 30°= 30 
> x=30 cot 30°=30x V3 


=30 х 1'732 metres=51°96 metres 
The distance between the building and the tower 


7:51:96 metres. 
EXERCISE 9 (f) 
(Section—A) 


1. A vertical flagstaff stands on a horizontal plane. From a point distant 30 metres from 
ү 2% the angle of elevation of Ив top is found to be 30°; find the height of the 
аавтай. 


2. What is the angle of elevation of the sun when the length of the shadow of a pole is УЗ 
times the height of the pole ? 


3. Ап artist climbs a rope stretched from the top of a pole and fixed on the ground, the 
height of the pole is 10 metres and the angle made by the rope with the ground is 30°. 
Find the length of the rope. [C.B.S.E., 1982 (Delhi)] 

4. The angle of elevation of the top of a tower at a distance of 150 metres from its foot 


on a horizontal plane is found to be 30°. Find the height of the tower, correct to опе 
place of decimal. 


ч 
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10. 
m 
3 
13. 
5 


15. 


16. 


(Section— B) 


The shadow of a tower standing on a level plane is found to be 60 metres longer when 
the sun's altitude is 30° than when it is 45°, prove that the height of the tower is 
30(4/34- 1) metres. Ч [C.B.S.E , 1986 (Delhi)] 


If the shadow of a pole fixed vertically in earth is 5m, when the sun's altitude is 30°, 
what would be the length of the shadow, when the sun's altitude is 60° ? 


The top of a tower is observed from 
two points on the same horizontal line 
through a point on the base ofthe 
tower. Ifthe angles of elevation at 
the two points be 30° and 45°, and the 
distance detween them is 20 m, find the 


height of the tower. 
БАС 2: E 
; j — 20 пы 


The angle of elevation of the top of a tower is observed to be 30° and from a point 
60 m nearer to the foot of the tower it is 45°. Find the height of the tower. 


‘The angles of depression of two ships from the top of a light-house are 45° and 30° 
towards east. If the ships are 100 m apart, find the height of the light-house. 


The pilot of a helicopter, at an altitude of 1200 m, finds that two ships are sailing 
towards it, in the same direction. The angles of depression of the ships as observed 
from the helicopter are 60° and 45° respectively. Find the distance between the two 
ships. [С.В.5.Е., 1987 (4.1.)) 


From the top of a cliff 200 m high, the angles of depression of the top and bottom of a 
tower are observed to be 30? and 60°. Find the height of the tower. 


From the foot of a tower the angle of elevation of the top of a column is 60°, and from 
the top of the tower, which is 20 m high, the angle of elevation is 30°, find the height 
of the column. 


An observer, 1:6 m tall is 30 /3 m away from a tower. The angle of elevation from 
his eye to the top of the tower is 30°. Determine the height of the tower. 
[C.B.S.E., 1986 (A.1.)] 


A person standing on the bank of a river, observes that the angle subtended by a tree 
on the opposite bank is 60°. When he retires 10 т from the bank he finds the angle 
to be 30°. Find the height of the tree and the breadth of the river. 


The angles of depression of two boats on а river from the top of a tree on the bank of 
the river are 30° and 609. Ifthe height of the tree is 30 m and the boats are in line 
with the tree and on the same side of it, find the distance between the boats. 


(Section—C) 


A ladder of length 4 m makes an angle of 30? with the floor while leaning against one 
wall ofa room. If the foot of the ladder is ын fixed on the floor and it is made to 
lean against the opposite wall oft he room, it makes an angle of 60° with the floor. 


. Find the distance between these two walls of the room. [C.B.S.E., 1983 (4.1.)] 


17. 


38. 


19. 


20. 
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Two pillars of equal height stand on either side of a roadway which is 100 metres wide ; 
at a point in the roadway between the pillars the elevation of the top of the pillars are 
609 and 309. Find their height and the position of the point. i 


Two men are on the opposite sides of a tower. They measure the angles of elevation 
of the top of the tower 45^ and 60? respectively. If the height of the tower is 40 metres, 
find the distance between the two men. 

A tower subtends an angle « at a point P on the same level as the foot ofthe tower, 
andata second point Q, h vertically above P, the angle of depression of the foot of 
the tower is В. Find the height of the tower. : 

Two stations due south of a tower which leans towards the north, are at distances a 
and b from its foot; if « and f be the elevations of the top of the tower from these 
stations, prove that 


b cot «—a cot B ) 
—a J' 


cot -( 


where 0 is the inclination of the tower to the horizontal. 


ж“ 
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Nog њо 


10. 


п. 


12. 


> REVIEW EXERCISE ІХ 
(Section—A) 5 


State for each of the following statements whether it is True or False : 


(a) In gus right-angled at B, the ratio AB: BC is same as the ratio sin A: 
cos A. 
(b) cos 30° is equal to 3. 

(c) If sin x—cos y, then x4-y—45*. 

(d) The angle of elevation of B from A is equal to the angle of depression of 4 from B. 


Fill in the blanks to make each of the following statements true : 


(а) sec? 60°— tan? 609— [C.B.S.E., 1987 (А 1.) 
(b) The minimum value of s sin y (0*« 4<909) is...... [C.B.S.E., 1986 (A.1.)] 
(c) The value of sin? 60°+sin? 30? is...... [C.B.S.E., 1986 (Delhi)] 
(d) The measure of the acute хай 0 for which 

sin 6—cos e-t tan 8 is...... ‘[C.B.S.E., 1985 (4.1.)] 
(е) The maximum value of sin 4, (0*«; A<90°) is...... ІС.В.8.Е., 1985 (Delhi 
(f) If cos 0—sin 0—0, then the value of 0 being in the-first quadrant is...... 


[C.B.S.E., 1982 (А.Т) 
For any angle 0, state the value of sin? 0-- cos? 0, 
If 0€ x«90*. state the numerical value of x for which sin x9=cos x9. 
Given tan 0--сої 0—2, find the value of tan? 6+cot? 0, 
Prove that cos 60°=2 cos? 30°— 1. (Do not use tables) 
Without using tables find the value of 

cos? 45°-+ sin? 60°+ sin? 309, 

$ (Section—B) 
Without using tables find the value of 1 
sin 30°—sin 90°+2 cos 0° 
tan 30° х tan 60° 
Find the value of 
tan 60°—tan 30° 
Зап 60° tan 309 ІС.В.5.Е., 1986 (4.13) 


In a right-angled triangle, A is an acute angle and sin A= 


3 
418: 
Without using tables, find the value of (2) sec А and (ii) cot A. 


If sin =<, find without using tables, the value of cos 0--tan 0. 
1 


"tan 0 
Ifcos 0— i find the value of SENT hy o 


sin 8- 


13. 


14, 


15. 


17. 


149 


(Section—C) 
Two persons standing on the same side ofa tower, measure the angles of elevation of 
the top of the tower as 30° and 609: If the height of the tower is 40 metres, find the 
distance between the two persons. ; 
Two men аге оп the opposite sides of а tower. They measure the angles of elevation 
ofthe top of the tower as 30° and 60° respectively. If the height of the tower is 
50/3 m, find the distance between the men. [C.B.S.E., 1987 (Delhi) 


The angles of depression of a point on the level ground as viewed from a 20 m high 
window and the top of the building are 30° and 459. Calculate the height of the 
building. ІС.В.8.Е., 1986 (Delhi)] 


The length: of a string between a kite and a point, on the roof of a building 10 m high, 
how 


is 180 m. If the string makes an angle 0 with level ground such that tan =z 


high is the kite from the ground? (Assume there is no slack in the string). 
[C.B.S.E., 1986 (A.1.)] 


In the adjoining figure, AB and EC are parallel to. each 
other. Sides AD and BC are 2 cm each and are perpendi- 
cular to AB. Given that / AED=60° and 1.АСР--459, 
without using tables, calculate 


(i) AB, (ii) AC and (iii) AE. 


A 
In the given diagram, ABC is an isosceles triangle in which it 
is given that : 
AB=AC=10 cm, BC=6 cm and ZLB=x® 

(a) Write down the value of cos х0. 
(b) If CM is drawn perpendicular to AB, write down an 

expression for BM in terms of x and hence find the length 

of BM. 

B с 


oo 
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STATISTICS 


10.1. STATISTICS 


The word ‘statistics’ has been derived from the Latin word ‘statis’ which means a 
political state. In the early days, the study of statistics was confined only to the collection of 
such facts and figures as were required by the state for taxation, land-distribution and military 
purposes. As the functions of the state increased the scope of statistics became wider. Today 
the importance of statistics is growing practically -in all spheres of life—political, social 
economic, industrial and scientific. 


The word statistics is used in two different senses—one singular and the other plural. 


When used as singular, statistics refers to the subject ав а whole. Then it denotes the 
principles and methods used in collection of data, its classification and tabulation, and its 
analysis and interpretation. 


When used as plural, statistics refers to the data (numerical facts) itself, collected in a 
systematic manner with some definite. purpose in view, in any field of enquiry. 
For example records of height and weight of students of a school, rainfall and tempe- 


rature recorded, income and expenditure cf a government, imports and exports of a country, 
etc., ate all referred to as statistics. 


Today the domain of statistics is very wide. There is hardly any field in which statistics 
is not used. Millions of people all over the world use statistical methods in. their day-to-day 
decisions. We observe that human behaviour and statistical methods have much in common. 


Statistical methods make huge data intelligible and readily understandable, 
Statistics studies relationship between different phenomena e.g., demand and price. 
Statistics help in solving various difficulties or problems of other sciences. For example, 


the science of agriculture uses statistics in carrying out experiments for the improvements of the 
yield and the variety of crops. 


5 Statistics serves as a guide for planning. It helps a businessman to regulate his produc- 
tion, sales and purchases. State budgets are prepared with the help of statistics, 


Bankers, stock exchange brokers, investors, etc., make extensive use of Statistical data. 
Insurance companies cannot carry on their business without statistical data relating to life 
tables and premium rates, etc. . 


Statistics helps states to run the administration. 
10.2. COLLECTION OF DATA 


The first step in every statistical investigation is the collection of facts and figures or 
data. Recording of age of each student in your class is collection of data of a particular type. 
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Before collecting any data, you must clearly understand the purpose of collection of statistical 
data, the scope and its limitations, 


There are two types of data ; 

(i) Primary data Y (ii) Secondary data 

Primary data are the data collected for the first time by the investigator himself or 
enumerators working under him. 


The methods used to collect primary data are called primary methods. 


Suppose you are finding the height of each student in your class. A record of this 
information made by you is primary data. 


Secondary data are the data collected by some person or organisation other than the 
investigator for their own use. 


The methods used to get secondary data are called secondary methods. 


10.3. CLASSIFICATION 


! The data collected by primary methods are vsually very large. As such it will not be 
easy to find the information contained in the data or discover easily the main features or 
characteristic. So the unimportant details and figures are discarded and the Temaining data 
consisting of the significant figures are compiled in a prominent form. Such process is called 
classification. 


Classification is a process of arranging the data into groups ог classes according to 
their resemblance with respect to some variable character. 


Classification brings like things at one place and unlike at a different place. It presents 
the data in a systematic manner. It helps in understanding the data without much difficulty. 
It makes the task of comparison easy. 


Any character which can vary in quality or magnitude is called a variate ; thus age, 
height, occupation, income, colour of hair, examination marks are variates, 


Age, height and income are quantitative variates as they can be measured. 


Colour of hair, and occupation are qualitative variates sas they cannot be measured 
numerically. A ; 


104. TABULATION 


After the data have been classified, they may be put into a tabular form. This helps in 
understanding of the data and its proper interpretation. 


Tabulation is the process of systematic presentation of the numerical data in an orderly 
manner into rows and columns. 


The use of columns and rows fof entering figures facilitates comparison. 
10.5, FREQUENCY DISTRIBUTION 


An arrangement of data in a systematic order is called a distribution ог a senes. 


There are two types of series (i) discrete, (ii) continuous. 5 
A variable which takes only integral values is called a discrete series. 
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Examples of discrete variable are number of pupils in a class, number of workers in a 
factory, etc. 


A variable which can take any possible value between certain limits is called a conti- 
nuous variable. 


Examples of continuous variable are age, weight, height of pupils in a class. 


Marks obtained by 40 students of IX class in Mathematics in the half-yearly examina- 
tion are given below : 


12 18 14 17 19 18 28 15 24 18 
15 38 24 20 16 - 207. 530, 42409462) 26:7 017. 
34 22 15 18 17 30 16 17 20 17 
26771928. 24 20. 30 34 28 0462979730 
The data given above is called ungrouped data. 
Let us arrange the data in ascending order of magnitude. 
12; ОЛА ^5, 15, 16, 16, 17, 17, 17, 17, 17, 18, 18, 
breil 82:01:19, 19, 19, 70, 20, 20, 20, 21, 22, 24, 24, 24, 
26, 26. (28, 28, 28, 30, 30, 30, 30, 34, 34, 38. 
We observe that there is 1 student who gets 12 marks. There are 3 students who get 
15 marks, etc. 7 


Now the data can be written in tabular form like this : 


Marks Number of Marks Number of 
Students Students 
12 1 21 1 
14 1 22 1 
15 3 24 3 
16 2 26 2 
17 5 28 3 
18 4 30 4 
19: 3 34 2 
20 4 38 1 
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This is called a discrete series. It is an improvement over the arrangement of figures. 
It presents a clear picture of data. 


These marks can be further classified into groups of classes. Here lowest marks are 
12 and highest 38. So, we can consider the following groups of marks : 


10—15, 15—20, 20—25, 25—30, 30—35 and 35—40. These groups are called class- 
interval groups. For class-interval 10—15, 10 is the lower limit and 15 is the upper limit. 
15—10 i.e., 5 is the width of the class-interval. 


We see that 1+1 i.e., 2 students are getting marks between 10 and 15. The class- 
interval 10—15 denotes all values from 10 but below 15. Note that 15 will be counted in the 
class-interval 15—20 and not in 10—15 


3--24- 5-- 44-3 i.e., 17 students are getting marks between 15 and 20 and so on. 


Thus 2 is the frequency for the class-interval 10—15 and 17 is the frequency for the 
class 15—20. The frequency is represented by f. 


Frequency 
Class-intervals (Marks) ^ (number of students 
obtaining these marks) 


10—15 D 
15—20 17 
20—25 9 
25—30 5 
30—35 6 
35—40 1 
PAET ROTINE rE LEE 
Total 40 


nn 
This is called a continuous series. 

You should remember the following points while forming a frequency table : 

(1) The size or width of class-intervals should be equal. 

(2) The class-limits should be whole numbers. 

(3) The number of class-intervals should not be ordinarily less than 10 or more than 15. 


In the above frequency distribution, the upper limit of one class is the lower limit of 
the next class. It is known as exclusive method. This method ensures continuity of data. 
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When these limits of each class-interval are different, it is known as inclusive method. In 
this method the upper limit of one class is included in that class itself. So the data given on 
page 152 can be put in the following table : 


Class-intervals Frequency 
(Marks) (Number of students) 
11—15 5 
16—20 18 
21—25 5 
26—30 9 
31—35 2 
36—40 1 
Total 40 


Нам CU e алт Ағы ыы Абы тан 7%! 

Sometimes a column of cumulative frequency is added in the simple frequency table. 
The cumulative frequency of aclass is obtained by adding together the frequencies of the 
classes upto that class including frequency of that particular class, 


Let us now make the cumulative frequency table for marks obtained by 40 students 
given on page 153. 


$$ 2 


Marks Number of students Cumulati: T ы у y 
с) 

10—15 2 2 
15—20 17 2--17 HUS 19 
20—25 9 194-9 ie., 28 
25—30 5 28+5 1.е., 33 
30--35 6 33--6 нет? 39 
35-40 | 1 3941 ie, 740 


This is called a cumulative Ғгефаепсу table. 


In the first class-interval lower li fit is 10 and upper limit is 15 Тһе difference bet 
the upper limit and the lower limit of @ &lass gives the size of the class-interval., Here 18:10 
i.e., 518 the size of this ‘class-interval, 1 


The mid-value't # particula i 
Class mark of І 


is called the class mark of that class. 


0+5 16,125 
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ҮЕ сїазө mark ofa class _ lower class Dm Upper class limit ў 


Thus, the class marks of the above distribution аге 12:5, 17:5, 22:5, 275, 32:5 and 37:5, 


Example 1. The class marks of a distribution are 28, 34, 40, 46 and 52. Determine 
the class size and the class limit. 
Solution. The class size is the difference between the class marks of two adjacent 


classes. 
E^ class size=34—28=6 
Now 28 is the mid point of a class whose width in 6. Therefore, the first class interval 


is 28—5- M 24: ie. 25,31 ог 25-31. 


Similarly next class interval is 4-5 : 344- $- Le, 31,37 or, 31—37. 


Hence the classes are 25—31, 31—37, 37—43, 43— 49 and 49—55. 
Thus, we get the following class limits : 
25, 31 ; 31, 37 ; 37, 43 ; 43, 49 ; 49, 55. 


We form the frequency distribution in the following steps : 

(1) We determine the minimum and maximum values of the variate occurring in the data. 

(2) We decide upon the number of classes to be formed. We usually keep the number of 
classes from 5 to 15. 

(3) The difference between maximum value and minimum value in a data is called range. 

(4) We divide range by the number of classes to be formed. Such a quotient gives us the 
approximate size of a class. We choose a convenient whole number about the quotient, 


(5) We must have classes to include minimum and maximum numbers occurring in the 


data. 6 
(6) We consider each item from the data, опе at a time and put a tally mark (1) against 
the class to which the item belongs. We record tally marks in bunches of five. The fifth one is 


marked as a crossing diagonally the other four like |. 

(7) We count the total number of tally marks in each class which gives the Srequency of 
the class. 

The following illustration will further clarify the procedure. 
Example 2. Тһе weights in grams of 50 apples picked at random from an orchard are 
as follows : ' à ( 

50, 60, 55, 115, 80, 105. 45, 65, 70, 85, 


105, 80, 75, 65, 75, 100, 90, 85|::5:55:0:3750, 
65, 55, 45, 70, ` 60, 50, 45, 95, 90, 80, 
90 80, 75, 115, .. 105, 85, 75,60] 005519 25, 


125 140, 150, 165, 130, 155, 160. 95, 100, 135. 
Construct a cumulative frequency table. if one class is 80—100 (100 not included). 
Solution Неге, the minimum observation is 45 and maximum is 165.” 

One of the class interval is 80 - 100, other classes of equal sizes covering the data are 
40—60, 60—80, 80—100, 100—120, 120—140, 140—160, 160—180. 
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Cumulative Frequency Table 


------------------------------ 


Class interval Frequency Cumulative 
(weights in grams) Tally Marks (Number of apples) Frequency 


40—60 Wi wl 10 10 | 
60—80 wn LAL ut 13 104-13 i.e., 23 | 
80—100 iw 11 12 234-12 i.e , 35 
100—120 im 11 7 35--7 і.е., 42 
120—140 In 3 424-3 Le, 45 
140—160 ! 3 45+3 ie., 48 | 
160—180 I 2 48--2 ie., 50 | 
Total 50 | 


(4 E 
How many apples of weight less than 60 grams were picked ? 
How many apples of weight less than 80 grams were picked ? 
How many apples of weight less than 100 grams were pick ed? 


Now the above cumulative frequency table can also be expressed in one of the follow- 
ing two ways : 


Weights in grams | Number of apples Weights in grams | Number of apples 
Less than 40 0 More than 180 0 
Less than 60 10 More than 160 2 
Less than 80 23 More than 140 5 
Less than 100 35 More than 120 8 


Less than 120 42 More than 100 15 
Less than 140 45 More than 80 27 
Less than 160 48 More than 60 40 ? 
Less than 180 50 More than 40 5025 


| _ у — 


Au ron = 
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Example 3. Given below isa cumulative frequency distribution table showing the 
number of packages and the number of times a given number of packages were received by a 
post office in 60 days : 


Number of times 


Number of packages received in 60 days 
Below 10 1 
Below 20 22 
Below 30 29 
Below 40 37 
Below. 50 50 
Below 60 60 
Construct a frequency table from the above data. 
Solution : 
Number of packages Frequency 
0—10 17 
10—20 22—17 ie, 5 
20—30 29--22 іе, 7 
30--40 37-29 ie, 8 
40--50 50—37 Le, 13 
50—60 60—50i .е., 10 
Total 60 


EXERCISE 10 (a) 


(Section—A) 


What is statistics ? Give important uses of statistics. 


. Distinguish between primary data and secondary data. 

. What do you understand by the classification of data ? 
. What do you mean by tabulation of data ? 
. What are discrete and continuous series ? Give examples. 


. What are the two senses in which the word ‘statistics’ is used ? 
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(a) Class-interval 


(b) Width of the class interval 


(c) Simple frequency table 


(d) Cumulative frequency table 


(e) Class mark. 


. Explain the following with suitable examples : 


11 
30 
44 


79, 
48, 
51, 


(Section—B) 

. The marks of the candidates іп the subject Mathematics are given below : 
45 48 23 30 40 
29 0 12 48 18 
15 30 42 23 2 
The maximum marks are 50. Make a frequency distribution taking class intervals 
0—10, 10—20, — 

. The following are the monthly rents (in rupees) of 40 shops : 

38, 42, 49, 37, 82, 37, 25; 62, 54, 
84, 75, 63, 44, 74, 44, 36, 69, 54, 
74, 39, 48, 45, 61, 71, 47, 38:12:80, 
31, 38, 43, 75, 67, 77, 47, 64, 84, 


10. 


п. 


12. 


Using the class-intervals 30—38 (excluding 38), 38—46 (excluding 46), 
a frequency table for the above data. 


Given below are the marks obtained by 40 students in an examination : 


29, 
40, 
31, 
07, 


45, 
03, 


32, 
43, 


23, 
12, 
25, 


09, 


30, 
48, 
22, 


49, 


40, 
49, 
27, 
19, 


Taking class-intervals 1—10, 11— 20, 


the above distribution. 


11, 


18, 


41, 


48, 
30, 
12, 
32, 


01, 
24, 
13, 
39, 


15; 
25, 


02, . 


25, 


81, 


etc., construct 


34, 
29, 
44, 
03.- 


; 41—50, make a frequency table for 


The number of match sticks in 40 match boxes, on counting was found as given 


bellow : 
44, 
40, 


‚ 45, 


43, 


4, 
44, 
48, 
46, 


43, 
45, 
43, 
49, 


41, 
49, 
43, 
52, 


50, 
42, 
44, 
51, 


51, 
46, 
48, 
47, 


49, 
49, 
43, 
43, 


43, 
45, 
46, 
43, 


42, 
49, 
50, 
45. 


Taring classes 40—41, 42—43, etc., construct the frequency distribution table for the 
above data. 
Present the following data ofthe percentage marks of 60 students in the form of 
frequency table with 10 classes of equal width, one class being 40—49 : 


41, 
67, 
36, 
42, 
63, 
72, 


17, 
82, 
52, 
93, 
11, 
53, 


83, 
33, 
32, 
43, 
35: 
92, 


63, 
44, 
75, 
80, 
82, 
88, 


54, 
57, 
60, 
03, 
10, 
62, 


92, 
49, 
38, 
32, 
23, 
55, 


60, 
34, 
09, 
57, 

0, 
60, 


58," 


73, 
79, 
67, 


41, 


33, 


70, 
54, 
28, 
24, 
60, 
40, 


06, 
“63, 
30, 
64, 
32; 
57. 


13. The daily earnings of thirty drug stores are given below : 


Daily earnings (in rupees) 


0—50 

51—100 
101—150 
151—200 
201—250 
251—300 
301—350 
351—400 
Construct a cumulative frequency table for the above data. 


Number of stores 


мм oA RAW 
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14. From the ordinary frequency table from the cumulative frequency table given below : 
Cumulative frequency 


Class-interval 


0—8 
8—16 
16—24 
24—32 
32—40 
-40-48 


15. Present the following as an ordinary grouped frequency table : 


Marks 


Below 10 
Below 20 
Below 30 
Below 40 
Below 50 
Below 60 


1 


(Section—C) 


10 
17 
33 
57 
72 
79 


Number of students 


5 
12 
32 
40 
45 
48 


16, Forma frequency distribution table for the following data : 


Marks 


Above 0 
Above 10 
Above 20 
Above 30 
Above 40 
Above 50 


ІС.В.8.Е., 1984 (41 


Number of students 


30 
26 


[C.B.S.E., 1981 (АЛЭ) 
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10.6. STATISTICAL GRAPHS 


Most people in reading a scientific article or a daily newspaper either skip over the 
columns of figures and tables altogether or at the most get only a hazy idea about them. 
Moreover, these figures do not have a lasting effect on their minds. But when these figures 
are given in form of pictures, the readers quickly notice many facts that could have been 
found from the figures after studying them. A picture depicting a given data, is called a 
statistical graph. The data presented in the form of graphs is more appealing to the eye 
and looks attractive. They also help us in comparisons of different data. However, one 
disadvantage with the graphs is that they do not give accurate measurements. 


10.7. BAR GRAPHS 
The simplest and the most widely used graph is the bar graph. With its help, we 


compare simple magnitudes. The bar graph shown below represents the number of students 
in different sections of class IX in a school in New Delhi as given in the table : 


Class IXA IXB IX C IX D IX E IXF 
Number of 40 37 35 32 29 44 
Students 


We draw bars of width 1 cm each. The bars are drawn at equal distances. The height 
of each bar is taken according to the strength of each respective section. Taking 8mm to 
represent 5 students, we have drawn bar chart as shown below : 


Y 
45 


NUMBER OF STUDENTS 


o 


ECTIONS OF THE CLASS 


Instead of a vertical bar-graph, we can draw horizontal bar-graph for the above data. 


— катан 
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Here 1 cm represents 5 students along OX. 


SECTIONS OF CLASS 


0 5 10 15 20 25 30 35 40 45 50 X 


NUMBER OF STUDENTS 


10.8. GRAPHS FOR FREQUENCY DISTRIBUTIONS 


In case of grouped data, we use other types of graphs. These include (1) Histograms 
or Block Diagrams, (2) Frequency Polygon and Frequency Curve, (3) Cumulative Frequency 
Curve, etc. 7 

In these graphs, the classes are generally taken along the X-axis and frequencies along 


the Y-axis. 


10.9. HISTOGRAMS 

In this type of graph rectangles are constructed with class-interval and frequency as 
its two adjacent sides. Тһе class-intervals are taken on the X-axis and the frequencies along 
the Y-axis. As the class intervals are equal, all rectangles will have the same bases but 


different heights. These diagrams are very appealing to the eye and give an idea of frequency 
distribution quickly. 


have been classified on the basis of the amount of milk given by them daily. 


94 cows 
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Milk in litres 4—6 6—8 8—10 | 10—12 | 12—14 | 14—16 


23 


Number of cows 12 38 15 4 2 


Let us represent this frequency distribution by a histogram. 
Milk in litres is represented along OX and number of cows along OY. Draw rectangles, 


each having the same width but height according to the frequency of the class-interval. 


Histogram so formed is shown below : 
v 


о 
o 


NUMBER OF COWS 
гә 
a 


9 10 1112 13 14 15 16 x 
IN LITRES : 


доо 


Y MIL 


Since the scale on the x-axis starts at 4, a break is indicated near the origin. It shows 
that the graph is drawn to scale beginning at 4 and not at the origin. 

We draw histograms in the following steps : 

(1) We represent class limits along x-axis, taking a suitable scale. 

(2) We mark frequencies along y-axis, taking a suitable scale. 

(3) We draw rectangles with bases along x-axis and height along y-axis. 

Note that it not necessary to take the same scale for both the axes. 


In the above example, the class intervals are continuous. If the class intervals are not 
continuous in the given distribution, we must convert the given class intervals into continuous 
intervals. We should, then, draw the histogram with reference to. these continuous class 
intervals. : 


10.10. FREQUENCY POLYGON 


In a frequency polygon the variables are assumed to be concentrated at the mid-points 
of the class-intervals. We make histogram for the frequency distribution and find the mid- 
point of the upper-side of each rectangle. Then we join these mid-points. 
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Let B, C, D, E, F and G be the mid-points of the rectangles. 


The mid-points at each end are joined to mid-points, at zero frequency of the adjacent 
classes. 

By joining A, B, C, D, E, Е, G and Н, we get polygon ABCDEFGH. This polygon is. · 
called frequency polygon. 


Y 


40 


NUMBER OF COWS 


G 


x70 2A 4 6 8 10. 12^ 14 ав HX 
Y MILK IN LITRES 


If instead of joining the points plotted for the frequency polygon by segments they are 
joined by a smooth curve, a frequency curve will be obtained. It helps us in smoothening 


the change. 1 ! 
Since the frequency curve is а smooth drawing and no break ог ups and downs аге 

permissible in drawing such curves. 

10.4. CUMULATIVE FREQUENCY CURVE i ; 
In a frequency curve, we represent mid-points of class-intervals along x-axis and 

frequencies along y-axis. 


Now we will represent upper limits of classes along x-axis and cumulative frequencies 
of respective classes along y-axis. The curve obtained by joining the resulting points is called 
the cumulative frequency curve or the ogive. So an ogive is the graphical representation 
of a cumulative frequency distribution. ў 


Consider the following distribution showing ages in years of 45 teachers in ‘our school. 


Ages in years 
25—30 
30—35 
35—40 
40—45 
45—50 
50—55 


Let us represent the data by an ogive. 


First we find cumulative frequencies of classes. 


Number of teachers 


4 


Ages in years 


_25—30 
30—35 
35—40 
40—45 
45—50 
50—55 


Number of teachers 


Cumulative frequency 


4 
447 ie, 11 
114-13 i.e., 24 
244-10 i.e., 34 
344-8. ie, 42 
423-3 ie, 45 


Now we plot the points (25, 0), (30, 4), (35, 11), (40, 24), (45, 34), (50, 42) and (55, 45). 


By joining these points, we get the cumulative frequency curve or the ogive as shown 


on the next page : 


We draw сп оріуе for a given frequency distribution in the following steps : 


(1) We form the cumulative frequency table. 
(2) We mark upper class limits along x-axis. 
(3) We mark cumulative frequencies along y-axis. 


(4) We plot the points taking upper limit of each class as the abscissa and its correspond- 
ing cumulative frequency as the ordinate. 


(5) We join these points by a free-hand curve. 
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Note that an ogive starts from a point on the x-axis representing the lower limit of the 
first class interval. 


EXERCISE 10(b) 
; (Section—A) 
1. The following table shows how 59 employees of our school get to school : 


Mode of transport Number of employees 
Cars 4 
Scooters ) 9 
Bicycles 5 
Т.С. Buses 12 
Schoo] Buses 16 
On foot 3 


Draw a bar-chart for the above information. 
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2. Represent the following distribution of ages (in years) of 35 teachers ina school by 
means of histogram : 


Age (in years) Number of teachers 
25—30 12 
30—35 11 
35—40 8 
40—45 1 
45—50 3 


3. Drawa histogram for the following frequency distribution : 


Age in years 0—10 | 10—20 | 20—30 | 30—40 40—50 | 50—60 
Р" атаа аваач г ee келсі E | 000 
Number of persons 8 15 29 16 7 3 


МНЕ Н ee ЫА ааа АА | 


4. Draw a histogram for the following data : 


Height in cm Number of students 
150—160 8 
160—170 3 
170—180 4 
180—190 10 
190—200 2 


5. The weekly observations on cost of living index in a certain city for a year give the 
following frequency table : 


ў 
Cost of living index Number weeks 
UC Y 
140—150 


150—160 
160—170 
170—180 
180—190 


190—200 


- ут ээг 
Total 


. Draw a histogram to Tepresent the data, (C.B.S.E., 1978 (Delhi)] 
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(Section—B) 


Following is the distribution of ages (in years) of 32 teachers in a primary school. 
Represent the data by means of a frequency polygon. 


Ages in years Number of teachers 
25—31 10 
31—37 13 
37—43 11:55 
43-49 3 
49—55 1 


The following data represents the daily wages of workers in a factory. Draw a ‘suitable 
frequency polygon to represent the data : 


Wages in rupees : Number of workers 

2— 4 16 

4— 6 11 

6— 8 20 

8—10 25 

10—12 18 

12—14 7 

The daily earnings of 30 drug stores are given below : 
Daily earnings (in rupees) Number of stores 

0— 50 3 

50—100 7 
101—150 4 
151—200 » 
201—250 4 
251—300 3 
301—350 2 
351—400 2 


Draw a histogram to represent the above data. 


Draw a frequency curvefor the following distribution showing height of 50 pupils in 
class I in our school : 


Height in cm 100—110 | 110—120 | 120—130 | 130—140 | 140—150 


Number of pupils 8 10 s 15 520 


(Section—C) 
The daily wages of casual labour employed by a factory are given below : 


Daily wages in rupees Frequency 
3— 5 8 
5— 7 ) 11 
7— 9 25 
9—11 50 
11—13 7 
13—15 4 


Draw an ogive to represent the above data. 
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п. Ahe following table gives the distribution of students according to marks obtained by 
em. , 


Marks 0—10 10—20 20—30 30—40 40—50 


Frequency 8 8 23 12 2 


Draw the cumulative frequency curve for the above data. 
12. Draw a cumulative frequency curve (an ogive) for the following data : 


Age (in years) Number of patients 
0—10 15 
10—20 12 
20—30 BE 
30—40 20 
40—50 27 


13. Тһе data given below represents the marks obtained by 35 students. 
21 26 21 20 23 24 22 19 24 
26 25 23 26 29 21 24 19 25 
26 25 22 25 23 27 26 24 25 
30 25 23 27 28 24 28 28 
Taking class-intervals 19—20, 21—22, etc., make a frequency distribution for the above 
data, 
Then construct a combined histogram and frequency polygon for the above data. 


14. The data below gives the earning of 350 workers in a cotton mill. 
(a) Draw the frequency polygon representing the data. 
(6) Draw also the ogive for the data. 


Monthly Earnings in Rupees Number of workers 
160—180 840 
180--200 54 
200--220 60 
220--240 72 
240--260 45 
260--280 32 
280--300 28 
300--320 15 


320--340 4 
3 (С.В.8.Е., 1985 (А.1.)) 


1. 
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REVIEW EXERCISE Х 
(Section—A) 
Fill in the blanks to make the following statements true : 
(а) The Henn уеп the maximum and the minimum observations in a data is 


called its . : [C.B.S.E., 1984 (4.1.)) 
(b) If the class maris of a distribution are 32, 39, 46, 53, then the width of each class- 
interval is.. [C.B.S.E., 1983 (A.1.)] 
(c) The class A of the class-interval 8:5—15:5 is . MES E B.S.E., 1983 (Delhi)] 


(d) The range of the data 41, 68, 7, 53, 4, 75, 11, 89, 471 is. 
“ЛЕ, 1982 (A. ІЛ 
(0) The number of observations in а class-interval is called the......... of. the class- 
interval. [C.B.S.E., 1982 (Delhi)] 
(f) The mid-point of a class-interval is called its ......... . 


(g) Data are said to be......... » if the investigator himself is responsible for the 
collection of data. : 


Following are the data on the daily wages of casual labour employed by a group of 
limited concerns. 


Daily wages in (rupees) Frequency 
4— 6 6 
6— 8 5 
8—10 10 
10—12 8 
12—14 3 
14—16 2 


Total 34 


Construct a cumulative frequency table for the data, 


3. Construct a cumulative frequency table from the following and find the number of 


students scoring below 15 marks. 


Marks Frequency 
3—7 3 
7—11 10 

11—15 12 

15—19 8 

19—23 5 

23—27 9 


[C.B.S.E., 1984 (A.1.)] 
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(Section—B) 


Construct a frequency table with equal class-intervals from the following data on the 
monthly wages (in rupees) of 28 labourers working ina factory, taking one of the class 
intervals as 210—230 (230 not included) : 

220, 268, 258, 242, 210, 268, 272, 242, 311, 290, 300, 320, 319, 304, 302, 318, 306, 292, 
254, 278, 210, 240, 280, 316, 306, 215, 258, 236. 


The weekly observations on cost of living index in a certain city for a year give the 
following frequency table : 


Cost of living index Number of weeks 
140—150 5 
150—160 10 
160—170 16 
170—180 12 
180—190 7 
190—200 2 

Total 52 


Draw a histogram to represent the data. 


6. The data below gives the monthly earnings of 38 workers in a flour mill. 


7. 


Monthly earnings Number of workers 
(in rupees) 
500—520 4 
520—540 6 
540—560 12 
560—580 8 
580—600 6% 
600--620 2 
Draw a frequency polygon of the above distribution. ІС.В.8.Е., 1986 (A.1.)] 
(a) Following is the distribution of marks of 70 students in a certain school test 
Marks upto Number of students 
10 3 
20 $ 8 
80 r- Жар 
40 20 


50 22 


——————————! лд лала бат келін анта 
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For the above data form a frequency distribution. Also find the number of 
students securing more than 40 marks. 


(b) Represent the above data by a frequency polygon. [C.B.S.E., 1982 (4.1.)| 
(Section—C) 
8. Th: monthly profits (in rup22s) of 100 shops are distributed as follows : 
Profit per shop Number of shops 

0— 50 12 

50—100 18 

100—150 27 

150—200 20 

200—250 17 

250—300 6 


Draw a histogram and the frequency polygon for the above data. 
[C.B.S.E., 1983 (Delhi)) 


9, The following scores were obtained by 50 students іп a test. Group the data into 
: intervals of^5 each starting with the interval 37:5--42:5. From the grouped data make 
a frequency table, a histogram and cumulative frequency polygon. 


88 74 67 49 69 38 86 77 66 75 
94 67 78 69 84 50 39 58 79 70 
90 79 97 75 98 71 64 69 82 71 
65 68 84 73 58 78 75 89 91 62 
72 62 74 81 79 81 86 78 90 81 


[C.B.S.E., 1984 (Delhi)) 
10. Draw a cumulative frequency curve for the following data : 


Marks ! Frequency 
0—10 15 

10—20 10 

20—30. 22 

30—40 40 

40—50 15 

50—60 : 8 

11. The marks obtained (out of 70) by 50 students іп an examination are given below : 

Marks Number of students 
0—10 4 

10—20 4 

20—30 7 

30—40 10 

40—50 12 

50—60 à 8 

60—70 5 


(a) Draw a frequency polygon representing the above data. 
(b) Draw also an ogive for the above data. 8:0 
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BASIC GEOMETRICAL CONCEPTS 


11.1. HISTORICAL BACKGROUND 


The word ‘Geometry’. is derived from the Greek words ‘Geo’ meaning ‘earth’ and 
‘metron’ meaning ‘measuring’. Ancient Egyptians were perhaps the first people to study 
Geometry. They were mainly concerned with problems of finding areas of rectilinear figures. 
Later Babylonians also studied the problems of finding areas of various rectilinear figures. 
Both the Egyptians and Babylonians used geometry mostly for practical purposes. However, 
they did not develop it as a systematic science. 


The knowledge of Geometry passed from Egyptians to Greeks. The Greeks (600 B.C.— 
300 B.C.) collected and arranged the known facts in a system. Thales (600 B.C.—546 B.C.) was 
the first to treat geometry as a logical structure. The most famous pupil of Thales was 
Pythagoras (580 B.C.—500 B.C.). He gave to us many of the proofs of theorems given in our 
geometries of today. 


Euclid who lived around 300 B.C. was another distinguished Greek mathematician, 
known as the father of Geometry. He started with a set of axioms, statements to be 
accepted as true, from which all theorems were deducted as logicalsequences. Euclid's 
monumental work on Geometry is contained in his thirteen volume work called ‘Elements’. 


Geometry of the Vedic period in India originated with constructions of various kinds 
of altars and fireplaces. For performing Vedic rites. Aryabhata (born A.D. 476) was а 
great Indian mathematician. He worked out the area of an isosceles triangle. Volume of a 
pyramid and gave a close approximate value of x. Brahmagupta (born A.D. 598) lived in 
Ujjain. He worked out the area of a cyclic quadrilateral in terms of its sides and semi- 
perimeter. Bhaskara II (born A.D. 1114) was another important Indian mathematician. He 
wrote the famous book known as *Lilavati! which is a treasure of mathematical knowledge. 
He gave a dissection proof of Pythagoras theorem. The excavations of Mohenjodaro, 
Harappa and Lothal testify to the extensive use of geometry by ancient Indians. 


11.2. IMPORTANCE OF THE STUDY OF GEOMETRY 


lt is desirable to tell the importance of the study of geometry. Primarily, geometry 
teaches you how to reason. The habit of correct thinking acquired in its study is beneficial to 
ш 30 its study you will be able to converse more logically and read with a greater under- 
standing. 


After studying geometry, you will have a better appreciation of man’s works and of the 
wonderful creations found in nature. Besides, you will have a greater interest in the arts and 
architecture which make use of geometric designs. 


: Later in your life, many of you will have to face situations where knowledge of geometry 
will be extremely useful and sometimes indispensable. 
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If you are thmxing of becoming an engineer, an architect, a technician, a scientist or a 
mathematician, you must first learn geometry, since a knowledge of it is necessary for success 
in any of these professions. In fact, you cannot do in your profession without it. 


113 NATURE OF FORMAL GEOMETRY 

A logical structure of geometry consists of certain (1) undefined terms, (2) postulates, 
(3) definitions, and (4) theorems. 

Self evident geometrical facts which are taken for granted. Without proofs, are called 
postulates or axioms. 

ОХЬ poperty is taken to be true when we arrive at it through logical reasoning based on 
axioms, definitions or undefined terms. This process is described as proving the properties. The 
results thus proved or the conclusions so obtained;are called theorems. 

Plane Geometry is divided into two sections— 

(i). Theoretical Geometry consisting of Theorems, and 

(ii) Practical Geometry consisting of Problems. 

Any separate geometrical operation, whether a discussion or a construction, is called 
a proposition. 

Proposition is a common name for theorems and problems. 

A theorem is a proposition in which a geometrical fact is proved by methodi- 
cal reasoning. 


A problem is a proposition in which a ,geometrical figure is to be actually 
constructed. 
A proposition consists of three parts : 
(i) the enunciation, (ii) the construction, (йі) the proof 
(i) The enunciation can be divided into two parts : 
(а) The general enunciation i.e., the statement of a proposition in general terms. 
(b) The particular enunciation i.e., the same statemeng in special terms with 
reference to a diagram drawn for the purpose. 
(ii) The construction is the drawing of lines, angles, circles, etc., which are necessary 
for the purpose of a theorem or a problem. 
. (iii) The proof is the process by which the required truth has been established or the 
required construction has been made. й 
The general enunciation of a theorem consists of two parts : 
(1) the hypothesis or that which is given or assumed, and (2) the conclusion or that 
which is proved. 
Likewise, the enunciation of a problem also consists of two parts : 
(1) the data, meaning that which is given,and (2) the quaesita, meaning that which 
is to be constructed. 
One theorem is said to be the converse of another when the hypothesis of one is the 
conclusion of the other and vice versa. 
A corollary is a statement, the truth ot which follows immediately from a theorem. 
It is, therefore, placed at the end of a theorem as an inference which requires no further 


proof. ` 
All mathematical reasoning is based on Definitions and Axioms. 


Definition is a precise statement explaining the éxact meaning of word, term or phrase. 
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Axiom is a self-evident truth and is accepted without proof. 
We will, now learn how to prove geometrical theorems. 


11.4. POINT, LINE AND PLANE 


You are already familiar with the concepts of a point, line and plane. We accept these 
terms without definition and try to define other terms such as line-segment, ray, angle, etc., 
using these undefined terms. We shall now review these undefined terms and their relationship. 


Point. А geometric point is an idea denoting position in space.. We mark a dot (.) or 
a cross ( X) to represent a point and use capital letters to name points. 


Plane. To getan idea of a plane, think of the surface ofa table, floor of the room, 
wall of the room, blackboard extended indefinitely in all directions. A plane has no thickness. 
A picture of a plane is usually made in the form (ofa rectangle or parallelogram) as shown 
below. It should be understood that this represents only part of the plane. : 


ES 
5 


(iii) 
It is clear that a plane is a set of points. 
Can you imagine the number of points in a plane ? 
We shall study the properties of geometric figures in a plane. 


Line: The figure below is that of a line. A line represents points in the same dircction. 
A line extends indefinitely in both directions. This is shown by arrows, one at each end, To 


ч» >» 1 5 ue 
: A EN B 
(i) f . (ii) 
name a line we select any two distinct points C and D any where on the line and read it as line 


< е 
CD. Sometimes we name a line by a single letter / or т. Symbolically we write CD or BA. 


Can you imagine the number of points on a line ? 


Given a line ] and a point P, if PE! i.e., if P is an element of /, then we say that 


P lies on / OR P is incident on /, 
OR 1 contains P OR 1 passes through Р. 


Take a point A in the plane P. 


5 How many lines can you draw through 
A? 


Mark another point B in the same plane. 


най many lines can you draw through A and 
BES ) 
We see that 


Two points determine one and only one line or 
exactly one line passes through two points. 

Points which lie on the same line are called 
collinear points, points that do not lie in one line are 
called non-collinear points. 

Take a stiff piece of papper to represent a plane 
and use the points of pencils to represent: points. Try 
to support the plane of paper on the points of pencils. 

Can you do it with just (a) one pencil, (b) two 
pencils, (c) three pencils ? 


B p 


ЕЕ ы 


Tru 


(i) 
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Have you noticed that many scientific instruments (like camera, etc.) and items of | 
furniture are mounted on tripods ? 


We see that 


Three non-collinear points determine a plane or every plane contains at least three non- 1 
collinear points. 


How many lines can you draw through three non-collinear points ? 
How many lines through a given point determine a plane ? 

We adopt the above stated results as axioms— 

Axiom 1: A line contains infinitely many points. 

Axiom 2: Through a given point, there pass infinitely many lines. 


Axiom 3: Given two distinct points А and B, there is one and only one line that | 
contains both of the points. 


11.5. LINE-SEGMENT AND RAY 
Line-Segment: The figure (i) below represents a line-segment AB. Line segment AB 
has two end-points together with all the Points lying between them. It can be easily seen that 
E e > 
A B A B 


G) (ii) 


a line segment 48 isa portion (ora subset) of the line AB. Symbolically we write segment 
AB as AB or ВА. 


Observe that AB and BA denote the same line segment, since both are the same 
set of points. Also, a line Segment has a definite length whereas a line does not have a 
definite length. 


Ray : The figure below represents a ray AB. A tay extends indefinitely in one direction 
We show this by an arrow. 


(i : 
: б 
A is the initial point of the ray. To name а tay we mark one more point say B any. 
> 
where on the ray and read the ray as ray AB. Symbolically we write ray ABas AB, 
Take a line and mark off two points A and Bonit. We see that ray AB is not the 
. same аз тау BA. Also the ray АВ, the ray BA, the segment AB are on the same line AB. Rays 
or segment are said to be collinear if they are subsets of the same line. 


A B A B A B 
© (i) (iii) 
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11.6. PARALLEL AND INTERSECTING LINES 


Imagine lines drawn in a plane. Lines m and p have 
a point in common i.e., they intersect in one point. Lines / 
and p (which do not intersect in one point) are parallel. 
What about lines (i) / and m (ii) m and n ? 
Two lines which lie in the same plane (ie. аге 
coplanar) and do not intersect are said to be parallel to each 
other. Note the phrase ‘in the same plane’. In space 
two lines may also be skew. Lines are skew if and only if 
they are non-coplanar. The line where the north wall of a 
room intersects the ceiling and the line where the west wall — 7 4... 
intersects the floor could represent skew lines. Extended indefinitely they will never intersect 
ina single point. They are not parallel because they are not coplanar. 


Parallel lines are very useful in our daily life. Some common examples of parallel lines 
are-: the railway lines, opposite edges of a table or book, telephone wires between two poles, 
etc. 


THEOREM—1 


Two distinct lines cannot have more than one point in common. 
Given : Two distinct lines / and m. 


To prove : /Г\т contains at most one point. 


Proof : Suppose /()m contains two distinct points A and В. 
Then line / contains the points 4 and B. 
Line m also contains the points 4 and B. 
Hence, it follows from axiom 3 that /--т. 
This is a contradiction, since we have supposed that / and m are two distinct lines. 
Hence, our supposition is wrong. ў 
Therefore, /(1m contains at the most one point. 
Two lines whose intersection is non-empty arc said to be intersecting lines. The 
common point is called the point of intersection. 
Two lines in a plane i.e., two coplanar lines whose intersection is empty are said to be 


parallel lines. 
Consider a line / and a point P not on the line /. 


P* 


X— ————————— 


(i) 


23 
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With the help of set squares draw a line / (through P) 
parallel to line /. Thus we have one line through Р parallel 
tol We may like to explore whether there is more than one 
line through Р parallel to 1. Perhaps 4; and / are both 17 Р 
parallel to 1. 


W 


We shall not answer this question but we {shall accept 
the following postulate : 
Axiom 4. If/isaline and P is a point not on /, 


there is one and only one line which passes through P and is <<? 
parallel to /. 


11.7. SOME DEFINITIONS 


1. Parallel segments. Segments are parallel if 
and only if the lines containing them are parallel. Segment M N 


MN is parallel to segment AB because line MN is parallel Mot m T C» 
to line 4B. 


Symbolically we write MN || AB. or segment MN || 
segment AB. A B 


? 2. Parallel rays. Two rays are said to be parallel 
if the lines containing (һеш are parallel. 

. 3. Transversal. А line that intersects two or more (coplanar) lines in distinct 
points is called a transversal. In Fig. (i) EF is a transversal as it intersects two lines AB and 
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CD in two distinct points G and H. In Fig. (ii) EF is not a transversal as it intersects two lines 
AB and CD in only one point O. In Fig. (iii) transversal EF intersects three lines in three 
distinct points P, Q and R. 

THEOREM—2 
Two lines which are both parallel to the same line, are parallel to each other. 


а г a 
ж----------»«> 


С паша аузы ш 
Given : Three lines /, m, n ina plane such that / || m and n || m 


To prove : | || п. 
Proof : Suppose / is not parallel to n. 
Y Then lines / and n intersect in a unique point, say P. 
Now P is not on line m, because P is on line / and / || m. 
шэн a point P outside m, there are two lines / and m, both parallel to 
ine m. 

By parallel axiom, this is impossible. 

2. Our supposition is wrong. 

Hence, line / is parallel to line n. 


EXERCISE—11(a) 
(Section—A) 


D 


l. Name all the lines you can draw through three points, 
shown on the right. 


Oe 


P 
2. Name all the lines you can draw through four points shown below : 


A 


em 


Qo 
oe 
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3. Look at the figure drawn on the right and answer 
the following questions. 


> > -> -> 
(а) 15 СВ same as CD? (b) Is AB same as ВА? 


же” = тәр > 
(c) Is AD same as CB? (d) Is CA same as CD ? 
(e) Is AD same as CB? (f£) Is СВ same as ВС? 


4. How many points lie betwee the end points of a segment ? 


5. (а) Name the planes represented by the faces 
of the box. 
(b) Name the planes determined by the corner 
points. 
(c) Name two lines that do not interset but lie 
in same plane. 


(d) Name two linesthat do not intersect and 
do not lie in same plane. 


7. Against each of the following figures (i) to (vi), write intersecting or non-intersecting. 
Also penon which of the intersecting ones are concurrent and non-intersecting are 
parallel. ; 


Fig (i) 
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Fig (i) Fig (M 


Fig v) Fig (vi) 
Section—B 
Given a line, do you think the line is a subset of at least one plane ? 


Is there only one plane of which it is a subset ? 


9. Given three points not in a line, do you think there exists at least one plane containing 


all the three points ? 
Is there more than one such plane ? 
Section—C 


s in Ње same plane. If / intersects m 


10. l, m,n are line a 
how that / also intersects л. 


m and n | m, 8 
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\ P 
11. Tn the figure, / and m are intersecting lines. 
pllandgl| m. Show that p and q also 
intersect. 
m 
q 


118. CONGRUENCE OF LINE SEGMENTS 


The distance between the end points of a line segment is called the length of the line 
segment. у 


The length of a line segment is measured in centimetres (cm) and it is a positive real 
number. 


Given two line segments, one may be longer (or shorter) than the other or they may be 
of the same length. 


Two line segments are said to be congruent, if their lengths are equal. 
If AB=CD, then we write ABe«CD. 

Observe the following properties of congruence of line segments— 

(1) If АВе«СВ, then CD= AB. 

(2) Every line segment is congruent to itself i.e., ABS AB, 

(3) If AB&CD and CD~EF, then ABz EF. 


Remember that two congruent line segments have equal lengths, and conversely two line 
segments of equal length are congruent. 


11.9. BETWEENNESS 

A point C is said to lie between A and B, if 

(i) A, B and C are collinear, and ; 

(ii). AC+CB=AB B 
We write it as 4— C— B. C 

A point М is called a mid-point of a line 
segment AB, if 

i (i) M lies between A and В i.e., A-M—B, 

an ў 

(ii) АМ-- МВ. ! 

Every line segment has exactly one mid-point. 

The mid-point of a line segment is said to bisect the line segment. 


A line or a line segment which intersects а given line segment in its mid- 
point is called a bisector of the line-segment. x T 
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11.10. HALF PLANE 

The line / separates the plane х 
into two disjoint sets of points. 

Each of these disjoint sets is called 
a half-plane.’ 

Here point A lies in one half- 
plane and point B lies in the other half- 
plane. We may name the two half- 
planes as Hy and Нә. 


The line / is called the edge of each half-plane. 


Given a line 1, in a plane х, the points of х. other than those on 1, form two 
disjoint subsets of the plane. Each of these parts is called a half-plane, with edge 


inl. 
Two points P and Q are said to be on the same side of /, if P and Q are in the same 
half-plane separated by /. 


Two points P and О are said to be on opposite sides of /, if P is іп one of the half- 
planes, and Q in the other half plane, separated by /. 


1111. ANGLES 


The figure formed by two rays with a common 
initial point is called an angle. The two rays are called F 
the arms of the angle and the common initial point is 
called the vertex of the angle. 


An angle is usually denoted by three letters naming 
the vertex and one point on each of the arms. The letter 
naming the vertex is written in the middle. Thus, figure on 
the right denotes the angle FED or angle DEF. We use 
the symbol 57 for an angle and write Z FED ог 2 DEF. 


Angle between two segments would mean angle 
between the rays containing the segments. 


If there is only one angle at the vertex, it is 
convenient to denote it by a single letter at the vertex. 
Thus Z DEF can be named as Z Е. Sometimes а digit 
or a letter from Greek alphabet is written between the 
arms to denote an angle. For example, in the figure 
shown on the right the angles are 1, 2, 3,4. The 
Greek letters generally used аге а (Alpha), B (Beta), 
ү (Gama). 8 (Delta) 8 (Theta), etc., 


In the figure drawn below, £ АОВ is in the plane 


Lad =» 
а. The rays ОА and OB determine OA and OB. 


Line OA separates the plane a into two half- 
planes, one of which contains point B. Let us shade 
that half-plane with horizontal lines. 
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Line OB separates the plane а into two half-planes, one of which contains point А. Let 
us shade that plane with vertical lines. 

-The intersection of these two half-planes is called the interior of / АОВ. The crossed 
portion shows the interior of / АОВ. 

Here point P is in the interior of / AOB while points О, R and S are in the exterior of 
2.АОВ. 

Observe that any point of the plane a is either in the interior of / АОВ or on Z АОВ 
orin the exterior of / 408. Points of / АОВ do not belong either to the interior ot to 
the exterior. 

The interior of an angle BAC is the set of all points in its plane which lie on 
the same side of the line AB, as C ; and also on the same side of line AC as B. 

The exterior of an angle BAC is the set of points inits plane which do not lie 
on the angle or in its interior. 

An important property of the interior of an angle is as under : 


If P and О are two points in the interior of / ABC, then line segment РО is contained 
in the interior of / ABC. 

An angle has a magnitude. The magnitude of an 
angleis measured by the amount of turning or rotation 
through which one of its arms, say OA, revolves from its 
original position ОА to that of the other arm, say OBi. The 
magnitude of the angle does not depend on the lengths of 
its arms. The angle goes on increasing as the moving arm 
takes up the successive position Os, OBs. 

Just as we use a graduated ruler to find the length of 
aline segment, we use a protractor to find the measure of 
an angle. Angles are measured in degrees. 

The measure of an angle, in degrees, is a real number 
lying between 0 and 180. 

If Z.POR measures 65 degrees, we write it as mZPQR=65. We read it as ‘degree 
measure of ZPOR is 65 degrees’. 

Two angles are said to be congruent if they have the same measure. 

If mZABC=m/DEF, then / АВС and / РЕР are said to be congruent. This is 
written as / ABC= / DEF. : 

Observe the following properties of congruence of angles : 

(1) Every angle is congruent to itself i.e., / ABCc« / ABC. 

(2) If Z 4e / В, then / Be: Z A. 

(3) Ч Z 4e /.B and Z Веи C, then LAS Z C. 
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11.2, KINDS OF ANGLES 
Look at the following angles and think about the measure each of them, 


B A СЕ Е а Р 


Fig (i) Fig (i) Fig (їй 
1. An angle whose measure is 909:ів called a right angle. See Fig. (i). 
2. Anangle whose measure is loss than 90? is called an acute angle. See 
Fig. (ii). 
3. Anangle whose measure is more than 90? is called an obtuse angle. See 
Fig. (iii). 


If the sum of the venie of two angles is equal to 90, the angles are said to 


be complementary angle: 
Then each angle is called the complement of the other. 


ша 


Fig o 


In Fig. (i), the measures of ZABC and / РЕР are together equal to 909, So they 
are complementary angles and each of them is the complement of the other, 


In Fig. (ii), the measures of / АОВ and / ВОС are 
-ogether equal to 90°. So they are complementary angles. 


Note that complements of congruent angles are also 
congruent. 
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If the sum of the measures of two angles is equal to two right angles, the 
angles are said to be supplementary angles. 


Then each angle is called the supplement of the other. 


Fig (i) 


In Fig. (i), the measures of / ABC and Z DEF are together equal to 180°. So they аге 
supplementary angles and each of them is the supplement of the other. 


In Fig. (ii), the measures of / AOC and 
4.ВОС are together equal to 180°. So they аге 


supplementary angles. 
Note that supplements of congruent ТУҒА 
angles are also congruent. 


EXERCISE—11(b) 
(Section—A) 
If B lies between A and C and AC=10 cm. BC—6 cm. find AB. 


2. Given A, B, C are collinear points: 4В--7 cm, BC=3cm and 4C—4 ст. Write the 
betweenness relation. 


3. Write down the supplements of the following angles : 


(a) 20° f (6) 100° (с) 72° (a) 156° 
4. Write down the complements of the following angles : 
(a) 10° (0) 35° (с) 77° (4) 53° 
(Section—B) 


5. Jf the sum of the measures of three angles is 180°, are the angles supplementary ? 
6. Whatis wrong with the following description of the mid-point of a line segment ? 
‘B is a mid-point of a line segment, AC, if AB— BC". 

Are supplements of congruent angles always congruent ? 

8. Arecomplements of congruent angles always congruent ? 


м 
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9, Are the interior and exterior of a given angle always disjoint sets 7 
10. Point P lies in the interior of Z BAC. If ZBAC=72° and / ВАР=47°, what is the 
measure of / РАС? Ў 
11. (а) What angle is equal to its supplement ? 
(b) What angle is equal to its complement ? 
12. Write down the supplement of three-fifths of a right angle. 
13. Write down the complement of two-thirds of a right angle. 
(Section—C) 
14. How many degrees are there in an angle which equals one-fifth of its supplement ? 
15. One of two complementary angles is seven-eighths as large as the other. How many 


degrees are in each angle ? 


- 
. If C is a point on line AB such that AC=CB, then prove that C lies between A and B. 


12 


ANGLE RELATIONS 


12.1. Many times we come across two or more angles having the same vertex. There 
angles possess certain relations among themselves. Examine the following figures : 


с B 


о А с 0 л 
Fig () Fig (ii) Fig (ii) 


Here three rays OA, OB and OC have a common initial point О, These rays form two 
angles, / АОВ and / BOC with a common vertex О. They have a common arm, ray OB. The 


> > 
grine arms, OA and OC lie on different sides of ray OB. Such angles are called adjacent 
ang 


Thus, / АОВ and / ВОС are adjacent angles. 
Examine the interiors of / АОВ and 7 ВОС. 
Do they overlap each other ? 

Are they disjoint sets ? 


Two angles are called adjacent angles, if 
(i) they have the same vertex. 
(ii) they have a common arm, and 


(11) their other arms lie on the opposite 
sides of the common arm. 


Look at the adjacent angles drawn on the right. 
Measure / АОВ and / BOC. 
What is the sum ofthe measures of these angles ? 
Are these supplementary angles ? 

ZAOB+ /.ВОС--180% 


(188) 


189 


Thus, / АОВ and / BOC are adjacent supplementary anzles. 
Such angles are said to form a linear pair. 
Examine their non-common arms, rays OA and OC. - 


> > 
We see that non-common arms, OA and OC are opposite rays. Also points A, O and 
C are collinear: 
Two adjacent angles are said to forma linear pair of angles, if their non- 
common arms are two opposite rays. 
Look at the figures drawn below : 


o 6 
Fig (i) 


Measure the angles in both the figures. We see that 

In Fig. (i), LAOB+ Z.BOC < 180°. 

In Fig. (ii), 2.АОВ-- Z.BOC > 180°. 

Therefore, / АОВ and / BOC do not form a linear pair in both the cases. 
Hence, we have arrived at an important relation between two adjacent angles. 


If Z АОВ and ZBOC form a linear pair, then 
ZAOB+ / ВОС= 180°, 


and if / АОВ and / BOC do not form a linear pair, then 
2.АОВ-- /.ВОС»41802. 
We adopt this geometrical fact as an axiom. 
AXIOM 
If a ray stands on a line, then the sum of the two adjacent angles 50 formed is 180°. 


Conversely, if the sum of two adjacent angles is 180°, then the non-common arms of 
the angles are two opposite rays. 


We have already learnt about supplementary angles. So we can restate linear pair 
axiom with the help of the definition of supplementary angles. | 


Two adjacent angles form а linear pair, if and only if they are supplementary. 
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Example 1. In the adjoining figure, if AOB 
is a line, find x. 


Solution. Неге AOB isa line and ray ОС 
stands on it. 


So, by linear pair axiom, we have 


ZAOC+ Z.COB-— 180? 
> ,  3x+20+2x=180 
> 5x—180— 20 
> 5x=160 


52:16) ie, x=32°. 


Example 2, Іп the given figure, what 
value of x would make РОО a line ? 
Solution РОО will be a line, if 
ZPOR+ Z КОО= 180° 
> 3x+2x+10°=180 
> 5х--180-10 
> 5x=170 


EXERCISE—12 (a) 


(Section—A) 


1. In the adjoining figure, OA and OB are opposite 
rays, | 
(a) If х=62°, what is the value of y ? 
(b) If y= 105°, what is the value of x ? 


2. Two lines AB and CD meet at C. Find the 
magnitude of / ACD, if / DCB is equal to 
(a) 77° (b) т°. 


3. In the adjoining бриге, / АОВ and / ВОС 
form а linear pair. Determine the value of x. 


с 


(5 | 


JÀ 


es 


B 
A 
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(Section—-B) 
с 
If ray OC stands on line AB such that 
LAOC= ZBOC, 
show that each angle is a right angle. 
A o B 
[9 
D 

In the figure, if ZAOC+ Z BOD=80°, then 
find the measure of / COD. 

A [9] B 


In the figure, POQ is a line, find the value of x. 


B с 
In the figure along side, if 
ZBOC= 7x9--20? and LCOA=3x°, N 
find the value of x for which AOB becomes a line. ах” us 
| 0 A? 


In the figure, ABis a line and rays CP and 
CQ are drawn such that the ray CB bisects 
ZPCQ. Show that Z PCA— 2ОСА. 
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10. 


п. 


12. 


13. 


12.2. 


There 
Z.BOD form one pair of angles and are called vertically 
opposite angles. . 


They are also called vertically opposite angles. 


opposite rays and so do rays OC and OD. 


What is the value of *x' inthe figure alongside, 
if BA and BD are opposite rays ? 


Find the value of each angle in the figure 
alongside in which AOB is a line. 


> (Section—C) 


If two lines intersect forming four angles, of which one is known to bea right angle 
prove that the other three are also right angles. 


Ray BD is the bisector of any /.АВС and DB is produced to E ; prove that 
2.АВЕ-- / CBE. 


Ray OQ stands ata point О on line RP. 
Show that the bisectors of the adjacent 
angles POQ and ROQ contain a right angle. 


VERTICALLY OPPOSITE ANGLES 


Let two lines 4B and CD intersect at O. 
are four angles so formed. / АОС and 


ZAOD and Z BOC form the other pair of angles. 


Examine the sides of / AOC and / BOD. 


> > 
We observe that their sides, OA and OB form 
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Again examine the sides of AOD and Z BCC. 


> > > > 
We observe that OA and OB are opposite rays and OD and OC are opp: 
Two angles are called a pair of vertically opposi 


өзе rays. 


te angles, if their arms form 


two pairs of opposite rays. 
How are the two angles of a pair related ? 


THEOREM—3 


If two lines intersect, then the vertically opposite angles are congruent. 


Given 
To prove : 


Proof : 


section, 


2. In the figure of the above theorem, if ZAOD=2 ZDOB, fi 


angles. 


3. If two straight lin 


If two lines intersect at an angle of 40°, find all the other angles at the point 


Two lines 40B and COD intersecting at a point O. 


(i) ZAOC=vert. opp. ZDOB 
and (ii) ZAOD=vert. opp. ZCOB 


Ray OA stands on the line CD at O. 


Z AOC+ LAOD=180° ..(1) (Linear Pair Axiom) 
Again ray OD stands on the line AB at O. 
ZAOD+ Z.DOB—180* ..(2) (Linear Pair Axiom) 


From (1) and (2), we get 


LAO0C+ ZAOD= ZAOD+ Z.DOB. 
ZAOC=/ DOB (ZAOD is common to both sides). 


Similarly, Z40D=ZCOB proved. 
EXERCISE—12 (b) 


(Section—A) 
of inter- 


nd the magnitude of all the 


(Section—B) 
es intersect so that one of the angles is a right angle, prove that all the 


other angles are also right angles. 
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4. In the adjoining figure,-determine the value 
of x. 1 


5. Two lines 4B and CD intersect at O. If ray OE is the bisector of / АОС, prove that 
ray EO bisects / BOD. 


6. Thelines AD, AE are cut by another line, ХҮ in B and C respectively so that 
2.АВС-- / АСВ ; show that Z XBD= Z ЕСУ. 


7. Two lines AB and CD intersect at О. Prove that 


5 
the bisector OX of the / ВОР will also bisect the 
LAOC, if produced backwards. 


(Section—C) 
8. Prove that the bisectors of vertically opposite angles are in the same line. 
12.3. ANGLES MADE BY A TRANSVERSAL 


+» 

When a transversal, EF cuts two lines AB and CD, - 
eight angles are formed, Four of the angles are formed 
at one point of intersection and the remaining four angles 
are formed at the other point of intersection. 

^ By virtue of the positions they occupy in the figure, 
some of them can be paired together as under : 
(i) Angles a, b, g, л are called exterior angles. 
They are formed on the outer sides of lines 4B and CD. 

(ii) Angles с, d, e, f are called interior angles. 
They are formed on the inner sides of lines AB and CD i.e., 
between lines 4B and CD. 5 

(iii) Angles c and e, d and f are pairs of alternate 
interior angles. They are formed on the opposite sides 
of the transversal and between lines AB and CD. 


(9) Angles a and e, b and f, cand д, d and h are called pairs of corresponding 
aea They are formed on the same side of transversal, one of them being interior and the 
other exterior. : 


In general, there may be no relation between the angles of any of these pairs, 
шарыг when the lines are parallel, there exists some useful relations between the angles of 
each pair. 
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We are already familiar with the following facts, obtained by practical experience in 
the previous classes. 
When a transversal intersects two parallel lines, then 


(1) each pair of corresponding angles are equal, 
(2) each pair of alternate interior angles are equal, and 
(3) each pair of interior angles on the same side of the transversal are supplementary. 


Can we prove these geometrical facts ? 

So far we have learnt theorems about intersecting lines. We cannot prove these facts 
about parallel lines with their help. So, we agree to have the first result stated above as the 
axiom. 

CORRESPONDING ANGLES AXIOM 

If a transversal intersects two parallel lines, 
then each pair of corresponding angles are equal. 

Conversely, if a transversal intersects two 
lines, making a pair of corresponding angles equal, 
then the lines are parallel. 


Now we can deduce other facts about parallel 
lines and their transversal. 
THEOREM—4 
If a transversal intersects two parallel lines, 
interior angles are equal. 


then each pair of alternate 
[C. B.S.E., 1983 (А.1.) 


e 
: A transversal, EF cuts two parallel lines AB and CD at G and H respectively. 


ZAGH=alternate LGHD 
Z BGH=alternate LGHC 


Given 
To prove : 


Proof : LAGH- / EGB [Vertically opposite angles 
* ZLGB=corresp. / GHD [Corresponding Angles Axiom 
LAGH= / GHD 
Ray GH stands on line AB. 
LAGH4- ZBGH=180° [Linear Pair Axiom 
Then LBGH=180°— / AGH 1 541) 


Ray HG stands on line CD. 
ZGHC+ Z GHD—180? 


Then ZGHC-—1809— / GHD (2) 
From (1) and (2), we һауе 
4.8СН-- / СНС [ZAGH- / СНР proved. 
Hence ZAGH=/GHD and / ВСН= / СНС. 
THEOREM—5 


16 a transversal intersects two parallel lines, then each pair of interior’ angles 
on the same side of the transversal are supplementary. 


<» B 
Given : A transversal, EF cuts two parallel lines АВ and CD at G and H respectively. 
To prove : / BGH-- ZGHD=180°, 


LAGH-- ZGHC=180°. 
Proof : Ray GB stands on line EF. 

2  LEGB+ Z BGH=180° {Linear Pair Axiom 

Also ZEGB=Corresp. ZGHD {Corresponding Angles Axiom 

- 4GHD+ Z BGH=180° [By substitution 

іе, LBGH4- / GHD—180* (1) 

Again ray GA stands on line EF. 

40 LEGA+ Z AGH= 1809 [Linear Pair Axiom н 

Also Z EGA— 7 СНС . [Corresponding Angles Axiom 
ZAGH+ Z СНС= 180° [By substitution 


Hence / BGH-- 46нр=1 80° and Z AGH+ СНС 180°. 
We shall now prove the converse of these theorems, 


197 


THEOREM—6 
(Converse of Theorem 4) 


If a transversal intersects two lines in such a way that a pair of alternate 
interior angles are equal, then the two lines are parallel. 


E 


жө. 
Given : А transversal, ЕР cutting two lines AB and CD at G and H such that 
Z AGH=alternate / СНР”. 
To prove : Lines AB and CD are parallel. 


Proof LAGH- LEGB [Vertically opposite angles 

LAGH- LGHD [Given 

LEGB= LGHD 

Thus, a pair of corresponding angles, ZEGB and / СНР are equal. 
e — 
AB | CD [Corresponding Angles Axiom 
Proved 
THEOREM—7 


(Converse of Theorem 5) 


If a transversal intersects two lines in such a way that a pair of interior 
angles on the same side of the tranversal are supplementary, then the two lines are 
parallel. [C.B.S.E. 1987, Delhi) 
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Given :А transversal, EF cutting two other lines AB and CD at G and H such that 
2 BGH+ ZGHD=180°. 

To prove : Lines AB and CD are parallel. 

Proof : Ray GB stands on line EF. 


ZBGH+ Z ЕСВ--1809 [Linear Pair Axiom 
ZBGH+ / GHD—180* [Given 
ZBGH+ / ЕСВ-- / BGH-- / GHD 
Then .LEGB— / GHD [2. ВСН is common to both sides. 
Thus, a pair of corresponding angles are equal. 
38 1 cb [Corresponding Angles Axion. 
Proved 


Example 1. In the given figure, AB 1 Ср 
and Zx-—65?. Find the magnitude of / y. 


Solution. Line AB | line CD, and line EF is 
their transversal. 
4х-4РОР [Corresponding Angles 
But Z y+ 2РОр= 180° [Linear Pair Axiom 
LytZx-180 [/PQD—/x 


or Zy+65°=180° [/ х=65° given 
У Ly = 180°—65° i.e., 115° 
ж. ж.” в 
Example 2. In the given figure, AB | DC A 
+ e 

and AD || BC. 

Prove that / DAB— / BCD. 

Solution 


Lad “> ж Lnd 
Given : AB || DC and. AD || BC. 


To prove : /DAB=/ BCD D с 
.. .. ж. 

Proof : AB || DC and BC is a transversal 

reuse ZBCD=180° [Interior Angles on the same side 
кп AD І BC and Abi is a transversal. 
ate ZDAB+ / ABC=180° [Interior Angles on the same side 
So, ¿DAB+ / АВС= / АВС+ ZBCD А 
dite . Z4DAB- / BCD 12:АВС is common 


Proved 
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EXERCISE—12 (c) 
(Section—A) 


A 
Inthe given figure, lines AB and CD are ries 


<> t 
parallel. Transversal.EF cuts them at G and 
H respectively. If / AGE=110°, find the 
magnitude of / СНР. 


In the given figure, if Zb=120° and Ze=60°, 
show that lines m and n are parallel. 


Prove that if two lines are perpendicular to 
the same line, they are parallel to each other. 
ІС.В.8.Е., 1978 (A.1.)) 


Prove that lines which are parallel to the 
same straight line are parallel to one other 


(Section- B) 


In the accompanying figure lines AB and 
CD are parallel, lines MN and PQ cut 
them. 


If ZGEF=120°, LCHQ=75°, find the 
magnitude of angles at G and F. 
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<= 
6. In the figure given pelow AB is perpendicular to СР; АР | CD, Z СВР 138°. 


13. 


7 Prove that AB is parallel to CD. 


а 


А в 


с B D 
Find the number of degrees in (1) ZABP, (ii) / АРВ. 
.. 


A transversal, PQ cuts two parallel lines АВ and CD at E and Р respectively. The 
bisectors of the angles AEF and CFE meet in С. Prove that / EGF is a right angle. 

[C.B.S.E., 1983 (Delhi)] 
If a line cuts two other lines, making a pair of exterior angles on the same side of the 
cutting line supplementary, prove that the lines are parallel. 


(Section—C) 
Prove that if two parallel lines are intersected by a transversal, then bisectors of any | 1 
two corresponding angles are parallel. | [C.B.S.E., 1984 (А.Т.)] 


If a line cuts two parallel lines, prove that the bisectors of a pair of alternate angles are | ag 


parallel. [С.В.5.Е., 1984 (A.I.)] 
A point P lies somewhere between two lines AB and CD so that 
Z АРС= / ВАР+ Z.DCP. 


A point О lies outside two lines AB and CD so that Z 480+ 2 BOD-- Z QDC—4 right 
angles. Prove that lines AB and CD are parallel. 
Lad 


- 
In the following figure (not drawn to scale) AB is parallel to CD and they cut PO and 
QR at E, Е and G, Н respectively. Given that / PEB=80°, ZQHD=120° and 
ZPQR=x. Find the value of x. 


No proof is required but the essential steps of working must be given, 
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14 AB and CD are two parallel lines and Р is any point in line AB. Through P, lines PM 
and PN are drawn cutting CD in E and F and ZEPF= 18°. If Zs CPE, CEM and 
NED are in the ratio of 3 : 4 : 5, find each angle. 


15. Prove that if the arms of one angle are respectively parallel to the arms of another 
angle, the two angles are either equal or supplementary. 


12.4. TRIANGLE AND ITS ANGLES 


In a plane take three non-collinear points A, Band C. Join the points in pairs. We, 
thus, get a closed figure formed by three segments which when taken in pairs have a common 
end point. This figure is called a triangle. We 
use the symbol A for denoting a triangle. B 


The three non-collinear points A, B and 
Care called the vertices of the triangle. The 
three segments 4B, BC and CA are called the 
sides of the triangle. Any two sides of the 
triangle determine an angle of the triangle. 
One angle is formed by segments CA and CB, a 
second by segments BA and BC and a third by 
segments AB and AC. 


The three angles together with the three 
sides of the triangle are called six parts or 
elements of the triangle. 


> 
о 


= A 


If the triangle ABC is made to stand on the 
side BC, then BC is its base and 4 is the vertex 
opposite to it. 


The sides opposite to the vertices A, B, C are 
denoted by а, Б, с respectively. Thus, a triangle 
has three sides and three angles, which are its six 
elements or parts. 


B a с 


The perpendicular drawn from a vertex of а triangle to the opposite side is called its 
altitude. 


A 


в О с 


A triangle has three altitudes. 
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The segment joining the vertex of a triangle to the middle point of the opposite side is 
called a median. f 


ж А 


Неге М is the mid-point of the side ВС opposite to A 
and so segment AM is a median. 


A triangle has three medians. 


B M ca 


а Triangles. can be classified either on the basis of their sides or on the basis of their 
angles, 


Types of triangles on the basis of sides : 
( A triangle is called equilateral when all its sides are 
equal. 
Here AB=BC=CA. 
So AABC is an equilateral triangle. 


A triangle is called isosceles, when two of its sides are 
equal. 


! Here ED=FD. 
So AABC is an isosceles triangle. 


A triangle is called scalene when all its sides are 
unequal, : 


Here A POR is a scalene triangle. 
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Types of triangles on the basis of angles : A 


A triangle is said to be right-angled, when one 
of its angle is a right angle. 


In a right-angled triangle the side opposite to the right 
angle is called the hypotenuse. 


Here / ABC=90°. 


So AABC is a right-angled triangle. Then AC is the 
hypotenuse. 


о 
о 


A triangle is said to be obtuse-angled, when one of 
its angle is obtuse. 


Here / ABC is an obtuse angle. 
So AABC is an obtuse-angled triangle. 


B с 
А 
A triangle is said to be acute-angled when each 
of its angles is acute. 
Here AABC is an acute-angled triangle. 
B с 


We shall, now deduce an important property about the angles of a triangle. 
THEOREM—8 


The sum of the three angles of a triangle is equal to two right angle 
ы Т (CB. S.E., 1981 (Delhi)] 


B c D 


Given : AABC. : 
To prove: 24+ ZB+ZC=1 80°. 
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Const. : Draw ray BD containing segment BC. 


Proof 


. Draw ray CE parallel to segment BA. 


BA || CE and AC cuts them. 
ZCAB=alternate interior / ACE Р -0) 
BA | CE and BD cuts them. E 
2. ZABC-corresp. Z ECD. - (2) 
Adding (1) and (2), we have 
ZCAB-- Z ABC— / ACE+ / ECD 

or ZCAB+ ZABC= / ACD. 
Adding / BCA to both sides, we get 

LCAB+ / ABC+ Z BCA— / ACD+ / ВСА. 


But ZACD+ / ВСА=180° {Linear Pair Axiom 
22 LCAB+ / АВС+ / ВСА=180° 
vie. LA ZB+ ZC=180° 
Proved. 


lel. Thesum of the angles at the base of a triangle is 150°, and their _ 


Exampl: 
difference is 20°, find all the angles. 


= 


Solution. Wehave B+C=150° 
and В—С= 20°. 
28= 170° ог B=85°. 
С--1509--859 --659 
d A=180°—150°=30°, 
Example 2. Тһе angles of a triangle are in the ratio of 5: 4: 3 : find them. 
Solution. Let the angles be denoted by 54, 44, 3A. 
54--44--34--180” 
ог 12A=180° or A=15°. 
the angles are 75°, 60° and 45°. 
EXERCISE—12 (4) 
Ў (Section—A) 
In ДАВС, /А--1037, / B=42°, find ZC. 
Is it possible to have a triangle with angles 70°, 40°, 36°? 3 
One side BC of ДАВС is produced to D. If / ACD is 146° and / АВС is 68°, find 
the values of / А and / ACB. 
(i) Prove that each angle of an equilateral triangle is of 602, 
(ii) Prove that each of the acute angles of a right-angled isosceles triangle is of 45°. 
The angles of a triangle are іп the ratio of 2:3 : 5. Find them. 
The sum of two angles of a triangle is 164? and their difference is 6? ; find all the angles 
of the triangle. Ў 
The angles of a triangle аге in the ratio of 3: 5 : 7 ; find them. 


If one angle of a triangle is equal to the sum of the other two angles, show that the 
triangle is right-angled. 


10. 


11. 


12. 


13. 


M. 
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(Section —B) 


` One of the acute angles of a right-angled triangle is four times the other ; find the 


number of degrees it contains. 


Find the three angles of a triangle, if the second is three times the first and the third is 
twice the second. 


Ina AABC rt. Zd at A, AD BC, prove that 
LBAD- / С and LCAD=ZB. 


B 
) wl TES LS 
In the figure given alongside, CE is per- 
pendicular to AB, Z ACE=20° and 
Z АВр= 50°. 


Find the measure of / BDA. 


In the adjacent figure, AB | XY, ZABZ=65°, and 
ZLBZY=35°. 


Calculate / XYZ. 


In the figure given alongside, ABC is a 
triangle in which it is given that angle 
A=80°, angle C=60°, angle B=2x° and 
ange BDC—y. Вр and CD bisect 
angles B and C respectively. ` 


Calculate the values-of x and y. 
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(Section—C) 
15. Ifin a triangle ABC, the bisectors of the angles ABC and ACB meet at P, prove that 
ZBPC=90°+} / А. [C.B.S.E 1984 (A.I) 


16. Ina ДАВС, the sides AB and АС are produced and the bisectors of the exterior angles 
so formed meet in O. 


Prove that / BOC=90°—} ZA. 
17. The side BC of a triangle ABC is produced to D ; bisectors of the angles ABC and ACD 
meet at P, prove that 
ZBPC=} / ВАС. 


12.5. EXTERIOR ANGLES ОЕ A TRIANGLE 


If the side BC of a triangle ABC, is produced 
to form ray BD, then г ACD is called an exterior 
angle of A ABC at C and is denoted by 


ext. Z ACD. 


With respect to ext. Z ACD of AABC at C, 
the angles A and B are called remote interior 
angles or interior opposite angles. 


If side AC is produced to form ray AE, then 
ZBCE is also an exterior angle of A ABC at С. 


Observe that / ACD and / BCE form a pair 
of vertically opposite angles and they are equal. 


Angles A and B of AABC are also interior 
opposite angles with respect to ext. / BCE. 

Thus, at each vertex of a triangle, there are two exterior angles of the triangle and these 
two angles are equal. 


Ў Let us prove the relation between an exterior angle of a triangle and its interior opposite 
angles. 


THEOREM—9 


If a side of a triangle is produced, the exterior angle so formed is equal to the 
sum of the two interior opposite angles. 


A 


B Gasp: 
Given : А triangle ABC. 
Toprove : /ACD=/ A+ ZB. 
Proof — : /CAB, / ABC and / BCA are the angles of A ABC. è 
<> 2САВ--2.АВС-- / BCA—180?. 
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Also ZBCA+ ZACD=180°. (Linear Pair Axiom) 
Then ZCAB+ZABC+ Z BCA= / ВСА+ ZACD $ 
2. ZCAB+ Z ABC— / ACD 
ie., LACD— ZA+ ZB. 
Proved 
From this result, it is clear that 
ZACD> ŻA апа ZACD> / B. 


Thus, an exterior angle of a triangle is greater than either of the interior opposite angle. 


2 Such a result which is an easy consequence of a theorem is called a corollary of that 
theorem. 


EXERCISE—12 (e) 
(Section—A) 


1. An exterior angle of a triangle is 115°, and one of the interior opposite angles is 35°. 
Find the other two angles of the triangle. 


2. Inthe given figure, Z 4CD—124? -and 
2.АВС-- 36°. 


Find the measure of / ВАС. 


SA 240 


B с D 


3. ABCisatriangle in which BC is produced to D ; CA is A 
produced to Е DCA=108° and 2 EAB=124°. 


Calculate / ABC. 


4. Ifthe sides of a triangle are produced in order, the 
sum of the exterior angles so formed is equal to four 
right angles. Prove it. 
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. to ray BD, The bisector of / BAC meets 
- side BC in Е. 


- Prove that / ABC+ / ACD—27 АЕС. 


The sides BA and BC of the AABC are 
produced to D and E respectively. 


Prove that Z DAC+ Z ЕСА:>180°. 


B 


(Section—B) 1 
If the base of any triangle is produced both ways, show that the sum of the two exterio E. 
angles minus the vertical angle is equal to two right angles. 1 


If the base of a triangle i is produced both ways, prove that the sum of the two exterior | 
angles so formed exceeds two right angles by the angle at the vertex. 3 


In the triangle ABC, the bisectors of the 
exterior angles В and C meet at 0. 


Given / BAC=60°, and / ABC=70°. 
Find 2 BOC. 


The side BC of a triangle ABC is produced 
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Section—C 


10. Ina triangle ABC, the sides АВ and AC are produced and the bisectors of the exterior 
angles so formed meet at the point O. 


Prove that ZBOC=90°--3ZA (C.B.S.E., 1981 (444) 
12.6. QUADRILATERAL 

Here A, B, C, D are four distinct points in a plane such 
that no three of them are collinear and line segments AB, BC, c 
CD and DA do not intersect except at their end points. D 


The plane figure so formed is called the quadrilateral 
with vertices A, B, C and D. It is denoted by quad. ABCD 


The four segments AB, BC, CD and DA are called 
the sides, the four angles, / А, / В, / C and ZD are the 
angles of the quadrilateral. 


^ B 
с 
The segment which joins the opposite vertices of a 
quadrilateral is called a diagonal. 
Here segments AC and BD are the diagonals of the 
quadrilateral ABCD. 
4 D 
A quadrilateral has two diagonals, 
A B 


Let us now prove the angle sum property of a quadrilateral. 
THEOREM—10 


The sum of the four angles of a quadrilateral is 360°. 


с 


Сіуеп : Quad. ABCD. У 
To prove ‚ LAF LB+LC+ LD=360". 
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Construction : Draw diagonal AC. 


Proof : In A ABC, . 
Z.CAB4- Z B+ / ВСА= 180° [Angle sum Property of a triangle 
In AADC, 
ZCAD+ Z.D4- Z.DCA—180? [Angle sum Property of a triangle 


LCAB+ Z.B4- ZBCA+ LCAD-- Z.D4- ZCDA=180°-+ 180° 
or, (ZCAB+ Z CAD)-- ZB+(BCA+ ZDCA)+ ZD=360° 
or, LA+ZB+LC+ZLD=360° Proved. 


EXERCISE—12 ( f) 
(Section—A) 
1. Three angles of a quadrilateral are respectively equal to 110°, 50° and 409. Find its 
fourth angle. З 


2. Three angles of а quadrilateral are respectively 100°, 55° and 829. Find the fourth 
angle. 


3. Find each angle of a quadrilateral, if its angles are іп the ratio of 3: 4:5: 6. 


In a quadrilateral ABCD, the angles A, B, C and D are in theratio 1:2:3:4. Find 
the measure of each angle of the quadrilateral. 


(Section—B) 
D 
5. The sides BA and DC of quad. ABCD Tx, 2 
are produced as shown in the figure 


along side. (8 
Prove that Za+Zb=Zx+Zy. 


A B 


12.7. POLYGONS 


For n23, let P1, Po, Ps, ...... ‚ Ра be distinct points of a plane. If the п line segments 
PP», PaPs, РаРа,....-.Р, Рі are such that 


(i) no two line segments intersect except at their end points. 


(ii) no two line segments with a common end point are collinear, then the plane figure 
formed by n line segments Р1Рә, РгРз, РзРа, ...... „Р, Ру is called a polygon with 
vertices. Ру, Рз, Ps, ...... ay 


Each of the n line segments forming a polygon is called its side. 


The angle determined by two sides meeting at a vertex is called ап aagle of the 
polygon. 


ч Note that a triangle is a polygon of three sides and a quadrilateral is a polygon of four 
sides. | Š > 
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With reference to the number of sides the polygons are classified as follows : 


No. of sides Name No. of sides Name 
5 Pentagon 8 Octagon 
6 Hexagon 9 Nonagon 
7 Heptagon 10 Decagon 


A ploygon is said to be 

equilateral, when all its sides are equal, 

equiangular, when all its angles are equal, 

regalar, when all its sides and all its angles are equal, i.e., when it is both equilateral 


and equiangular. 
Note: ІҒа triangle is equilateral, it is also equiangular and conversely. But it is not 
so in the case of polygons. . 
A polygon Р: Рз Рз .. -· Р" is called convex, if for each side of the polygon, the 
line containing that side has all other vertices on the same side of it. : 


Observe the following polygons : 


A B В b 


Convex polygon Concave polygon 
A convex polygon can be cut by a line in two and only two points. (See above). 
A concave polygon can be cut by a line in more than two points. (See above). 
We shall be dealing with the convex polygons only and as such a polygon wherever 
used will be a convex polygon. 


The angles formed by producing the sides of a 
polygon are called exterior angles ; and to keep a distinc- 


tion the angles of the poly 
angles. 


gon are then called interior 
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Example 1: Prove that the sum of the interior angles of a pentagon is 540°. 


Given : A pentagon ABCDE. 0 
To prove : LA+ ZBt- ZC4 Z DA / Е= 540°. À 
Construction : Draw segments AC and AD joining vertex A 
to C and D respectively. C 


Proof : The pentagon is divided into triangles ABC, Е 
ACD and ADE. 


: In ДАВС, ZCAB+ / СВА+ Z ВСА 
=2 rt. angles. 


: In AACD, / DAC+ ADC+ 2. DCA 
=2 rt. angles. 


In AADE, / DAE+ ZAED+ / ЕРА 
=? rt. angles. 
Adding we get, 
(ZCAB+ ZDAC+ ZDAE)+ / СВА--( /. ВСА+ ZDCA)+(ZADC-+ / EDA) 
; + Z AED-—6 rt. angles. 
LEAB+ / СВА+ Z.DCB4- / СРЕ+ Z AED —6 rt. angles. 


Note: 540° can be expressed as (2x 5— 4) rt. angles. 
Example 2: Prove that the sum of all the interior angles of a hexagon is 720°. 


Given : A hexagon ABCDEF 


E 0 
То ргоуе : ZA+ ZB+ Z2C+ LE LET C 


Construction : Draw segment AC, AD and AE. 
Proof - : In ДАВС, Zat+ / В+ Zb—180* Е 
234 In AACD, /)--2с4-24--1807 
In ДАРЕ, Li+ Ze Zf=180° 
In AAEF, Zh+ Lg+ ZF—180* 
Adding, we have, 
Zat+ZB+ Zb- Lj Lc Ld 


TL Let f+ h+ Lg 
+ LF=n0. > A В 


or (Zat+Zj+ Zit Lh)+ LB+(Lb+ /с)+(/4+ e ary 720% 
ie, 2А-2В-/С-2р--/Е-/Е-1720% 

Note : 720° can be expressed as (2 X 6-4) rt. angles. 

Suppose ABCDEE......is a polygan of n sides (n > 3). 


By joining one vertex to the remaining vertices, the polygon is divided into (n—2) 
triangles. i 


Then, the sum of the angles of one triangle—2 rt. Zs 
2. the sum of the angles of (n—2) triangles—(n—2) . 2 rt. Zs 
с =(2n—4) rt. Zs 
Hence, the sum of the interior angles of an n-sided polygon=(2n—4) rt Zs. 
Let us now find the sum of the exterior angles of a polygon of n sides 
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At each vertex of the polygon, there is an interior angle and an exterior angle whose 
sum is 2 rt. Zs. 
There are л vertices іп an n-sided polygon. 
the sum of all the interior angles--the sum of all the exterior angles— 2n rt. Zs 
But the sum of all the interior angles of the polygon=(2n—4) rt. Zs 


the sum of ай the exterior angles of the polygon=2n rt. Zs—(2n—4) rt. Zs 
=4 rt. 7 s. 


Hence, the sum of the exterior angles of a polygon is 4 right angles 


Learn the following corollaries : 
Corollary 1. Each interior angle of a regular polygon of n sides is equal to 


( a )= Zs or ( d ) «90°. 


Corollary 2. Each exterior angle of a regular polygon of п sides is equal to art Zs 
n 


pM 
о(--1).- 
п 
Example 1. Find the number of degrees in each exterior angle of a regular pentagon. 
Solution: Number of sides in a regular pentagon (n) 5. 
Each exterior angle of a regular pentagon— 3807. 
. 272». А 

Example 2. Find the number of degrees in each interior angle of a regular octagon. 
Solution: Number of sides in a regular octagon (7)—8. 


Each interior angle of a regular octagon—( 2.4 же 


2x8—4 
-( 224) x90 


=135°. 


EXERCISE—12 (g) 
(Section—A) 

1. А regular polygon has exterior angle of Же» 
Find in terms of x, 
(a) the measure of an interior angle of the polygon ; 
(b) the number of sides of the polygon. 

2. Find the number of degrees in each exterior angle of a regular, 
(a) hexagon, (b) octagon, (c) decagon, (d) dodecagon. 

3. Find the number of degrees in each interior angle of a regular, 
(a) pentagon, (b) hexagon, (c) decagon, (d) dodecagon. 

4. Find the number of sides of a regular polygon whose each exterior angle is 
(a) 120°, (b) 20°, (c) 24°, (d) 40°. 
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13. 


14. 


Each exterior angle of a regular polygon is 36°. Find the number of sides of the 
polygon. 
! (Section—B) 

Find the number of sides of a polygon each of whose interior angles is 

(a) 144°, (b) 150°, (c) 160°, (d) 162°. 

Find the number of sides of a regular polygon if each of its interior angles is 135°. 


ABCDE is a regular pentagon. The bisector of ZA of the pentagon meets the side CD 
іп M. Show that / AMC=90°. €: 


The angles of a pentagon are x°, (x—10)9, (х4-20)9, (2x—44)° and (2x—70)°. 
Calculate x. 
How many sides has a polygon, if the sum of all the interior angles is 
(a) 12 rt Zs, (b) 18 rt. Zs, (c) 26 rt. Zs. 
The sum of interior angles of a polygon is 14409. How many sides has this polygon ? 

; (Section—C) 
The exterior angle of a regular polygon is one-third of its interior angle. How many 
sides has the polygon ? 


The sum of the interior angles of a polygon is three times the sum of its exterior 
angles. How many sides has it got ? 


If the angles of a pentagon, taken in order аге іп the ratio 4 : 8: 6 : 4: 5, prove that 
two pairs of sides are parallel. 
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REVIEW EXERCISE—XI 
(Section— A) 


1. Fill in the blanks to make the following statements true : 


(a) 
(b) 
(c) 
(4) 
(е) 


o 


(g) 


(h) 


If a ray stands on a line, then the two adjacent angles so formed are... 

[C.B.S.E., 1979 (А.1.)) 
If a transversal intersects two parallel lines, then the interior angles on the same 
side of the transversal are ..... [C.B.S E., 1979 (А.1.)) 
If a transversal intersects two lines in such a way that alternate angles in any pair 
are equal, then the two lines are ..... [C.B.S.E. 1980 (4.1.)) 
Lines which are perpendicular to the same line аге...... to each other. 

[C.B.S E. 1983 (А.1.)] 


Two lines which are parallel to the same line аге...... to each other. 
[C.B.S.E., 1979 (Delhi)] 


с 
D 
In the figure, if / DOC=70°, then 
ZAOC+ ZBOD=...... 
[C.B.S.E., 1980 (Delhi) A о D 
с 
In the given figure, if AOB is a line, 
then х=...... 
A 0 B 


[C.B.S.E., 1984 (A I.) 


In the figure, if / х= Zy, 
then lines AB and CD аге...... 


(С.В.5:Е., 1582 (А.Г) 
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11. 


12. 


(i) In the figure, if ray CP is parallel to segment 
AB, ZBAC=40°, and 
ZPCD=65°, then L АСВ=...... 


[C B.S.E., 1980 (Delhi)] 


B с р 


How many diagonals has (a) a pentagon, (b) a hexagon ? 
(Section—B) 

An angle is 14° more than its complement. What is its measure ? 

Prove that sum of the four angles of a quadrilateral is 360°. 

Of the three angles of a triangle, one is twice the smallest and another is three times the 

smallest. Find the angles. 

A triangle ABC is right-angled at 4. АР is drawn perpendicular to side BC. Prove 

that Z BAP— / ACB. - 

(а) If one angle of a triangle is equal to the sum of the other two, show that the 
triangle is a right-angled. 

(b) If one angle of a triangle is greater than the sum of the other two, show that the 
triangle is obtuse-angled. 

(c) If one angle of a triangle is less than the sum of the other two, show that the 
triangle is acute-angled. 


In the figure, the bisectors of / ABC 
and ZACD meet each other at E. 


Prove that / CEB—47 A 


. [C B S E., 1982 (Delhi 
[ ( el ІЛ 8 С D 
(a) Is an equiangular polygon always equilateral ? 

(b) Is an equiangular polygon regular ? 
“(с) Is an equilateral polygon regular ? 

In a convex hexagon, the sum of the interior angles is equal to twice the sum of the 
exterior angles. 

Prove that the interior angle of a regular pentagon is three times as great as the exterior 
angle of a regular decagon. 

1 (Section—C) 
Show that if the arms of one angle are respectively parallel to the arms of another 
angle the two angles are either equal or supplementary. 
Пп 
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CONGRUENCE OF TRIANGLES 


13.4. CONGRUEN:Y 


Study two photographs developed from the same negative or two pictures printed 
from the same block. You will see that they are exactly alike in size and shape. 


Put a carbon paper between two sheets of paper. Draw a figure on the paper at the 
top You will get a carbon copy of the same on the other sheet. Compare them. The two 


figures are exactly alike in size and shape 
Figures that are exactly alike in size and shape are congruent to each other. 


. Two figures are said to be congruent or equal inall respects when they can be made 
to coincide with each other by superposition. (Congruency is the noun form of congruent). 


(a) c 
d ——Ó th / н 
B A 


A 8 с 


You may recall that congruent segments are segments which have the same measure. 
Thus АВ = BC is read “Segment AB is congruent to segment ВС". 


(6) 
A 
: Е Е 


B с 


Congruent angles are angles which have the same measure. Thus LABCa / DEF 
because the measure of each is the same. 


(217) 
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Remember that when we speak or write equal segments or equal angles we mean 
segments or angles whose measures are equal. The segments and angles, strictly speaking, are 
congruent. 


13.2. CONGRUENT TRIANGLES 


The shape and size of a triangle depends on its six elements, namely its three sides and 
three angles. We, therefore, define the congruence of two triangles in terms of the congruence 
of their sides and angles. 


Let us consider any two triangles 4BC and DEF in the same plane. Each triangle is 
determined by three vertices, it is possible to establish a one-to-one correspondence between 
the vertices of two triangles. 


саха 
B ER Б F 
If we write ABCDEF, then we mean that A 


corresponds to D, B to E, and C to Е. As a result of A В С 2 ОЕ Р 
this we get. , 


Side AB«e»side DE, side BC«e»side EF, and side 
САвәѕійе FD. 


Also, Z A/D, /Ве/Е and / CeZF. It 
can be easily remembered by using arrows to indicate 
correspoding vertices Parts that correspond are called 


corresponding parts. 


Two triangles are congruent if and only if corresponding sid 
and corresponding angles are congruent. emt 


p : 
эр ^ ғы 


Consider the two triangles ABC and DEF. We see that 
AB=DE, AC=DF, BCezEF 
and LA=ZD, / Ве ZE, (Ce /F 


We say that two triangles ABC ‘and DEF are congruent. Symboli i 
US as са 5 ца? notation shows the correspondence ABCes DEF, em шин able 
«ӘЖ, We see that congruent triangles have the same size and sh 2 2 
placed in similar positions in the same plane, Pe атак 
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i The definition of congruence of triangles and the above notation lead to the following 
results : 


(i) | AABCe AABC 
(ii) If AABC= ADEF, then ADEF= A ABC 
(iii) If AABC A DEF, and ADEF=APQR, then ЛАВСе APOR. 


The definition of congruence states that two triangles are congruent if and only if all the 
six elements of one triangles are congruent to corresponding six elements of the other 
triangle. However, it may be true that we may require 


fewer than six elements to be congruent Le., if certain A 
corresponding parts are congruent, the remaining parts must 
be congruent. г 


Two sides of a triangle are said to include an angle 
if the vertex of the angle is the common end point of each 
side. Sides AB and AC include angle A. Two angles are said 
to include a side if their vertices are end points of that side. 
1 B and ZC include side BC. 

B 1080 

What are the least possible conditions to ensure the congruence of two triangles ? 

If three properly chosen elements out of six elements of one triangle are congruent to 
their corresponding elements of the other triangle, the remaining three elements are 
automatically congruent to their corresponding elements. 


Our first result of this kind is an axiom which is stated below : 
SAS—CONGRUENCE AXIOM 


If two sides and the included angle of one triangle are congruent to the 
corresponding sides and the included angle of the other triangle, the two triangles 


are congruent. 


We refer the above as the side-angle- A 5 
side (briefly written as SAS) for congruency 
of two triangles. 
Ша” 
Неге AB=DE, AC=DF and 
AszZD Ч, 
2 Ае. Ё SR IN 
Measure the remaining elements of the 8 C E Ё 
` triangles and compare them. 
ВС--.....; {В= 41 LC... 
ЕЕ--...... ч LBS ices LE= en 


We find that ВСе ЕР, / B= E and Се Е. 
Thus, Л АВС is congruent to ADEF i.e., AABC= A DEF. 


We give now an application of the SAS congruence axiom as a theorem. 


THEOREM 11 


i f a triangle are nal, the angles opposite to these sides sre 
Lx cap к. нь (C.B.S Е., 1983 (Delhi)) 


equal. 
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Given : ДАВС in which AC=AB A 
To prove : / АВС / ACB. 
Const. : Drawray AD, the bisector of Z BAC, intersecting 
side BC in D. 
Proof : In AABD and AACD 
AB=AC (Given) 
AD=AD (Common) 


incl. Z BAD=incl. / CAD (Construction) 

40 ДАВре AACD (SAS, congruence Axiom) 

4 LABD= Z ACD (Corresponding parts of 

or /АВС-/АСВ congruent triangles). 
Proved 


о 
[e] 


Example : In the figure, if AB=3 cm, AC=3 cm and / А--509, 


then find the measure of / B. 


nee 


A 
Solution: Неге 4B=AC=3 cm. 

Angles opposite to equal sides are equal. 

ZABC= / ACB 
The sum of the angles of A ABC is equal to. 1809, 
8 ZABC+ 2. ACB+ /.ВАС--1809 
or ZABC+ 7 ABC+50°=180° 
or 2 LABC=130° 9 9 
2.АВС--659 
EXERCISE—13 (a) 
(Section—A) 

In ДАВС, if 7 A=100° and 4B— AC, find Z Band / С. 
The vertical angle of an isosceles triangle is 50°. Find the base angle. 


If the base of an isosceles triangle is produced both ways, show that the exterjor angles 
80 formed are equal. 


Show that each angle of an equilateral triangle is 6C9. 
A 


In the figure, it is given that AB=AD, BC=CD, | D 22 B 


ZBAD=100°, and / DBC=50°. 60/7 
Calculate / ADC and / BCD. 


[o 


Two isosceles triangles ABC and DBC are drawn on the same side of the same base ВС. 
Prove that ZABD= / ACD. 


10. 


п. 
12. 


13. 


14. 
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Two isosceles triangles ABC and DBC are drawn on opposite sides of the same base BC. 
Prove that / ABD— / ACD. 

(Section—B) 
Each of the base angles of an isosceles triangle is (a) twice, (b) one-third of the vertical 
angle. Find allthe angles. à 


The vertex angle of an isosceles triangle is one-fourth of a base angle. How many 
degrees are in each angle ? 


Prove that the bisector of the vertical angle of an isosceles triangle bisects the base at 


right angles. 
Prove that the medians bisecting the equal sides of an isosceles triangle are equal. 
In a triangle ABC, AD bisects / ВАС and AD=DC. If ZBDA=76°, calculate 
ZACD and Z ABD. 
(Section—C) 


In the given figure, ABC is an isosceles 
triangle with AB equal to AC. AC is 
produced to point Dand CE is drawn 
parallel to BA. If ZCBA=52°, find 
ZDCE. 


Prove that the external bisector of the vertical angle of an isosceles triangle is parallel 
to the base. 


THEOREM—}2 
(ASA—Congruence Theorem) 


If two angles and the included side of one triangle are congruent to the 


corresponding angles and the incladed side of the other triangle, the two triangles 
are congruent. 


We refer the above as the angle-side-angle theorem (briefly written as ASA) for 


congruence of two triangles. 


A D 
P 
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Given  : In AABC and ADEF 
LABC-— Z DEF 
4 BCA— / ЕЕ” 
and side BC=side EF 
To prove : AABCe ADEF 
Proof  : If ABEDE then A АВС is congruent to Л DEF by SAS criterion and the theorem 
is proved. 


Suppose АВ»-РЕ and let AB be less than DE. 
Take a point Pon DE such that EP=BA. Join PF. 
In AABC and APEF 


side AB=side PE (Supposed) 
side BC=side EF . (Given) 
Incl. ZABC=Incl. Z PEF (Given) 
AABC= A PEF (SAS-Axiom) 
Hence Z ВСА= / EFP (Corresponding parts of congruent triangles) 
But /8СА-2ЕЕР (Given) 
A ZEFP= / ЕЕ” 
which is impossible unless ray FP coincides with гау FD ог Р coincides with D. 
AB must be equal to DE. 


Hence AABC= ADEF. 
In the same way we can prove that ДАВС is congruent to ADEF, when AB> DE. 
Hence, in all cases, AABC& ADEF. 

In the above theorem (ASA), the side should be included between two angles. But it 


is not essential that the two given angles should be adjacent to the given side Any two angles 
of one triangle may be equal to any two angles of the other. 


Кіп As ABC and DEF, ZA=ZD, / В= LE and BC— EF, then also the triangles are 
congruent. When / А= Z D and Z B— / E, then /С- ZF, being the remaining angles of 
the triangles. We can state this result as under : 


If any two angles and a non-included side of one triangle are эрж to the 
corresponding angles and side of another triangle, then the two triangles are 
congruent. ; 


We refer to the above as the angle-angle-side theorem (briefly written as AAS) for 
congruency of two triangles. 


Using the ASA criterion of congruence, we can now prove the converse of theorem 11. 
THEOREM 13 
(Converse of Theorem 11) 


If two angles of a triangle are equal, the sides opposite to them are equal. 
қ [C.B.S.E., 1980 (Delhi)} 


Given 


To prove : AB=AC 
Const. : Draw ray AD, the bisector of / ВАС, intersecting 


Proof 


Corollary : An equiangular triangle is also equilateral 
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: AACB in which ZACB= Z ABC. 


BC in D. 
: In AABD and AACD 
1 ABD= ZACD (Given) 
LBAD— CAD (Construction) 


AD—AD (Common) 
AABDe&AACD (АА5--Сопвгиепсе) : 
Then AB=AC (Corresponding parts B С 
of congruent triangles.) 


Proved 


EXERCISE—13 (b) 
(Section—A) 

If the base of a triangle is produced both ways and the exterior angles so formed are 
equal, show that the triangle is isosceles. т 
If from any point on the bisector of an angle, a line is drawn parallel to one arm of the 
angle, prove that the triangle so formed is isosceles. 
In an isosceles triangle, a line is drawn parallel to any one ‘side. Prove that the new 
triangle formed is also isosceles. 
If the external bisector of an angle of a triangle is parallel to the side opposite to the 
angle, prove that the triangle is isosceles. 


(Section—B) 
D с 
P 
In the figure given alongside, 4D— BC, AC- BD. 
Prove that PAB is an isosceles triangle. 
A 8 


їл AABC, the bisectors of 28 and / С meet at P. Through Pa line MPN is drawn 
parallel to ВС. Prove that MN=BM+CN. 


\ A 
If the bisector of the vertical angle of a triangle bisects the 
base, prove that the triangle is isosceles. 
Hint. Produce AD to E so that DE=AD. Join EC. 
AABD=ADCE B D (9) 
* LE- ZBAD— ZCAD 
5 AC=CE=AB 
E 


We now give a criterion of congruence involving all the three sides of triangles. 
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THEOREM 14 
(SSS—Congruence Theorem) 


If three sides of one triangle are congruent to the corresponding sides of the | | 
other triangle, the two triangles are congruent. 

We refer the above as the side-side-side theorem (briefly written as SSS) for congruence 
of two triangles. 1 


А a D 


B С Е F 
у wi G 
Given = :In  AABC and ADEF 
vum AB=DE 
BC=EF 
and CA=FD 
To prove AABC= A DEF 
Construction : Suppose BC is the longest side. 
Draw segment EG such that 
=АВ 
and /ЕЕС=/ СВА i 
Join GF and GD. yf D © 
` Proof :In AABC and AGEF 
5 АВ--СЕ (Construction) 
% i t BC= EF (Given) 
^ Ша, ZCBA=Incl. ZFEG ^ (Construction) : 
AABC= AGEF (SAS—Congruence Axiom) 
Then ZBAC= / ЕСЕ (Corresponding parts of congruent triangles) 
and CA=FG - 4 ! 
Now AB=GE (Construction) 
3 But AB—DE (Given) 
Эа РЕ= СЕ 
Similarly FD=FG _ 
In ADEG, DE=GE (Proved above) 
ZEGD= / Ерб (Opposite angles to equal sides) 
In A DFG, FD=FG (Proved above) 


ZFGD= / Ерб (Opposite angles to equal sides) 
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<. LEGD4- LFGD= LEDG+ / Ерб 
ie,  LEGF=ZEDF 


But LEGF- / ВАС (Proved above) 
LBAC= / ЕРЕ 
Now іп ДАВС and ADEF 
AB=DE (Given) 
CA=FD (Given) 
Incl. Z BAC=Incl. Z EDF (Proved-above) 5 
AABC= ADEF (SAS-Congruence Axiom) Proved 
THEOREM 15 


(RHS—Congruence Theorem) 


If the hypotenuse and a side of one right triangle are congruent to the 
corresponding hypotenuse and the side of the other right triangle, the two triangles 
are congruent. 


A B «D S we E G 


We refer to the above as right-hypotenuse-side theorem (briefly written as RHS) for 
congruence of two right triangles. . 
Given : In AABC and ADEF 
2.В--/. Е=90° 
BC=EF ^ 
and hyp. СА--һур. FD 
fo prove - AABC= ADEF 
Construction : Produce DE to G so that EG=AB. 
Join GF. 
Proof : In AABC and AGEF 
AB=GE (Construction) 
BC=EF (Given) 
Incl. Z 4BC=Incl. ZGEF (Each equal to 90°) 
AABC= AGEF (SAS-Congruence Axiom) 
Then LA=LG (Corresponding parts of congruent triangles) 
and CA=FG 
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But ‚ CA=FD (Given) 
УУ FD=FG 
In ADFG, FD=FG (Proved above) 
38 ZG=ZD (Opposite angles of equal sides) 
Then 14-40 (/.А- ZG proved above] 
Now in ЛАВС and ADEF 
24-10 [Proved above] 
ZB=ZE [Given] 
v ZC=/F [Remaining angles of the triangles] 
Again in AABC and ADEF 
BC=EF [Given] 
CA—FD [Given] 
and Incl. Z C—Incl. ZF [Proved above] 
Жы AABCe ADEF [SAS-Congruence Axiom] 
Proved. 


We have learnt that two triangles are congruent when the following three parts in each 
are congruent : 


(1) Two sides and included angle (SAS)—Axiom (Page 212) 

(2) Two angles and included side (ASA)—Theorem 12 (Page 214) 

(3) Three sides (SSS)—Theorem 14 (Page 217) 

(4) Right angle, hypotenuse and a side (RHS)— Theorem 15 (Page 218) 


Two triangles are not necessarily congruent when any three parts of one are congiuent 
шаа three parts of the other. These three parts must be taken in one of the ways described 
above. 


If the pupils of a class are asked to draw a triangle, having given one of the above sets 
of conditions, each pupil will draw a triangle. 


There will be as many triangles as there are pupils. All the triangles will have the 
same shape and same size and any two of them will be congruent. They are not different 
triangles but different copies of the same triangle. 


It the pupils are asked to draw a triangle, having given its three angles, the triangles 
drawn by the pupils will have the same shape but their sizes will be different, No two of 
them will be congruent except by chance. Yet all triangles will satisfy the given conditions. 


. _ This is so because nothing is said about any side. Even if two angles are given, the , 
third angle is at once known by calculation, This set of conditions in effect reduces to only 
two angles being given. A third independent part is necessary and its must be a side. Hence 
we get the following result : \ 


: à If three angles of a triangle are congruent to the three angles of another, each to each, 
the triangles may or may not be congruent. 
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EXERCISE—13 (c) 
(Section—A) 


1. Statethe reason why the triangles shown in each case are congruent and 
remaining congruent parts. 


D : A 
E am 
Je LE B C 

, 3 (ОЙН 
Ж. 
Y 7 Q R 


name the 


P Q A B 
R с 
А 


(4) xy c 
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2. Name the congruent triangles in each figure and state why they are congruent. 


A 
$ P » Q 
: 4 2 
R S E F 
N T 3 
1 PS] , 
R S 
A 
ZA : 
B с 
(Section—B) 


3. Two segments PR and QS bisect one another at M. РО and RS are joined. Prove 
that APMQ= ARMS. 


4. Prove that any point on the perpendicular bisector of a line segment is equidistant from 
the ends of the line segment. 


5. - a that any point on the bisector of an angle is equidistant from -the arms ofthe ~ 
angle. 

6. If the bisector of the vertical angle of a triangle is perpendicular to the base, prove that 
the triangle is isosceles 


7. Тһе bisectors of the base angles B and C of an isosceles triangle ABC meet in O. Prove 
that ray АО bisects / A. 


8. Show that the perpendicular from the vertex to the base of an isosceles triangle bisects 
the base. : 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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In AXYZ, Y= ZZ, prove that ће perpendiculars from Y and Z on the opposite sides 
are equal to one another. 


(a) Pis any point in the angle ABC such that the perpendiculars drawn from P on AB 
and ВС are equal. Prove that ray BP is the bisector of angle ABC. 

(b) Бий P is equidistant from the arms of an / АОВ. Prove that ray OP bisects the 
angle. 


(Section—C) 
Two equal sides LM and NM of an isosceles triangle LMN are produced to Q and P 
respectively, so that MO=MP. Prove that LP=NQ. 
If two altitudes of a triangle are equal, show that the triangle is isosceles. 
If two isosceles triangles are on the same base, prove that the line segment joining their 
vertices bisects the base at right angles. 
Prove that the bisector of the vertical angle of an isosceles triangle bisects the base at 
right angles. 
If the three altitudes of a triangle are equal, prove that the triangle is equilateral. 
If the bisector of the vertical angle of a triangle bisects the base, prove that the triangle 
is isosceles. i 


If a line EF terminated by two parallel lines АВ and CD is bisected at O, prove that any 
other line passing through O and terminated by the parallels is also bisected at O. 


Two triangles of equal altitudes are drawn on the opposite sides of a common base. 
Prove that the line segment joining the vertices is bisected by the base. 


ABC and ABD are the same side of AB such that АС= BD and BC=AD. 


Two triangles hat 
ced to meet at Р. Prove that A APB is isosceles. 


AC and BD are produ 


In the figure alongside, OX and RX are the 
bisectors of the angles O and R respectively 
ofthe APOR. If YS LOR and XT L PQ. 


Prove that 
(a) ^XTQe AXSOQ. 
(b) PX bisects the angle P. 


Q S R 


f опе and a median drawn to one of these sides equal 


iangles have two sides 0! 4 : 
ps кай responding median, each to each, prove that the 


to two sides of the other and the co 
two triangles are congruent. 


13.3. INEQUALITY RELATIONS IN A TRIANGLE 


shall now study some inequal 


ealing with congruency of segments, angles and triangles. We 


ҮЕЭ 
So far ee rae ity relations between the sides and angles of a triangle, 


. THEOREM 16 


If two sides of a triangle are unequal, the longer side has the greater angle 
opposite to it. : i 


A 
D 
B С 
Given : In AABC, AC> AB, 
To prove : С ABC» Z ACB. 
Construction : Mark point D on AC such that 40= 48. Join BD. 
Proof : In AABD, AB= AD {Construction} 
ZADB= ZABD [Angles opposite to equal sides) 
But / ADB is an exterior angle of A BDC. 
ZADB> Z DCB [Exterior Angle Theorem] 
i.e. LADB» / АСВ 
Then /АВр> /АСВ 1/ АрВ-- / ABD, proved above] 
But / ABD is only a part of / ABC. 
%% ZABC> / ABD [Construction] 
Hence Z АВС> / АСВ 
Proved. 
THEOREM 17 
(Converse of Theorem 16) "Hl 


If two angles of a triangle are unequal, the greater angle has tbe longer side 
opposite to it. $ 


4 


Given : AABC in which Z АСВ > Z АВС. 

To Prove : AB>AC 

Proof : When sides AB and AC of A ABC are compared, there are only three possibilities : 
(1) AB—AC (ii) AB<AC (iii) AB» AC 
Case (i). If АВ= АС, 
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then /АСВ=/ ABC [Opposite angles to equal sides} 
This is contrary to what is given. 

AB3EAC 
Case (ii). If AB<AC [Longer side has greater angle 
then ZABC> / АСВ opposite to it] 


This is also contrary to what is given. 

AB is not less than AC. 
Case (iii). Thus AB is neither equal to AC nor less than AC. 
So we are left with the only other possibility, namely AB> AC. 


Proved 
EXERCISE—13(d) 
(Section—A) 
In AABC, AC>AB and the bisectors of angles B and C meet at O. Prove that 
OC> OB. [C.B.S.E. 1979 (4.1.)] 


Prove that in a right-angled triangle the hypotenuse is the greatest side. 
If the base QR of an isosceles triangle POR is produced to any point S, show that 
PO<PS. 5 
In ДАВС, АВ--АС and ZC=56°. Which is the longer side, BC or АС? 

Prove that the angle opposite to the greatest side of a triangle is greater than 60°, 
If the base of an isosceles triangle is greater than each of the equal sides, show that the 
vertical angle is greater than 60°. 

(Section—B) 

AD is the altitude of Д АВС. Prove that AB+AC>2AD. 

In AABC, AB>AC ; the perpendiculars from Band Cto the opposite sides intersect 
at P. Prove that BP>CP. 

In AABC, the bisector of ZBAC meets BC in D. Prove that 4B» BD. 

[C.B.S E. 1981 (Delhi) 
In ДАВС, ZB=40°, .C— 68? ; the bisector of Z BAC meets BC in P. 
Arrange in order of magnitude PA, PB, PC. 
2 (Section—C) 

In A ABC, the bisector of ZBAC meets BC in D. If АВ» AC, prove that BD» DC. 
If two sides of a triangle are unequal, prove that the median bisecting the third, side 
makes a greater angle with the smaller side than with the larger. 

Prove that the bisector of an angle of a triangle lies between the smaller side.and the 
median bisecting the opposite side. 


THEOREM 18 
The sum of any two sides of a triangle is greater than the third side. 
D 
A 
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Given 
To Prove 


Construction 
Proof 


AABC 
(i) АВ--АС> BC 
(ii) BC+AB> АС 
(iii) AC+BC> АВ 


: Produce CA to D such that AD=AB. 


: In AABD, AD=AB 


LABD= / ADB 

But ZCBD>its part / ABD 

or ZCBD> / АРВ 

ie., ZCBD» / СОВ 

Now in ABCD, / CBD» / СОВ 
DC» ВС 

or AD--AC» BC 

or AB+AC> BC 


Similarly it can be proved that 
(ii) ВС+ АВ:> АС, 


Join BD. 
(Construction) 
(Opposite angles) 


1/ ABD= / ADB, proved above] 


[Greater angle has longer side 
opposite to it]. 


[AD=AB, Construction] 


(йі) AC+BC>AB 


EXERCISE—13(e) 


(Section—A) 


1, Can a triangle have the sides of the following lengths ? 


(a) 3 cm, 4 cm, 5 cm 
(c) 4:5 em, 77 cm, 32 cm 


(Б) 1:5 cm, 32 cm, 5'4 cm 
(d) 3:2 cm, 1°6 сіп, 24 cm 


2. Prove shat the semi-perimeter of a triangle is greater than any one of its sides. 
3. Prove that any three sides of a quadrilateral are together greater than the fourth 'side. 


4. Prove that the perimeter of a quadrilateral is greater than the sum of its diagonals. 


(Section—B) 


5. Prove that the difference of any two sides of a triangle is less than the third side. 
6. If P is a point in the interior of A ABC, prove that 


AB--AC > BP+CP 


i Hint. "Produce BP to meet side AC in D. 
гг Two sides of a triangle are 6:8 cm and 4'6 ст. Between what limits will the third side 


lie ? 


8. Prove that апу two sides of a triangle are together greater than twice the median bisec- : 
ting the third side. 
Solution. 


: AABC in which D is the mid-point of side BC. 


Given 
To Prove 


Construction : 


Proof 


: AB+AC > 2AD 


: In AABD and AECD 
BD=CD 
4р=Ер 


Produce AD to E such that DE— AD. 


Join CE. 


[Given] 
[Construction] 
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A 
с 
B D 
E 
Incl. ZADB=Incl. / EDC (Vert. opp. Zs] 
AABDex AECD [SAS-Congruence Axiom] 
Then AB=EC [Corresponding parts of 
congruent triangles] 
Nowin AACE, 
AC+EC > AE [Theorem] 
or AC+AB> AD+DE 1ЕС--АВ, proved above] 
or AB+AC > AD+AD (DE=AD, Const.) 
ie, AB+AC > 24D 
Proved 
(Section—C) 


9. Prove that in any triangle the sum of the medians is less than the sum of the sides, 
Hint : Use the result of Exercise No. 8, given above. 


10. Prove that the sum of the distances of any point within a triangle from its angular 
points is less than the perimeter of the triangle. 
Hint : Use the result of Exercise No. 6, given above. 


THEOREM 19 


Of all the line segments that can be drawn toa given line from a given point 
outside it the perpendicular is the shortest. 


P 


{ 


ES 
А ТОЕ MU 
Given  : isa line and P is a point not lying оп / and РО 11. 
A is any point on / other than Q. 
To Prove : РО<РА. 
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Proof. : In APAQ, ZQ is the right angle. 


ZA is an acute angle. [Triangle Angle sum Property] 
Then LQ 44A 
rer PA>PQ [Side opposite to greater angle] 
ie, РО<РА 


Similarly it can be proved that PQ is less than any other line segment drawn from 
P to line /. 
Hence РО is the shortest of all the line segments drawn from P to line /. 
- Proved 
While line segment PQ is perpendicular from P to line /, other line segments PA, PB, 
PC, etc., are called oblique segments. 


The distance between a line and a point not оп it, is the length of the perpendicular line 
Segment from the point to the line. 


The distance between a line and a point on it is zero. 
EXERCISE 13(f) 
(Section—A) 
1. -Prove that the perimeter of a triangle is greater than the sum of its altitudes. 


2. Two obliques OP and OQ cut AB at equal distances from C, the foot of the perpendi- 
. cular ; prove that they are equal. 
; (Section—B) 
3. Obliques OQ and OR are drawn from О to line AB. ОС is perpendicular to line AB. 
If OR cuts line AB at a greater distance from C than OQ, show that OR» OQ. 


4. Show that it is impossible to draw three equal line segments from a given point to a 
given line. 
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REVIEW EXERCISE—XII 
(Section —A) 
J. Fillin the blanks in the following so as to make each statement true. 
(a) Of all the segments that can be drawn to'a given line from a given point not lying 


on it, the .... segment is the shortest. [C.B.S.E., 1977 (А.1.)) 
(b) (ftwo sides of a triangle are unequal the longer side has the... ...angle opposite 
to it. [C.B.S.E., 1978 ( Delhi)] 


(c) In a triangle, the greater angle has a ..... side opposite to it. [C. B.S.E., 1979 (Delhi)) 


A 5 
(4) In the given figure, AB=AC and 
ZB=70°.. Then / A—...... 
[С B.S E., 1979 (А.1.)) 
: 8 с 
А 
(e) In the given figure, AB=AC and 
ZACD=115°. 
Then Z ВАС=............ 
[C.B.S.E., 1982 (A.1.)] 
бА 
бұ 
: 8 5 У 


(Section—B) 

2. In ДАВС, ZABC=ZACB=65°. Prove that BC<CA. [C.B.S.E., 1982 (А.1)) 

*. In the given figure, AD is the perpendicular bisector of segment 
BC. 


Prove that / ABD— / ACD. 
[C.B.S.E., 1977 (A.I.) ; 1981 (Delhi)) 


. Xand Yare two points on equal sides AB and AC of ДАВС such that AX=AY. Prove 
5 that ХС YB. А : 2 (C.B.S.E., 1983 (Delhi)] 
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10. 


POR isa triangle in which PO=PR. 5 and T are points on PO and PR such that OT 
and RS are respectively the bisectors of / POR and / QRP. Prove that 
у A 


TORS ASRQ. [C.B.S.E., 1979 (Delhi)] 


PQ and RS respectively are the smallest and longest sides of a quadrilateral PORS 
Prove that / О> ZS. ! [C.B.S.E., 1984 (A.1.)] 


(Section. —C) 
In an equilateral triangle ABC points D, E and F are taken on the sides AB, BC and CA 
such that AD=BE=CF, Prove that DEF is an equilateral triangle. 
In a right-angled triangle, if one angle is 30°, show that the side opposite to it is half of 
the hypotenuse. 
If two triangles have two sides of one and a median drawn to one of these sides equal 
to two sides of the other and the corresponding median, each to each, prove that the 
two triangles are congruent. 
If two sides of one acute-angled triangle are equal to two sides of another and the 
altitudes from the contained angles are also equal, prove that the triangles are 
congruent. 


14 
PARALLELOGRAMS 


141. QUADRILATERAL 


We have already defined a quadrilateral, its sides, vertices, angles and diagonals. We 
have also proved that the sum of the four angles of a quadrilateral is 360° or 4 right angles. 
We shall now define some special types of quadrilaterals and discuss some of their important 
properties. " 

First we shall learn some terms associated with vertices, sides and angles of a 
quadrilateral. 

Look at the quadrilateral ABCD shown on the C 
right. 

The vertices of a quadrilateral which are end points JUN 
of the same side are said to be adjacent or consecutive. D ^ 
Vertices which are not adjacent or consecutive are called 
opposite. Thus, A and Bare adjacent vertices arid A and 
C are opposite vertices. 

Two sides of a quadrilateral which have a common 
end point are said to be adjacent or consecutive. Two 
sides of a quadrilateral which have no common point are \ 


iu) 
said to be opposite. A B 


Thus, sides AB and AD are adjacent or consecutive and sides AB and DC are opposite. 

Two angles of a quadrilateral which include a side in their intersection are said to be 
consecutive or adjacent. Two angles of a quadrilateral which do not include a side in their 
intersection are said to be opposite. Thus, 24 and ZB are adjacent and Z 4 and ZC are 
opposite angles. 

Name the other pair of opposite vertices, sides and angles of quadrilateral ABCD. 

Also name the other pair of consecutive vertices, sides and angles of quadrilateral 
ABCD. 
14.2. TRAPEZIUM AND PARALLELOGRAM 


S R 
A quadrilateral which has a pair of opposite 
sides parallel, is called a trapezium. N 
In the quadrilateral PORS, sides PQ and SR аге para-_ 
llel to each other ; hence PORS is a trapezium. х 
Р Сыр 


(237) 
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If the non-parallel sides of а trapezium are 
equal, it is called an isosceles trapezium. 


Here AB | DC and BC—AD. 


So, ABCD is an isosceles tapezium. 


: A quadrilaterial which has both pairs of 
opposite sides parallel, is called a parallelogram. 


Here EF || HG and FG | ЕН: 
So, EFGH is a parallelogram. 5 


Е Е 
Observe that every parallelogram із а trapezium and every trapezium is a quadrilateral. 
Hence {parallelograms} C {Trapeziums} C {Quadrilaterals}. 
143. PROPERTIES OF A PARALLELOGRAM 


, You have verified by measurement the following properties of a parallelogram in your 
earlier classes. We shall now prove them with the help of congruence of triangles. 


(1) Each pair of opposite sides of a parallelogram are equal. 
(2) Each pair of opposite angles of a parallelogram аге equal. 
(3). The two diagonals of a parallelogram bisect each other. 

THEOREM 20 (a) 
The opposite sides of a parallelogram are equal. 


D С 


Given : A parallelogram ABCD i.e., 
AB | DC and AD | BC. 
To prove : AB=DC and AD—BC. 


Const. : Join BD. 
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Proof In AABD and ACDB 2 
ZABD=alternate / СОВ (АВ || DC and DB cuts them.) 
ZADB=alternate / CBD (AD || BC and DB cuts them.) 
BD—BD (Common to both) 
AABD= ACDB (ASA —congruency) 
Hence АВ= DC and (Corresponding part of congruent triangles.) 
AD-— BC 
Proved 
THEOREM 20 (5) 
The opposite angles of a parallelogram are equal. 
8 
Given : A parallelogram ABCD. 
To prove : /А=/ Сапа /В-/р 
Proof : AB || DC and DA cuts them. 
23 ZD+ZA=180° [Consecutive Interior Angles] 
Again AD || BC and DC cuts them. 
M ZD-4 ZC-180* [Consecutive Interior Angles) 
Then ZDtZ4—-ZDtZC 
4А=/С 


Similarly, it can be proved that / В= ZD- Proved. 
THEOREM 20 (c) 


The diagonals of a parallelogram bisect each other. 
3 [C.B S E., 1977 (A.1.) ; 1978 (Delhi)) 
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Given : A parallelogram ABCD whose diagonals AC and BD intersect at О. 


To prove : AO=OC and BO=OD. 
Proof : In AAOB and ACOD 


п 


ZBAO=alternate Z DCO [АВ | DC and AC cuts them.] 
Z AOB-— vert. opp. Z COD 


and AB=corresp. side DC [Opposite sides of a parallelogram) 
AAOB= ACOD [AAS—congruency] 
Hence _AO=0C [Corresponding parts of congruent triangles.) | 
.and BO—OD 


EXERCISE— 14(a) 
(Section—A) 


pon that the bisectors of any two adjacent angles of a parallelogram. are at right — 
angles. 5 : 


If be angle of a parallelogram is a right angle, prove that all its angles are right 
angles. : 


If two adjacent sides of a parallelogram are equal, prove that all its sides are equal. 
One angle of a parallelogram is 45°. What are its other angles ? 
One angle of a parallelogram is twice another. Find all the angles. 

(Section—B) : E 
D сй 


In the given figure alongside, ABCD 
is а parallelogram іп which 
ZDAB=70°, / DBC=80°. 


Calculate angles CDB and ADB. 


A 8 


If two opposite angles of a parallelogram contain (63—3x)? and (4x—7)°, find the | 


number of degrees in each angle. 
Two unequal angles of a parallelogram are аѕ:2 : 3, What are all its angles ? 


Angle A of a parallelogram ABCD is four times as large as angle B. Find the measures 
of each of the angles of the parallelogram. 


If an angle of a parallelogram is two-thirds its adjacent angle, find the angles of the 
parallelogram. 1 


(Section—C) 
ABCDis a parallelogram in which AB=2 BC and the bisector of ZA cuts DC in Ё. 
Prove that / AEB—1 rt. Z. 
Hint : DE=DA, then EC— ВС. 
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THEOREM 21 (a) 
[Converse of Theorem 20 (a)] 


A quadrilateral is a parallelogram if its opposite sides are equal. 


A B 


с 


Given : A quad. ABCD, in which 48—CD, Ар= BC. 
To prove : ABCD is a parallelogram 

Const.  : Join BD. 

Proof : In AABD and ABCD 


AB=CD [Given] 
AD=BC [Given] 
BD—BD 
AABD= ABCD [SSS-congruency] 
ZABD=ZBDC and ZADB=ZDBC [Corresponding parts of congruent 
triangles] 
Now BD intersects AB and DC such that alternate interior angles. 
ZABD=.’ BDC [Proved above 
AB | DC (1) 
Again DB intersects AD and BC such that alternate interior angles, 
ZADB= / РВС [Proved above 
AD | BC (2) 


From (1) and (2), ABCD is a parallelogram. 
- Proved 
THEOREM 21 (5) 
{Converse of Theorem 20 (Ь)] 


A qaadrilateral is a parallelogram if the opposite angles are equal. 


D б 
x 
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Given 


To prove : 
: In quad. ABCD, + 


Proof 


: А quad ABCD in which. Z 4— ZC and 7 B— 7 D. 


ABCD is a parallelogram. 


LAT В+ C LD=360° 


ог LAFLBEZATZB-990 0 | uu LL 
or 2£A+22B=360° 

LA+ LB=180°. 
Now AB intersects AD and BC such that consecutive interior angles, 

ZA+ZB=180° 

5 AD | BC 
Similarly it can be proved that 
AB | DC 442) 
From (1) and (2), ABCD is a parallelogram. 
Proved. 


THEOREM 21 (c) 
[Converse of Theorem 20 (c)] 


If the diagonals of a quadrilateral bisect each other, it is a parallelogram. 


Given 


To prove : 


Proof 


D С 
о 
А 2) 
: The quad. ABCD, with diagonals intersecting at О and having. AO=OC, 
BO=OD. 
ABCD is a parallelogram. 
:In AAOB and ACOD. 
AO=0C (Given) 
BO—OD (Given) 
Incl. ZAOB=Incl. / СОР (Vertically opposite angles) 
: AAOBS ACOD (SAS—Congruency Axiom] 
Then LABO= ZODC {Corresponding parts of congruent triangles] 
ues are alternate interior angles made by BD, intersecting 4B and DC. 
ABI DC 


Similarly, by taking AAOD and A ВОС, it can be proved that AD || BC. 
Hence ABCD is a parallelogram. 
Proved 
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| P^ THEOREM 22 
If a pair of opposite sides of a quadrilateral are equal-and parallel, it is a 
parallelogram, 2 [C.B.S.E., 1977 (А.1.) ; 1981 (A.1.) ; 1982 (Delhi)] 


Given 


To prove : 


Const. 
Proof 


е 


D C 
: A quadrilateral ABCD in which AB || DC and also 4B— DC 


ABCD is a parallelogram. 
: Join BD. 
: In ЛАВР апі ACDR 
AB=DC (Given) 
BD=BD ` (Common) 
Incl ZABD=Incl. ZCDB [AB || DC and BD cuts them forming 
alternate interior angles) 
AABD= ACDB (SAS—Congruency Axiom) 
Then | ZADB— ZCBD [Corresponding parts of congruent triangles] 
2 AD | BC [Alternate interior angles being equal] 
Thus AB || DC and (Given) 
AD | BC (Proved above) 
Hence ABCD is a parallelogram, Definition of a parallelogram, 
Proved. 


Let us sum up sufficient conditions for a quadrilateral to be a parallelogram. 
A quadrilateral is a parallelogram 


or 
or 
or 


(1) if both pairs of opposite sides are equal, 

(2) if both pairs of opposite angles are equal, 

(3) if the diagonals bisect each other, 

(4) if a pair of opposite sides are parallel and equal. 


EXERCISE—14 (^) 
(Section—A) 


1. If both pairs of opposite angles of a quadrilateral are equal, prove that the quadrilateral 
is a parallelogram. 

2. ABCD is a parallelogram, P and О are the mid-points of the sides AB and CD: prove 
that АРСО is a parallelogram. 
If two lines bisect one another, prove that their extremities form the vertices of a 
parallelogram. 
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(Section—B) 
4. Points Rand S аге taken оп the diagonal BD of a parallelogram ABCD such that 
BR=SD. Prove that the figure ARCS is a parallelogram. 
5. ABCD isa parallelogram. АВ із produced to E so that BE= AB, EF meets CB pro- 
duced at F and is parallel to СА. Prove that AF is equal to EC. 
14.3. RECTANGLE, RHOMBUS AND SQUARE 


We are already familiar with rectangles, rhombuses and Squares. These are particular 
parallelograms. Let us define rectangle, rhombus and Square as a parallelogram with a special 
property. 

A rectangle is a parallelogram which has one of its D 
angles a right angle. 


AB || DC, BC | AD and /А-іте / and consequently 
all angles are right angles. 


Thus, a rectangle is a quadrilateral in which all the four 


angles are right angles. 
A 
D с 

А rhombus is a parallelogram which has а pair 
of adjacent sides oot де 

In the parallelogram ABCD, AB=AD. Therefore all 
the sides are equal. Thus a rhombus isa quadrilateral in 
which all the sides are equal. 

: А в 


A square is а rectangle which has a pair of adjacent 
sides equal. 


Also a square is a quadrilateral in which all the four sides are 
equal and all the four angles are right angles. 


A rhombus with a right angle is a square. 


Q R 
D 
A kite is a quadrilateral which has two pairs of 
adjacent sides equal. ! А 
> In the figure AB= AD and BC=DC, С 
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Observe the diagram given below, showing different subsets of quadrilaterals and 
parallelograms, 
балин 


P n 
Trapezium тг 
Y М 
ыы Ruins 


Square 
The diagonals of a parallelogram bisect each other. This remains true for a rectangle, 
a rhombus or a square because these are also parallelograms. 
Let us review the properties of a parallelogram. 
(i) Both pairs of opposite sides are parallel. 
Opposite sides are equal. 
(ii) Opposite angles are equal. 
(iii) Diagonals bisect each other. 
They may or may not be equal. 
қ The following properties of rhombuses, rectangles, and squares follow from the pro- 
perties of parallelograms : 
(a) Properties of Rhombuses 
(i) Both pairs of opposite sides are parallel. 
All sides are equal. 
(ii) Opposite angles are equal. 
Angles are bisected by the diagonals. 
(iii) Diagonals bisect each other at right angles, 
They may or may not be equal. 
(b) Properties of Rectangles 
(i) Both pairs of opposite sides are parallel. 
Opposite sides are equal. 
(ii) All angles are equal. 
Each angle is a right angle. 
(iii) Diagonals bisect each other. 
Diagonals are equal. 
(c) Properties of Squares 
(i) Both pairs of opposite sides are parallel. 
All sides are equal. 
(ii) “АЙ angles are equal. 
Each angle is a right angle. 
Angles are bisected by the diagonals. 
(iii) Diagonals bisect each other at right angles. 
Diagonals are equal. 
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13. 


14. 


15. 


16. 


14.4. 


~ EXERCISE—14 (с) 
(Section—A) 
(a) Can you call a rectangle a parallelogram ? 
(b) Is a parallelogram a rectangle ? 
(c) Is a rhombus a parallelogram ? 
(d) Is a square a parallelogram ? 
Tn which of the following figures, must the diagonals bisect each other ? 


(a) Trapeziums (6) Parallelograms 

(c) Rhombuses (d) Rectangles. 

In which of the following figures, must the diagonals be perpendicular to each other ? 
(a) Rectangles (b) Rhombuses 

(c) Parallelograms (d) Squares. 


Prove that the diagonals of a rectangle are equal. 

Prove that the diagonals of a rhombus are perpendicular to each other. 

Prove that the diagonals of a square are equal and perpendicular to each other. 
(Section—B) 

If the two diagonals of a parallelogram аге equal, prove that it is a rectangle. 

If the diagonals of a parallelogram are perpendicular, prove that it is a rhombus. У 

If in a parallelogram, the diagonals ате «qual and perpendicular, prove that it isa 

square. 

Prove that the bisectors of the angles of a parallelogram enclose a rectangle. 


If the diagonals of a quadrilateral with no angle equal to 90°, bisect each other at right 
angles, prove that the quadrilateral is a rhombus, 
If a pair of opposite angles of a parallelogram are bisected by a diagonal, prove that it 
is a rhombus. Ё 3 
If the diagonals of a parallelogram are equal and bisect one other at right angles, prove 
that it is a square. - 
(Section—C) ; 

ABCD is a square. A is joined to a point P on BC and D is joined to a point O on AB. 
If AP— DQ, prove that AP and РО are perpendicular to са other. mue 
A transversal cuts two parallel lines at A and B. Thetwo interior angles at A are 
yii and so are the two interior angles ai В ; the four bisectors form à quadrilateral 
ABCD. 
Prove that (i) ABCD is a rectangle. 

(ii) CD is parallel to the original parallel lines. 


ABCD is a square. Prove that the straight lines joining vertices 4 and C' to the mid- 
points of its opposite sides form a rhombus, $ 


Using the various theorems on parallelograms, we shall now derive a few useful facts 
about a triangle. 

THEOREM 23 
The Цав seg ment joining the mid-points of any two sides of a triangle, is 


parallel to the third side and equal to half of it. 


[C.B.S.E., 1979 (Delhi) ; 1980 (А.1.); 1983 (Delhi)] 
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B 
Given . : AABCinwhich M and М are the middle points of the sides AB and AC 
respectively. 
To prove : MN | BC and MN=} BC. 
Const. : Produce MN to P such that ЛР= MN. 
Join CP. 
Proof  : In AANM and ACNP 
AN=CN (N is the mid-point of aC) 
MN=NP i (Construction) 
Incl. ZANM=Incl. ZCNP (Vertically Opposite Angles) 
Zr ДАММ: ACNP (SAS-Congruency Axiom) 
Ther AM=CP (Corresponding parts of congruent 
{ and LZ MAN- ZPCN triangles] 
“Ви AM=MB (M is the mid-point of AB) 
"S -МВ-СР (АМ--СР, proved above) 
Now ZMAN=ZPCN (Proved above) ` 
nut these are alternate interior angles made by AC intersecting AB and PC. 
iy AB | PC 
or MB PC 
Thus, in quad. MPCB, MB || PC and MB=PC 
-. MPCB is а parallelogram. 
Then MP BC and МР= ВС [Opposite sides of a parallelogram] 
or MN || BC and 2 MN—BC (ММ-- NP, const.] 
2 MN || ВС and ММ--%ВС. 
Proved. 
THEOREM 24 


(Converse of Theorem 23) 
The line drawn through the mid point of one side of a triangle ‘parallel to 
another side bisects the third side. 
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Given. : ДАВС in which M is the mid-point of АВ, 

- A line through M parallel to BC intersects АС іп М. 
To prove : N is the mid point of AC. 
Proof : Suppose N is not the mid-point of AC. 


Let N’ be the mid-point of AC. 
Join ММ”, 
Now in AABC, 
M is the mid-point of 4B (Given) 
N' is the mid-point of AC (Supposed) 
^ ММ | BC 
Also MN | BC (Given) 
Thus, two intersecting lines MN and MN’ are both parallel to line BC. 
This is a contradiction. (Parallel Axiom) 


2. Our supposition is wrong. 
Hence, N is the mid-point of AC. 
. Proved. 


14.5. INTERCEPTS 


3 If a transversal п intersects two lines / and m in a plane at P and Q respectively, then 
line segment РО is.called the intercept made on the transversal п by the given lines / and m. 


We can also say that lines / and m intercept segment РО on the transversal n, 
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THEOREM 25 


If there are three. parallel lines and the interce 
ts made by th 
transversal are equal, then the intercepts on any other Lulu: Mn азо на З 


`4 
/ ! 4 
А 7 
-— — Ж mate те 
22 къ 
B He ES 
<a A 7 ie 
^з 
: Y эг» 
S P r/ iF Я 
а 


Given : Three parallel lines /, m and n. 
A transversal p cuts them at A, B and C respectively such that АВ=ВС. 
Another transversal 4 cuts them at D, E and F, respectively. 


To prove : DE=EF. 

Const. : Through E draw line г parallel to transversal p intersecting lines | and n at G and 
H respectively. 

Proof : AG | BE 111 т, given] 
and АВ | СЕ [p Іт, construction] 

AGEB is a parallelogram. Ч 
Then AB=GE {Opposite sides of the parallelogram] 
Similarly, BEHC is a parallelogram, [BE ' CH and BC || EH) 
Then BC—EH [Opposite side of the parallelogram) 
But АВ=ВС ` [Given] 
GE=EH 


Now, in ADEG and AFEH 
£z DEG— / ЕЕН [Vertically opposite angles] 
ZDGE= / ЕНЕ [Alternate interior angles] 


GE=HE [Proved above] ў 
A РЕС ех AFEH [ASA—Congruency] 
Hence DE=EF [Corresponding parta of congruent triangles} 
42 i Proved 
EXERCISE—14 (d) 
(Section—A) 


1. Inthe triangle 482, D is the mid-point of 4B E is the mid-point of 4C Calculate 
DE, if BC=6 cm. Эт 
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10, 


п. 


12. 


13. 


P and Q are the mid-points of the sides 4B and AC respectively of AABC. If the 
length of segment РО is 35 cm, find the length of side BC. 


Prove that any line segment drawn from the vertex of a triangle to the base is bisected 
by the line segment which joins the middle points of the other two sides of the triangle. 


X, Y, Z are the mid points of the sides QR, RP, PQ of APQR. Show that PZXY is a 
parallelogram. 


If D, E and F are respectively the mid points of the sides BC, СА and AB of an 
equilateral triangle ABC, prove that A DEF is also an equilateral triangle. 


(Section—B) 
L, M, N are the mid-points of the'sides BC, CA and AB respectively of ДАВС If 
BC=6 cm, CA=7 cm, AB=8 cm, find the perimeter of ALMN. 


A D 


In the given figure, AB, EF and DC 
are parallel and BF— FC. 
Prove that AB—CD. 


» 


: n 
Prove that the figure formed by joining the mid- points of the pairs of consecutive sides 
of a quadrilateral is a parallelogram. 


ABC is a triangle right-angled at B. If D is the mid-point of hypotenuse AC, prove ` 
that Вр--14С. [C.B.S.E , 1984 (А.13) 


Hint: Through D, drew a line parallel to BC meeting AB in E. 


Prove that the line segments joining the middle points of the sides of a triangle divide 
it into four congruent triangles. 


(Section—C) 
Prove thát the line segments joining the mid-points of the opposite sides of a 
quadrilateral bisect each other. 
Hint: Use Exercise No, 8, given above. 


ABC is an isosceles triangle in which AB=AC ; D, Eand F are respectively the mid- 
points of sides BC, AB and CA. Prove that segments AD and EF bisect each other 
at right angles. : 


: к 

А 
In the figure, L is the mid-point of side BC 
of AABC; AL is bisected at M and BM 
produced cuts AC in P. Prove that 
AP= AC. > 


Hint : Bisect РС at N. Join LN. 


14, 


In the figure, P and О are respectively the mid- 
points of the sides 4B and CD of a parallelogram 
ABCD. 


Prove that DR=RS=SB, | [C.B.S.E., 1983 (4.1)] 


Hint : APCQ isa parallelogram, 
In ADSC, DQ— QC and RỌ || SC 
In AARB, AP=PB and PS || AR. 
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1. 


REVIEW EXERCISE—XIII % 
(Section—A) 
Which of the following statements are True and which are False ? 


Give reasons in each case. E ; | 
(a) Every rhombus is a parallelogram. | 
(b) Every rectangle is а rhombus. i 
(c) Every rhombus is a rectangle. 

(d) Every rectangle is a parallelogram. 
(e) Every square is a rectangle. З Ї 

(7) Every rhombus is a square. : 
(g) Every square is a rhombus. i 
(A) Every square is a parallelogram. Y 
(i) Every rectangle is a square. 

(j) Every trapezium is a parallelogram. 


Fill in the blanks to make the following statements true : , 
(и) The opposite angles of a parallelogram are ...... .. . (С.В. E. 1978 аллаа 


(c) A quadrilateral is a parallelogram if and only if its diagonals ..... ... each other. 


[C.B.S.E., 1980 (4.13) 


(d) Diagonals of a rhombus are ......... to each other, [C.B.S.E , 1981 (А.1.)) 

(e) The line drawn through the mid-point of one side of a triangle is parallel to another 

side ......... the third side. [C.B.S.E,, 1977 (Delhi) 
At 


(7) In the figure, if P and Q are respectively 
the mid-points of the sides 4B and AC of 


AABC,then PO—  .. cm. 
[С.В.5.Е., 1982 (Delhi)] 


рсе | с 
(в) If the length of the segment joining the mid-points of sides AB and АС of AABC 
is 7 ст, then length of side BC is ......... . [C.B.S E., 1977 (A 1)] 
What two facts may be stated about the diagonals of a rectangle ? 
What three facts may be stated about the diagonals of a rhombus ? 


What four facts may be stated about the diagonals of a Square ? 


(Section—B) E 


ABCD and ABEF are two Parallelograms on opposite sides of 4B. Prove that DCEF 
is also a parallelogram. 


ABCD is a parallelogram in which Y and Y are Points on the diagonal BD such that 
DX=BY. Prove that AXCY is a parallelogram. 


10. 


11. 


12. 
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ABC isa triangle. ınrough vertices А, B and C three lines are drawn respectively 
parallel to their opposite sides. Prove that the perimeter of the A DEF formed by 
these three lines is double the perimeter of the given A ABC. { 


Prove that the figure formed by joining the middle points of adjacent sides of a 
rhombus is a rectangle. 2 

If two parallel lines are intersected оу a transversal, prove that the bisectors of the 
interior angles form a rectangle. : 


(Section—C) 


In the given figure, ABCD isa trapezium in 
which side AB is parallel to side DC and E is 
the mid-point of side AD. If Gis a point on 
BC such that segment EG || side DC, then 
prove that EG—1(A4B4- DC). 

[C.B.S E., 198? (Delhi)) 


Hint: Join AC cutting EG at F. 
In AACD, AF=FC and EF=}DC. 
In AABC, G is the mid-point of BC. 


D с 
Prove that the line segment joining the mid-points of the non-parallel sides of a 


trapezium is parallel to each of the parallel sides and is equal to half of the sum of the 
lengths of the parallel sides. 


oo 


15 


LOCI AND CONCURRENCY 


15.1. LOCUS 
The bullock which turns the oilman's press or the sugarcane 


crusher describes a circle. e E 
Why does the bullock make a circle track 7 3 к 
It just cannot do otherwise, Its movement is restricted by ! i 

the frame to which it is yoked. The frame keeps it at a fixed dis- | ot 

tance from the central machine, " х р 
The motion of the bullock can be explained in geometrical х 2 

terms. А new term used for this purpose is "Locas". It means bee 621 

а path, or а curve or a track. lp eet 


Take a single cycle wheel, fix a brush carrying ink to the axle at its centre and roll the 
wheel along side a wall. The brush leaves a line mark on the wall at a height equal to the 
radius of the wheel. 


This is another example of a locus. 
Let us consider two more examples, 


Suppose a point moves so that it always keeps МЕЛЕ Ду ЫЕ терн учен COE 
itself at a distance of 5 cm from a given line AB. 


- If we join the various positions that it can take up ЕН ралат B 
the path will be a pair of parallel \ines PQ and RS on, 
either side of AB at a distance of 5 cm from AB, ж------------ <-> 
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A circle with centre О is given. А point moves so that it 
always keeps itself at a distance of 3 cm from the circumference. 
The point can move either inside or outside the given circle. So each 
of the two dotted circles represents the path traced out by the point 
hoc always keeps itself at a distance of 3 cm from the circum- 
erence. 


Observe that in each case, the points satisfy a certain condi- 
tion. And in each case, we have a locus of points. Thus, the path 
traced out by a point which moves subject to. certain given geometrical . 
conditions is the locus of the point. 

A locus of points is the set of all points which satisfy some given condition(s). 

Note: Plural of locus is осі (pronounce losai). 

The locus of a point need not always be a circle or it may consist of more than one line. 

In order to prove that a path (a line or set of lines) may be properly termed the locus 
of a point which satisfies a given geometrical condition, it is necessary and sufficient to prove 
two facts : 

(i) that every point satisfying the given condition lies on the supposed locus, and 
(ii) that any point on the supposed locus satisfies the given condition. 

EXERCISE—15 ф) 

(Section—A) 

A stone is tied to one end of a string. The other end is held in the hand and it is 
whirled.. What is the locus of the stone ? 
2. What is the locus of all points 3:5 cm away from a given line ? 
3. What is the locus of all the students who stand at a distance of 10 metres from the 


school flag pole ? ЭМД : í 
4. A point P moves so that its distance from a fixed line 4B is always the same. What 
5 


ка 


is the relation between 4B and the path travelled by P ? 
P isa fixed point and a point Q moves such that the distance PQ is constant. What is 
the locus of the path traced out by the point Q ? 
6. Youareaskedto place a coin so thatitis equidistant from (a) two adjacent edges, 
(b) two opposite edges of a carromboard. Where will you place it ? 
7. A point P is allowed to travel in Space. State the locus of P so that it always remains at 

a constant distance from a fixed point C. 

| THEOREM 26 


The locus of a point which is equidistant from two fixed points is the perpendi- 
cular bisector of the line segment joining the two fixed points. 
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PART—I 


Given : Two fixed points А and Band a point P which moves such that PA — РВ, 
To prove : P lies on the right bisector of AB. 
Const : Bisect AB at M. 4 
М is one position of Р. 
Join PM. 
Proof : In APAM and APBM 
РА PB (Given) 
AM—BM (Construction) 
and PM—PM (Common to both,) 
APAM= APBM SSS—Congruency-Theorem 


Then /РМА--/ PMB 

But / PMA-- / PMB—2 rt. /s 

^ ZPMA=/ РМВ= 1 tt. Ж 

ie. PMLAB 

PM is the right-bisector of AB. 

ie., P lies on the right-bisector 
` of АВ. 


(Corresponding parts of congruent triangles) 


(Linear Pair Axiom) 
(Proved above) 


[M is the mid-point of 45] 


PART—II 


(Construction) 
(Common to both) 
(PQ bisects AB at M at rt. Zs.) 


(SAS—Congruency Axiom) 


Conversely : Let Q be any point on P M, the right-bisector of AB. 
Join ОА, OB. 
To prove : QA=OB 
Proof : In АОАМ and AQBM 
AM- BM 
QM—QOM 
and incl. / АМО-іпсі. ZBMQ 
20 AQAM= AOBM 
Then QA—QB 


[Corresponding parts of congruent triangles| 


Hence, any point Q on the right-bisector of AB is equidistant from 4 and B. 


Ў Thus, the locus of a Point equidistant 
bisector of the line segment joining A and B 


from two fixed points A and B is the right- 


THEOREM 27 


ofap 


The locus of a point which is equidistant from two intersecting lines consists 
air of lines which bisects the angles between the two given lines. 


Given 
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PART—I 
: Two lines AB and CD intersecting at О. 
A point P within / BOD such that perp. PM=perp. PN. 
OP is joined. 


To prove : P lies on the bisector of the Z BOD. 


Proof 


Conve 


: In the rt./d ДРОМ апі ДРОМ 
hyp. OP—hyp. ОР (Common to both) 
side PM=sine PN (Given) 
APOM=APON . [RHS—Congruency Theorem] 
-Then ZPOM=ZPON [Corresponding parts of congruent triangles, | 
i.e., OP bisects / BOD. 
or P lies on the bisector of / BOD 
PART—II 
rsely : Let О be a point on the bisector OQ of Z AOD and QR and QS be 1 AB and 


CD respectively. 


To prove : QR—QS 


Proof 


: In the AQRO and AQSO 


rt.Z QRO—rt. / 050 (Given) 
ZQOR= / 005 (Сіуеп) 
and 00--00 ; (Common side) 
AQRO= 1050 [ASA —Congruency Theorem] 
Then 0К--05 [Corresponding parts of congruent triangles] 


i.e., О is equidistant from AB and CD. 


Thus, any point on the bisector of the angle between AB and CD is mitigat 
from AB and CD. 
EXERCISE—15 (b) 
(Section—A) 

State the locus of a point, which is equidistant from two end points ofa fixed line 
segment. 
A and B are two fixed points and a point P moves such that it is equidistant from А and 
B. What is the locus of the path traced out by the point P. 
A point P moves so that its perpendicular distance from two given lines AB and CD are 
equal State the locus of the point P. 
AB is a fixed line segment ; state the locus of the point P so that / APB=90°, 


State the locus of a point in rhombus ABCD which is equidistant from 

(i) AB and AD, and 
(ii) A and C. ; 
Several isosceles triangles are described ona given base. What is the locus of their 
vertices ? 
Seyeral Фин are drawn passing through two fixed points, Where do their centres 
lie 


A wheel is rolled on level ground in a line. What is the locus of its centre? Can you 
indicate by a rough diagram the locus of a point on the edge of the above wheel ? 
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(Section—B) 


From a given point several lines are drawn to meet another line. What is the locus of 
the middle points of all these lines ?. 


10. Оп the same base on the same side of it several triangles of equal area are described. 
What is the locus of their vertices ? 


e 


11. А man steps оп the middle rung of a ladder which leans against a wall ; the ladder 
slides down. Find the locus of his foot. 


12. Fix two pins A, B on a drawing board. Placea set Square between them so that its 
two sides touch the pins. Rotate the set-square, taking care to see that the cdpes 
always touch the pins.’ What is the locus of its right-angled corner ? 


13. ZXOY is 45°, A point P moves so that its distance from OX is greater than that from 
OY by 1cm. Find the locus of P. S 


14. ZXOY is 60°. A point P moves so that the sum of its distances from OX and OY is 
5ст. Find its locus. 


(Section—C) 


15. АРВС, AQBC and A КВС are three isosceles triangles on the same base BC, Prove that 
P, Q and R are collinear. 
Hint : P lies on the perpendicular bisector of line segment BC. 
Q lies on the perp bisector of segment BC. 
R lies on the perp bisector of segment BC. 
16. The bisectors of / B and ZC of a quaarilateral ABCD intersectin P. Prove that P is 
equidistant from the opposite sides АВ and CD 
152. CONCURRENT LINES 
Three or more lines are said to be con- 
IM lines if they all pass through the same 
point. 


22. The common point or the point of intersec- 
tion is called the point of concurrency. 


Here lines /, m and л pass through the point P, 
sol,mandn are concurrent lines. Point P is the 
point of concurrency of lines /, m and n. 


t Observe that point Р lies on each of the given 
ines. 


Draw a triangle and draw its three medians. 
Are these medians concurrent ? 


Draw a triangle and also draw the bisectors of 
its angles, 


Are these angle bisectors concurrent ? 
Draw a triangle and also draw its altitudes. 


Are these altitudes of the triangle concurrent ? 


-.. You һауе already learnt about concurrency of (/) the angle bisectors, (ii) the perpendi- 
cular bisectors of the sides, (i/i) the altitudes, and (iv) the medians of the sides of a triangle. 
We shall now. state and: prove four theorems about these cases of concurrence’ 


(124 М. 
pe" - 
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THEOREM 28 
The angle bisectors of a triangle are concurrent. 


A 


B D 


Given : ДАВС in which BI and C/, the bisectors of ZBand ZC respectively intersect at 
1. Alis joined. 

To prove : AI bisects ZA. 

Const, : Draw ID BC, IE LCA and IFL AB. 

Proof _ : J lies on the bisector of 2 8. 
Do > ID=IF (1) 
Also I lies оп the bisector of ZC. 

n ID=IE (2) 


From (1) and (2), we haye 
© IE-IF 


ie, Iis equidistant from AB and AC. 
2, Tlies on the bisector of LA. 
ie, Al bisects Z А. 
: Proved 
The point where the bisectors of the angles of a triangle moet is called the 
incentre of the triangle. 
To determine the incentre of a triangle, it is just sufficient to find the point of inter- 
section of its two angle bisectors. The third angle bisector will automatically pass through 


the same point, by virtue of the above theorem. 


THEOREM 29 
The perpendicular bisectors of the sides of a triangle are concurrent. 
(C B.S.E , 1980 (< I.)] 
A 
2”. 
с 
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Given 


To prove : 
Const. 
Proof 


tively, intersect at O. 
Also, OF 1 AB is drawn. 
OF is the perpendicular bisector of AB. 


: Join OA, OB and OC. 
: O lies on OD, the perpendicular bisector of BC. 


4 0B—OC 
Also O lies on OE, the perpendicular bisector of AC. 
52 04—0C 


From (1) and (2), we have 
OA=OB 


ie. O is equidistant from A and В. 
O lies on the perpendicular bisector of AB. 
Then OF is the perpendicular bisector. 


: AABC in which DO and EO, the perpendicular bisectors of BC and CA respet- 


W 


.40) 


[OF 1 AB) 
Proved 


. The point where the right-bisectors of the sides of a triangle meet is called 
the circamcentre of the triangle. 


To determine the circumcentre of a triangle, it is just sufficient to find the point of 
intersection of the perpendicular bisectors of its two sides. The perpendicular bisector of the 
third side will automatically pass throug! the same point. by virtue of the above theorem. 


The 


THEOREM 30 
altitudes of a triangle are concurrent. 


: AABC in which AP, BM and CN are the altitudes. 


AL, BM and CN are concurrent. 


secting at D, E and F. 
Thus A DEF is formed. 


: Through A, B and C. draw lines parallel to BC, CA and AB respectively inter- 
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Proof : AE | BC and CE || BA. [Construction] 
ABEC is a parallelogram. 
Then AE— BC [Opposite sides] 
Similarly FBCA is a parallelogram. 
Then FA=BC - [Opposite sides] 
i FA=AE [Each equal to BC] 
Then A is the mid-point of FE. 
Now, FE || BC and AL 1 BC. 
т AL LFE. 
Thus, AL is the right-bisector of side FE of ADEF. 


Similarly, BM is the right-bisector of the side FD and CN is the right bisector of 
the side DE of ADEF. 
Thus, AL, BM and CN are the right bisectors of the sides of ADEF. 
AL, BM and CN are concurrent. 
ie, the altitudes of a triangle are concurrent. 
- Proved 
The point where the altitudes of a triangle meet is called the orthocentre of 
the triangle. 
To determine the orthocentre of a triangle, it is just sufficient to find the point of inter- 
section of its two altitudes only. The tbird altitude will automatically pass through the same 
point, by virtue of the above theorem. 


THEOREM 31 


The medians of a triangle pass through the same t which divides each of 
the medians in the ratio 2 : 1. [С.В.$ E., 1982 (4.1), 1984 (Delhi)) 


A 


Given : AABC in which medians BN and CL intersect at G. 

AG is joined and produced to meet BC in M. 
To Prove : (i) BM=MC 

(1) AG : GM— BG : GN=CG: GL =2:1 
Const. : Produce AG to К such that GK=AG. 

Join BK and CK. 
Proof : (i) In ДАСК, Nis the mid-point of AC. [Given] 

G is the mid-point of AK. (Construction) 
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triangle. 


section of its two medians onlv. The third median will automatica! 
point, by virtue of the above theorem, 


1. 


GN | KC and GN=} KC 


or 86 | KC and GN—1 KC E 
In AABK, L is the mid-point of AB (Given) 
G is the mid-point of AK  * (Construction) 
LG | BK and LG=} BK. 
ог СС | BK апа LG— BK -.(2) 908 


From (1) and (2), we have 
BKCG is a parallelogram. 
Diagonals BC and GK of parallelogram BKCG bisect each other. 
Then BM=MC and GM=MK. 
i.e., M is the mid-point of BC. 
or AGM is the third median. 
i.c., the three medians of a triangle are concurrent. 


(ii) Now CM=MK (Proved above) 
or : GK—2 GM 
But © —GK—46 277 (Construction) 
Pa ‚ AG=2 GM 
он AG 2 
ог смет 6 AC ped 
Again, GN=} KC [Proved above (1)] 
=} ВС ‚ ў 2 [KC=.G, opposite side of 
parallelogram BKCG] 4 
ВС 2597 AU 
or бул 1% BG :GN=2:1 
Similarly CG: GL=2: 1 
Hence, AG : GM=BG : GN=CG :GL=2:1 


` Proved 
The point where the medians of a triangle mect is called the centroid of the 


To determine the centroid of a triangle, it is just sufficient to find the point of inter- 
ly pass through the same 


EXERCISE— 15 (с) 
(Section— A) 

(a) Cin the centroid lie outside a triangle? 
(b) Can the centroid lie on any side of a triangle ? ` 
What is the position of the circumcentre in the following cases ? 
(a) an acute-angled triangle : Р: 
(b) a right-angled triangle 
(с) ап obtuse-angled triangle. 


10 


11. 
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Does the orthocentre of a triangle always lie in its interior ? 
A 


In AABC, the medians AD, BE and 
CF pass through G. 


(a) If АС--2:4 cm, what is GD? 
(b) If ВЕ--4:5 cm, find BG. 
(c) If GF—19 cm, what is CF? 


. ; B D [9 


(Section—B) 


Can the incentre of a triangle coincide with its circumcentre and orthocentre? In 
which kind of triangle ? 


Prove that the circumcentre of a right-angled triangle coincides with the mid-point of 
its hypotenuse. 


If О is the orthocentre of A ABC, prove that B is the orthocentre of AAOC and А is 
the orthocentre of A BOC. 


If two medians of a triangle are equal, prove that the triangle is isosceles. 
(Section—C) 
If the medians of a triangle are equal to each other, prove that it is equilateral. 


Prove the internal bisector of / A and the external bisectors of Z B and ZC of ДАВС 
are concurrent. 


If O is the orthocentre of AABC, and X, Y, Z are the mid-points of 40, BO, CO 
respectively, prove that О is the orthocentre of A XYZ. 
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1. 


REVIEW EXERCISE—XIV 
(Section-—A) 


Fill in the blanks in the following so as to make each of the statements true : 


(a) The locus of a point equidistant from two given points is the.........bisector of the 
segment joining the two points. [C.B.S.E., 1977 (Delhi)] 


(b) Any point on the bisector of an angle is ......... from the arms of the angle. 
ў [C.B.S.E., 1578 (A.I.)] 


(c) Medians of a triangle pass through the same point which divides each of them in 


the ratio......... . [C B.S.E., 1980 (Delhi)] 
(d) The point at which the three altitudes of a triangle meet is called the........ of the 
triangle. [C.B.S.E., 1984 (A.1.)] 
(е) The perpendicular bisectors of the sides of a triangle pass through the........... 
point. 5 
(f) The point of concurrence of the medians of a triangle is called....... зо the 
triangle. 
(g) The bisectors of the angles of a triangle are...... бын 


What is the position of the orthocentre in the following cases : 


= 


(а) ап acute-angled triangle 

(Б). а right-angled triangle 

(c) an obtuse-angled triangle. 

(a) Is the circumcentre of a triangle equidistant from its vertices ? 
(b) Is the incentre of a triangle equidistant from its sides ? 

(c) Is the centroid of a triangle equidistant from its sides ? 


(d) Ts the orthocentre of a triangle equidistant from its vertices ? 


(Section—B) 
In AABC, the medians AD, BE and CF intersect in G. 
Prove that BE-- CF» 3 BC. 
Hint : In ABGC, BG--CG- BC. 


Yf the line segment joining the incentre and circumcentre of a triangle is perpendicular 
to a side, prove that the triangle is isosceles. 


AABC is isosceles with 48— АС. Dis the mid-point of BC. Show the circumcentre, 
the incentre, the orthocentre and the centroid all lie on line AD. 


ABCD isa parallelogram, E and F are the circumcentres of AABD and ABCD 
respectively. Prove that ВЕРЕ is a rhombus. 


- О is any point on the base of an isosceles ~ABC. Pand R are the Circumcentres of 


ФАВО and Л АСО respectively Prove that APOR is a rhombus, 


9. 


10. 


11. 
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In AABC, medians AD, BE and CF intersect in G. Prove that 
4(AD+ BE+CF)>3(AB+ BC--CA) 


Hint : Use Exercise No. 4, given above. 


Prove that the sum of any two medians of 
a triangle is greater than the third. 


Ніве: In AGCH, GC+CH> GH 
or 22 GC+GB>AG 
or $ CF+% BE» 1 AD. 


‚ (Section—C) 


The vertex B of parallelogram ABCD is joined to X and Y, the mid-points of AD and 
DC respectively, BX and BY intersect AC in P and Q respectively. 
Prove that AP-—PQ- QC. 
Hint: Join BD intersecting AC at O. 
` Pis the centroid of ДАВ”. OP=} АО. 
0 is the centroid of ABCD. 00--1 CO. 


Е 


| 16 
AREA 


161. AREA 


In lower classes, you learnt how to find the areas of rectangles, squares, triangles and 
circles. Now we shall have a closer look at the concept of area of a plane figure. 


By the area of a closed plane figure we mean the area of the region enclosed within 
its bounding lines. 
The unit of area is the area of a square region whose side is a unit of 


length. 
If the unit of length is à metre : the unit of area is a square metre ; if the ! 
unit of length is a centimetre, the unit of area is a Square centimetre. 
54-Ст 


The terms square decimetre, square decametre and square kilometre are 
used in the same sense. 
162. POLYGONAL REGIONS 


We know that a triangle is a closed plane figure И 
formed by three line segments. We аге also. familiar 8 
with the interior and the exterior of a triangle. 


A triangular region is the union of a 


triangle and its interior. 
The shaded portion along with A ABC is tri- 
angular region ABC. It is a part of the plane enclosed 
by the ДАВС, 
> Р 
2 
с 


When we talk of the area of a triangle, we 
actually describe the magnitude of its triangular 
region. 
Similarly, a rectangular region is the union of a rectangle and its interior. 


A B 
e 


B К (i) D (ii) 


; (266 ) 
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A square region is the union of a square and its interior, 


A polygonal region is the union of a finite 
number of triangular regions in a plane such that 
the intersection of any two of these triangular 
regions is either (i) empty or (ii) a point or 
(iii) a segment. 


16.3. AREA OF A POLYGONAL REGION 


There is a close analogy between the concept and properties of the area of a polygonal 
region and those of the length of a line segment. We shall now discuss the corresponding 
axioms for the area of a polygonal! region. 5 


(1) The area of a polygonal region in square metres (sq. m. orm?) or square cm 
(sq. cm or cm?) is a positive real number. 
(2) The area of a polygonal region R is denoted by ar (R). 


(3) Area Congruence Axiom: You have already learnt that two triangles are 
congruent if one can be placed on the other so as to coincide completely with it. When one 
triangle can be made to coincide with the other, the surface contained within the three sides 
of the one will coincide with the surface contained within the three sides of the other. 
Therefore, the two triangles are equal in area. Thus congruent figures are equal in area. But 
the converse of it is not necessarily true. 


Study the following equivalent figures : 


Place the AABC over the ALMN and the rect, EFGH over the rect. PORS. 


What do you note ? 
ABC and ZLMN do not coincide with each other. Therefore, they are not 
: pac but they are equal in area. Similarly, rectangles EFGH and PORS are. not 


congruent, but they are equal in area. 
ў Thus equal figures аге not necessarily congruent j.e., figures which are not congruent 
тау be equal in area. | 2 
If AABC and ADEF are two congruent triangles, then, 
ar (region ЛАВС)= аг (region A DEF) 
Note. When the figures are congruent the sign ‘=’ is used. 
When the figures are equal in area, the sign ‘=’ is used, 
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(4) If R1 and Re are two polygonal regions such that 
RiC Re, then ar (Кл)Каг (Ra) 


(5) Area Addition Axiom : If А; and Re are two polygonal regions whose intersection 
is a finite number of points and line segments and R=R1U Ra, then ar(R)—ar(R1)-- ar(Rs). 


An immediate application of congruent area axiom is the following theorem. 
THEOREM 32 
A diagonal of a parallelogram divides it into two triangles of equal area. 


D С 


А B 


Given. : A parallelogram ABCD, 
BDis one of the diagonals of parallelogram ABCD, 


To prove : ar (AABD)=er (ABCD) 
Proof : In AABD and ACDB 
AB=CD {Opposite of a parallelogram] 
DA=BC [Opposite of a parallelogram] 
BD=BD [Common] 
ЧЭ AABDz ACDB [SSS— Congruency Theorem] 
Hence ar(AABD)-—ar (ACDB) [Area Congruence Axiom] 
Proved 
164. ALTITUDE OR. HEIGHT 
The altitude or height of a parallelogram or of a triangle A 


is always with reference to a given side as base. Any"side of 
a parallelogram, or triangle can be taken as the base. 


The altitude of a parallelogram is the perpendicular 
distance between the base and the opposite side. 


In parallelogram ABCD, if AD be regarded as base, н 

НК is the altitude, and if DC be regarded as base, MN is the 

altitude. с 
Note: (1) A parallelogram has two altitudes— one for 

cach pair of parallel sides. XEM 
(2) A triangle has three altitudes—one for each vertex. D 


165. BETWEEN THE SAME PARALLELS 


Parallelograms are said to be between the same parallels when their bases are in the 
Same line and.their sides opposite to these bases are also in another line parallel to the first. 
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|р": ABCD, EFGH and EFMN are between the same parallels as their bases 4B, EF, EF 


Р Оби lis «M M Q 
— > 
3 "ХА B E F Y Meo 
К, lie on line XY and their opposite :sides DC, HG, NM lie on line PQ which is parallel to 


line XY. 
Triangles are said to be between the same parallels when their bases lie on the same line 
and their opposite vertices lie on a line parallel to the first. 


P A D в Q 


— 
M B с Е F N 


As ABC, DEF and GEF are between the same parallels because their bases BC, EF, EF 
are on the same line MN and their opposite vertices A, D, G are on the same line PQ which is 


parallel to MN. 
In the figure below APQR and |4” EHGF are between the same parallels AB and CD. 


: р 
С P E Ка b is 


R H G B 


А О 


Examine the following figures : 
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These triangles and parallelograms are within the same parallel lines. They merely 
occupy some space anywhere between two parallel lines. They are mot between the same 
parallels. ; 


The distance between two parallel lines is the same throughout their lengths. Therefore, 
if two figures lie between the same parallels, it means that they have the same altitude. 


Q 
< В pe A ——ÀM 
.---- 1 x P dd EE E AL AM 
M B H СЕ Е K N 


In the above figure As ABC and DEF lie between the same parallels MN and PQ and 
hence their altitudes AH and DK are equal. 


THEOREM 33 
Parallelograms on the same base and between the same parallels are equal 
in area. [C.B.S.E., 1980 (Delhi) ; 1981 (А.Г); 1982 (А.Т) ; 1983 (Delhi) ; 1984 (Delhi)] 
RE D E с а 


< ээ (3 
К 


\ А B N 
Given “Two | ет ABCD and ABEF on the same base AB and between the same parallels 
MN and PQ. 
Toprove: ar( || ғ" ABCD)=ar ( 1" ABEF) 
Proof  : In ABCE and ДАРЕ 
BC=AD [Opposite sides of || г” ABCD) 
BE=AF [Opposite sides of || em АВЕЕ] 
2 СВЕ= / DAF [BC | AD and BE | AF] 
ABCE= ЛАРЕ [SAS—Congruency Axiom] 


Hence ar(ABCE)— ar (ДАРЕ) [Area Congruence Axiom] 
Now ar (Quad. ABED)—ar (Qu. d. ABED) 1 
Then ar (Quad. ABED)--ar (ABCE) 
=ar (Quad. ABED)--ar (AADF) (Атса Addition Axiom] 
or ar ( | 8" ABCD)=ar ( || т ABEF) 1 
Proved X 
Note, The above theorem can also be stated as 
Parallelograms on the same base and of the same altitude are equal 1n area. 
Corollary. Parallelograms on equal bases and of the same height are equal in area. 
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ТНЕОВЕМ 34 


The area of a parallelogram is equal to the area of the rectangle on the same 
base and between the same parallels. 


P 5, 
= К D E с о 
<x — 2% ie 5 зем 

M A Bu NT 


: |І" ABCD and rectangle ABEF on the same base АВ and between the same 
parallels MN and PQ. : 


To prove : ar ( |" ABCD)= ar(rectangle ABEF ) 
Proof : In AADF and ABCE 
Z ADF-- соттеѕр./ BCE [AD || BC and DC cuts them] 


Given 


1.АЕр--ВЕС [Each is right-angle] 
AD=BC [Opposite sides of || 5” ABCD] 
AADFe ABCE [AAS-Congruency Theorem] 


Hence ar (A ADF)=ar (ABCE) [Area Congruence Axiom] 
Now ar (quad, ABED)=ar (quad, ABED) 
*. ar (quad. ABED)-+-ar (A BCE) 
=ar (quad. 4 BED)+ar (A ADF) 
[Area Addition Axiom] 


ie, ar( || *" ABCD)=ar(rectangle ABEF) 
Proved. 


Note. If ABCD be the |?" and EBCF be the Ё Ко ЯМР D 
rectangle on the same base BC and having the same 
altitude BE ; then 


ar (|| 2” ABCD) 
=ar (rect. EBCF) — BC.CF. 
area of a || ?"—base X altitude. 


EXERCISE—16 (a) 
(Section—A) 
(a) Find the area of a parallelogram whose base is 5:5 cm and altitude is 8 cm. 
(b) Find the altitude of a parallelogram whose area is 8 450 cm and base is 1:4 cm. 
Prove that the line segment joining the mid-points of two opposite sides of a parallelo- 
gram divides it into two equal parallelograms. 


1. 


2 
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3. In parallelogram ABCD, AB=8 cm. The altitudes corresponding to sides AB and AD 
are respectively 4 cm and 5 cm. Find the length of AD. 
(Section—B) 
4. Prove that the area of a parallelogram is the product of one of its.sides and the 
corresponding altitude. Ў 
5. М, Мате the mid-points of the opposite sides АВ, DC of ће | ғ" ABCD. Prove that 
ls” AMCN=} |8" ABCD, 
(Section—C) 
6. ABCD is a parallelogram. O is any point on the diagonal AC of the parallelogram. 
Show that the area of A AOB is equal to the area of AAOD. 
7. The diagonals of a parallelogram ABCD intersect in O. A line through O meets AB in Y 
and the opposite side CD in Y. Show that 
ar(quad. AXYD)==} ar ( || ** ABCD) 
Hint : AAOX=ACOY Then ar(A AOX)=ar( ACOY) 


Add ar (quad AOYD) to each, 


8. Е and Fare any two points lying on the sides DC and AD respectively of a parallelogram 


Given 


ABCD. Show that ar (A AEB)=ar (A BFC). [C.B S.E, 1978 Delhi) ; 1979 (A 1.) 
THEOREM 35 
Triangles on the same base and between the same parallels are equal in area. 


R E A D Е 5 
<a > 


————————— »- 


P B с а 
: AABC апа ADBC on the same base BC and between the same parallels РО and 
RS. 


To prove + ar(AABC)—ar( ADBC). 


Const. 


Proof 


: Through B, draw BE || CA intersecting line RS in Е. 
Through C, draw CF || BD intersecting line RS in F. 
: BCAE is a parallelogram. [BC | EA and ВЕ! CA} 
AB is a diagonal of || 2” BCAE. 
ar( AABC) —ar( A ABE) 
or ағ(ДАВС)--і ar( | ғ" BCAE) : 
BCFD is a parallelogram. [BC || DF and CF | ED] 
CD is a diagonal of |і" BCFD. 
ar( A DBC)=} arf 4" BCFD) 
|| s" BCAE and ||?" BCFD stand оп the same base BC and are between the 
same parallels PQ and RS. 
ar ( || 2” BCAE)=ar( |=" BCFD) 


or $ar(\|#" ВСАР)-4 ar( || =" BCFD) 
ie, ar( A ABC)=ar (A DBC) 
Proved. 
Corollary 1: Triangles on the same base and of the same altitude are equal in area. 


Since they are of the same altitude, they are between the same parallels. 


Corollary 2: The area of a triangle is equal to.one half the area of а parallelogram 
on the same base and between the same paralles. 


E Bi OUO A о 
---::-Б: PMID. 25% 
< Е A0 he ЕА 
M A BINA Ric 
Given : ДАВС and |4" ABDE on the same base AB and between the same parallels 
MN and PQ. 


Toprove : ar( NABC)- 3 аг( 1" ABDE) 

Const. : Complete the parallelogram ABFC. 

Proof : BC is a diagonal of || ғ” АВЕС. 
ar( AABC)=} ar( || +" АВЕС) 


|z" ABDE and || 8” ABFC are standing on the same base AB and are between 
the same parallels MN and PQ. 


ar( |" ABDE)=ar( |14" АВЕС) 
Hence ar(AABC)=} ar( | *" ABDE). 


Corollary 3: Thearea of a triangle is half the product of only one of its sides and 
the corresponding altitude. 


Hint : AM is the altitude to the side BC. 


Draw CD | ВА and AD | BC forming 
Пет ABCD 


ақ ЛАВС)=% аг Ve" ABCD) 
ақ (ат ABCD)=BC x AM. 
ar( AABC)=} . BCX AM 


274 


Corollary 4: The area of a trapezium is half the product of the height and the sume 
of the parallel sides. 


A 8 N 


D M no б 
Given : Trap. ABCD, where AB and DC are parallel and BE 1 CD. 
To prove : ar (trap. ABCD)=} (AB+CD) x BE 
Const. : Join АС. Draw АМ LCD, and CN 1 AB produced. 
Proof : ar (trap. ABCD)=ar( A DAC)+ar(ABC) 
=} .СрхАМ++} . ABXCN 
={.СрхВЕ+} .АВхВЕ [AM=BE=CN] 
=4}(CD+ AB) x BE 
=4(AB+CD)x BE 
EXERCISE—16 (b) 
(Section—A) 
A 
1, Show that a median of a triangle divides it into two 
triangles of equal area. 
[C B.S.E., 1980 (Delhi) ; 1980 (А.Т) ; 1982 (Dehli] 
Hint: Draw AP LBC. 
ar (A ABD)=} . Врх AP / 
ar (ДАСЮ)={. DC x AP T 
—iBDXxAP 5 m 
i 1 8 P D с 


2. АВС із а triangle and АР is one of its medians, | 
AABE and AACE are equal in area, 


3. Ina AABC, a line DE is drawn parallel to BC intersecting AB and AC at D 


and E respectively. If CD and BE meet at O, prove that ABOD and ACOE are.equal 
in area. 


If Eis any point on AD, show that 


4. Prove that a parallelogram is divided by its diagonals into four triangles of equal area. 
(С.В.8.Е, 1953 (Delhi)] 


5. Diagonals AC and BD of a parallelogram ABCD intersectat O. Given that AB=12 cm 
and the perpendicular distance between AB and DC is 6cm, calculate the area cf 
the AAOD, 


6. ABCD is a quadrilateral and DE is drawn parallel to 4C to intersect BC produced at a 
point E. Prove that ar(AABE)-ar(quad. ABCD) [C.B.S.E., 1983 (А.1/1 


12. 


to one side of the other, 
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(Section—B) 
А aod: Е аге апу two points lying on the side DC and AD respectively of a parallelogram 
Show that ar (A AEB)=ar (A BFC). 
ABC is a triangle in which D is the mid-point of BC and E is the mid-point of AD. 
Prove that ar (A BED)=} (Л АВС). 


. АВС is а triangle and D, Eare the mid-points of AB, AC respectively) ; prove that 


ar (A ADE)=} ar (A ABC). 
(Section—C) 

If D, E, Fare the mid-points of the sides BC, СА and AB г i 
Н нас АК 1 espectively, prove that 
ABCD is a parallelogram in which P and Q are the middle points of BC and CD > 
tively. Prove that ar (A 4PQ)=8 ar ( 12” ABCD) ic ee 
Hint : ar (A APQ)=ar (AAPB)=+ ar ( | ғ" ABCD) 

ar (ACPD)— ar ( | #" ABCD). 


Prove that the area of the parallelogram formed by joining the middle poi 
sides of a quadrilateral is half that of the quadrilateral. река 


ТНЕОКЕМ 36 


equal areas and having one side of one of the triangles equal 


Triangle having 
have their corresponding altitudes equal. 


pss E. 


Given : ДАВС and ADEF such that 


To Pr 
Proof 


ar (AABC)=ar (ADEF) 
and ВС-ЕЕ 

AM and DN are the altitudes corresponding to sides BC and EF respectively of 

the two triangles. 

ove : AM=DN 
: In AABC, AM is the altitude corresponding to the side BC. 

ar (AABC)=} BCX AM 

In ADEF, DN is the altitude corresponding to the side EF. 
ar (ADEF)=} . EFx DN 
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But ar (AABC)=ar (ADEF) [given] 
Then 4.8CxAM=}.EFx DN 
: BCX AM=BCx DN [BC=EF given] 
Hence AM=DN 
Proved 


EXERCISE—16(c) 
(Section—A) 


Prove that triangles having equal area and equal altitudes are on equal bases. 
D and E are points on sides AB and AC respectively of A ABC such that 

ar (A BCE)=ar (ABCD). 
Prove that DE is parallel to BC. 


ДАВС and ADBC are onthe same base BC with A and: D on opposite sides of BC 
such that ar(AABC)=ar( A DBC). Show that BC bisects AD. 
The bisectors of base angles В and C of an isosceles triangle АВС, meet the sides in D 
and £. Prove that DE is parallel to BC. 

(Section—B) 
If each diagonal of a quadrilateral separates it into two triangles of equal area, then 
show that the quadrilateral 15 а parallelogram. 
The diagonals AC and BD of quadrilateral ABCD intersect at O and separate the 
quad. ABCD into four triangles of equal area. Prove that quad. ABCD is a parallelo- 
gram. 


1. 


“7917 


REVIEW EXERCISE ХУ 
(Section—A) 
Which of the following statements are True and which are False. 
(a) A rectangular region is the union of at least two triangular regions. 
(b) If two triangles are congruent, they have equal area. 
(c) Parallelograms between the same parallels are of the same altitude. 
(d) Triangles on equal bases and of equal altitudes are equal in area. 
(e) The area of a triangle is equal to the area of a parallelogram on the same base and 
between the same parallels. 
(f) The area of a parallelogram is equal to half the area of a rectangle on the sam’ 
base and between the same parallels. . 


Fill in the blanks in the following so as to make each of the statements true. 


(a) Parallelograms on the same base and between same ............ are equal in area. 
[C.B.S.E., 1984 (А.1.)). 

(b) Triangles on the same base and between the same parallels are of ............ area. 

(c) A triangular region is the union of a triangle and its:..........-.. 

(d) А rectangular region is the ............ of a rectangle and its interior. 

(e) A median of a triangle divides it into ...... ....- triangles of equal area, 

(f) If two triangles are between the same parallels, they have the same ............. 

(g) The area of a polygonal region in square units 18 а............ real number. 

(h) Equal parallelograms on equal bases have the same ............ $ 


(a) How many altitudes has a triangle ? 
(b) How many altitudes has a parallelogram ? 
(a) What do you understand by the parallelograms lying between the same parallels ? 
(b) What do you mean by the triangles lying between the same parallels ? 
(Section—B) 
ABC is any triangle. A line is drawn parallel to BC to intersect AB and AC produced 
in D and E. Prove that ar (AABE)=ar( ^ ACD). 
D and E are respectively two. points on sides 4B and BC of a triangle ABC such that 
DE | AC. Pole that ar (A ABE)=ar( A DBC). [C.B.S.E., 1977 (А.І) ; 1984 А.І.)] 
'D is a trapezium in which AB | DC. Р 18 the mid-point of AD. Though P, RS 
pail а to ВС. Ргоуе that аг (trap. ABCD)=ar (| &"* BCRS). 
ABCD is a quadrilateral whose diagonals intersect in E. AC is produced to F such that 
СЕ= АЕ. Prove that ar (4 BDF)=ar (quad. ABCD) 
Hint : ar (ADCF)=ar (ADAE) 
Also ar (АВСЕ)=аг (AABE) 


E is any point on diagonal AC of a parallelogram ABCD. Through E, RSis drawn 
arallel to AB intersecting AD in R and BC in 5. Again through E, PQ is drawn 
parallel to BC intersecting АВ in О and DC in P. 


Prove that ar (| £" REPD)=ar (1 7" 0В5Е). 
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10. 


11. 


12. 


(Section—C) 
Two triangles have two sides of the one equal to two sides of the other, each to each 
and the included angles are supplementary. Prove that the triangles are equal in the 
area. 
Е, F, С and Н are respectively the mid-points of the sides AB, BC, CD and DA of a 
parallelogram ABCD. Show that quad. EFGH is a parallelogram and its area is half 
the area of the parallelogram ABCD. 


H 
A point E is taken on the side CD of 
a |ғ" ABCD and CD is produced 
to Fso that DF=CE. BE meets AD 
preduced in-G and the line through 
F parallel to AG in H. 
Prove that 
ar ( | 8" ABCD)-ar( | ғ" AGHF). 


Hint : ADFA— ACEB 
'ABEF is a parallelogram. 
анг" ABEF)=ar (|#" AGHF) 


Also ar(| f" ABCD) 
=аг(|#" АВЕЕ). 
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GEOMETRICAL CONSTRUCTIONS 


171. BASIC CONSTRUCTIONS 


You have often drawn figures while proving a theorem or its riders. Graduated ruler, 
protractor, set-squares and compasses were freely used in the process. These figures were 
rough sketches. We shall now learn how to draw a correct and accurate figure from given 
data. These constructions are to be done with a straight ungraduated edge and compasses. 
But in our practical work we use a graduated ruler and compasses. 

Every construction is completed in several steps which depend on one or more of the 
following basic constructions : 

(1) Line Construction. It is possible to construct one and only one line through two 
given points. i 

(2) Circle Construction. It is possible to construct one and only one circle in a 
plane, with its centre at a given point in the plane and radius equal to the length of a given 
line segment. 

(3) Congruent Segment Construction. Given a ray OX and a line segment AB, it 
is possible to mark a point P on ray OX such that OP— AB. 

(4) Circle Line Intersection Construction. Given a point P outside a line / and a 
line segment АВ, if the distance of P from / is less than AB, then it is possible to construct 
points X and Y on / such РХ--РҮ-- AB. 

(5) Two-Circle Intersection Construction Given two points 4 and B and line 
segments of lengths r1 and re, if 4B —r;--rs, then it is possible to construct two points P and 
О, one on either side of AB, such that РА=0А=гу and PB—QB-ra. 

Every construction consists of three parts. 

(i) Restatement. The problem may be restated to specify clearly (a) given 
(b) required. 

(il) Steps of Constraction. It is the sequence of steps that we actually take in the 
order in which they are taken to complete the construction. 

(iii! Proof. It is like proving theorems We have to show that the constructed figure 
has the properties it was required to have. 

The proof is an essential part of a construction. But, if itis not specifically required, 
it may not be provided. 

For a neat and accurate figure of a construction, the following points should be 
observed : 

(1) Always rule a line (line segment) from left to right. 


(2) Draw given figure with moderate thick line segments. 
(279) 
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Draw construction steps with fine segments. 
Draw constructed figure with thick segments or arcs. 
Auxilary lines needed for proof should be dotted. 
| (3) Pencil whether hard or soft, must be sharply pointed. 
4 (4) Before using a compass, see that its two ends (the pencil end and pin end) meet at 
a point and the joint is firm. 
ў 45), First; атама rough Sketch’ figure and mark the given’ measutements on it. Then 
plan your steps. ^ ^' 
17.2. ELEMENTARY CONSTRUCTIONS 


CONSTRUCTION—1 
To draw the perpendicular bisector of a given line segment. 


Given | ; A line segment РО. A 
Required : То dráw the perpendicular. Boyer otro 
Steps of Construction :` s 
(1) With Раз “болц and radius sedui to "iore than APO, draw. arcs on ‘both sides of 
t [1 ue. 1 1 


(2) With Q as centre and the same radius draw arcs cutting ше Кот arcs at Rand S. 


саг (3) ‘Draw не RS arid let it’ cut PO: at M. 
Then line RS i is = ше течка perpendicular bisector of line Segment ‘PO. 


n21 


svii тоў 


Proof °° 5 ора OR © (Construction) = 
TUR ы R lies on the perpendicular bisector otPQ.. НЕЕ S E iG У 
Ж Also ^ PS= 05 : Consricton) 


„5 Цез on.the-perpendicular. bisector of РО. 33873098: bf в 10 
Thus, Rand S lie on the perpendicular bisector or ГРО. 2 Bevised 
Hence, line RS is the perpendicular’ bisector ө lihé seginent PO. 001^ (1) 

Note that М is the mid-pointiof РӨ ie) РО is bisected'at-M; 7-7 FOS 
By measurement PM—MQ. 
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EXERCISE—17 (a) ds 
~~ (Section—A) XA 
1. Draw a line segment and draw its perpendicular bisector. ў 
. Given a line segment, find its mid-point, using ruler and compass. ^ °> 
3. Draw a line segment of length 5'6 cm and bisect it. Measure each part. ^ 
y (Section—B) im 
4. Draw a line segment 5'2 cm long and divide 4 ‘into [йш equal parts: Меде the 
length of each part. i сла E 
5. Draw any triangle. ) Find the V HERR of the im loin them {о form a triangle. $ 
6. Draw a line segment 4:8 cm long ; find by construction one-fourth part of it and verify 
by calculation. 


(ELT, 


(Section—C) | а сі 2 JM 
7. Find by construction the value.of 2 of 6:4 cm, 
"CONSTRUCTION--2 


To draw the bisector of a given angle. 


Given : An angle AOB. 
Required : To draw the bisector of ЕРЕ: 


Steps of Construction : : аъ sni ; 5 
(1) With O as centre and a convenient radius draw an arc ШЫ the, arm) P aL, 
and the arm ỌB at О. . T А М i ; 
(2) With centre P and a radius greater than i 
half of PQ, draw an are, Е j 
(3) With’ centre g and “the sames radius, 
draw another arc to cut the former arc 
at R. : 
(4) Draw ray OR. 
Then тау. ‘OR is the required bisector of 
ZAOB 
Proof: Join PR and QR. х quae j ёр 
In ЛОРА and AOQR = 
ОР-00 . 
со PREOR 
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OR=OR 
AOPR= AOQR [SSS-Congruency Theorem] 

Then ZPOR— ZQOR 
ie. ZAOR=ZBOR 
Hence, ray OR bisects / АОВ. 
EXERCISE—17 (b) 

(Section—A) 

Draw an angle of 70° using the protector and bisect it. 

2. Draw (a) an obtuse angle, (5) a right angle and bisect each of them. 
) (Section—B) 


3. Drawa line РО. Ata point О on it, draw ray OR. Bisect the angles POR and QOR. 
Measure the angle between the bisectors. 


5 CONSTRUCTION—3 
To draw a perpendicular to a given line at a point of it. 


Given : Aline AB and a point P on it. 
Required : To draw a perpendicular to line AB at P. 


Steps of Construction : 
(1) With P as centre and any radius draw arcs to cut AB at C and D. 
(2) With C as centre and radius more than half of CD, draw an arc. 
(3) With D as centre and the same radius draw another arc to cut the former arc at Q, 
(4) Draw a line through P and Q. 
Then ray PQ is the required perpendicular to line AB at P. 
Proof  : P is the mid-point of line segment CD . (Construction) ` 
Also CQ—DQ (Construction) 
P and О lie on the perpendicular bisector of СО: 
Hence line PQ is the perpendicular bisector of CD. 


e e 
Thus, | PQLAB i.e., ray PQ is perpendicular to line AB at Ponit. 
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EXERCISE—17(c) 
(Section—A) 
1. Draw a line segment АВ of length 5:5 cm. Mark a point P on it. Through P, draw a 
line perpendicular to AB. ! 
2. Draw a line segment AB of length 63 cm. Аға point P on AB, 2:4 cm from В, draw 
a ray PO perpendicular to it. Ч 
(Section—B) 
3. Бн a line segment AB of length 4:7 cm. At either end, draw a line perpendicular 
to Б 
Are the two lines drawn parallel ? 
4. Draw a line segment. At each end, draw а ray perpendicular to the line segment— one 
upward and the other downward. 
Are the two rays drawn parallel ? 
With the help of above constructions, we can now construct angles of measure 60°, 30°, 
: 120°, 90°, 45°, etc., using a ruler and compasses. 
CONSTRUCTION—4 (a) 
To construct an angle of 60° without using 
the protector. 
Steps to Construction : 
(1) Draw a ray OP. 


(2) With O as centre and a convenient radius, 
draw an arc cutting OP at A. 


(3) With A ав сепіге and with the same radius, 
draw an arc to cut the former arc at B. 

(4) Through B, draw ray OQ. 

Then Z РОО is the required angle of 60° 
Proof : In AAOB, OA=OB=AB [Construction] 

AAOB is equilateral. 
Hence /.РОО-- / АОВ= 60° 
CONSTRUCTION—A(b) 


To construct an angle of 30°. 
Steps of Construction : 
(1) Draw a ray OP. 


(2) Asin the previous problem 4(а) make ап 
angle POQ=60°. 


(3) Draw the bisector, ray OC of the angle 
POQ. 


Then ZPOR is the reqd. angle of 30°, 


Note. By bisecting the angle of 30°, an angle of 15° can be obtained. 
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5 E 3gmiqaobaM лә? 
(1) 
* (2)"with O as centre and any con- 


eam 


lustbnsqagq With A as centre and 


Ue a Join loC ana draw tay OY contain- | 


POE 208 


Steps of Construction : 


Зө ----- 


8 


ын 


То constract an angle of 1207. 


Then m е 


To construct an angle of 90°. LASS 


0) 


(6) 


Then / АОВ is the required angle of 90°. 


To construct an angle of 45° 
Steps of Construction X 


(1) 


G 


A 


(3) 


Then (АОС is los анал angle of 4%, ^or 


5102. 


CONSTRHSHONr-4o) 


П 


Draw а ішу OX. 


venient radius, draw an arc cuttin B 
OX at А. (97% 


пе Aa? 
draw arcs cutting the former arc 
successively at B and C. 


ing it. 


som 190880808 DUNNO CONSTRUCTION НО? 


i 


Draw a ray OA. 


centre O and with any radius, 
arc cutting OA at P. 


With centre\Q and with the same radius, > | 
draw anothé сагс cutting the А asg 
again at R. \ би 


With centres Q "and R and tiis same 
radius, as before; draw arcs intersecting j 
each óther at S. ШЕР 


Join OS-andidraw тау OB containing it. 


CONSTRUCTION—A(e) | 
(45 —MOITOU T2400 


Draw a rdy ОА. 


As in the i example, make ап... 
angle AOB=90' ; 


тау the bisector, тау OC. of the 15 9° 
angle АОВ. a 


Note. By bisecting the angle of 45°, an angle 
of 223? can be obtained. 


LAOD=224°. 


*CONSTRUCTION—4( "P 
To construct an angle of 75°. 


‘Steps of ‘Construction : ло. гш "97 ths ; He 
(1) Proceed as in problem 4 (4) and make ап angle of 90°. {ZAOB-=90° 1 
(2) Bisect / ВОС and let’ ray OD be the bisector, ii 
"Then 7 AOD is the теашгеа angle of 6093-15? ie., 755.” Y ja Sii 
CONSTRUCTION--4(g) i^ 5: 99 bos < JL. (È) 


To construct оп angle of 105°. 
Steps of Construction : iri 


(1) Proceed as ‘problem, 4 (c) апа make angle 
of 120? 


(2) Bisect the 1.ВОС and jet ray OD.. be the. | 
bisector. 


(3) Again bisect the / DOC by. тау. OF or ха 
ray OY. 


агт / XOY is the reqd. angle of 105% | 
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EXERCISE—17(c) 
1. Construct the following angles with ruler and compass only : 
(a) 135° (b) 75° (c) 1124? (d) 15° 
Trisect (a) a straight angle, (b) a right angle. 


3. Take a line segment 4В-- 3:4 cm long. At А construct an angle of 30°. Then draw 
its complement at the same point A. 


4. Construct an angle of 150° and divide it into three parts which measure 30°, 45? and 
75? respectively. 


CONSTRUCTION—5 


To draw a line segment perpendicular to a given line from a point outside it. 


Yo 
ES B 
NIS ree 
D 
” ^ 
[<M 
Ae 
A P 


Given : А line AB and a point P outside it. 
Required : To draw a line segment perpendicular to AB from P. 


Steps of Construction : 


(1) With centre P and with a convenient radius draw an arc cutting AB or AB 
produced at C and D. 


(2) With centre C and with a radius greater than 4 CD, draw an arc. 


(3) With Centre D and with the same radius, draw another arc cutting the previous 
arc at Q. 


(4) Join PQ and let it cut AB at M. 
Then PM is the required perpendicular. 


Proof : PC=PD (Construction) 
P lies on the perpendicular bisector of CD, 
Also 0с=0р (Construction) 


Thus, P and Q lie on the perpendicular bisector of CD. 
Hence РО is the perpendicular bisector of CD. 
Then РМ1Ср ie, PM 1 АВ. 


EXERCISE—17(d) 
(Section—A) 


1. Draw a ray AB and mark a point P outside it. Construct another ray P di- 
cular to AB. y PQ perpendi 
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(Section—B) 
Draw segment line segment 3.7 cm long. Take two points outside the line on the same 
side of it. Draw perpendicular from these points to the line segment. 
Are they parallel ? ) 
PQ is a line segment 4.3 cm long. A point R is 6 cm distant from Р and 7 cm from Q. 
Find by drawing and measurement how far R is from PQ. 

(Section—C) 
Construct an angle of 609. Draw its bisector and take any point P on it. From P 
draw perpendiculars to the arms of the angle. . Measure them. 
What do you note ? 
Draw two line segments АВ and AC, 24 cm and 3°8 cm long and inclined at an angle of 
459. Join BC and draw a perpendicular fron A to BC. 


CONSTRUCTION 6 


To construct an angle equal to given angle (at point on a given ray). 


A 
т 
: : 
7 А —————r 
а Buia 8 ү 
о 


Сіуеп : An angle POQ and a point A on a line XY. 
Required : To construct an angle. at A equa! to the ZPOQ. 


Steps of Construction : 


1. 


(1) With O as centre and a convenient radius draw an arc cutting the arms of the angle 
at P and Q. 
(2) With A as centre and the same radius draw a long arc cutting AY at B. 
(3) Take the distance PQ in the compasses. 
(4) With B as centre and with the distance PQ as radius cut the pervious arc at C. 
(5) Draw ray AC. 
Then / YAC is the required angle. 
EXERCISE—17( e) 
(Section—A) 


Draw an obtuse angle. Construct another angle equal to it. 


2, Construct an angle equal to half of 2 given angle. 


HD. mm 
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(Section —B) 

3... Construct an angle equal to the sum of two given angles А and Boos ` 1 
4 At a given point іп a given line make an angle equal to the supplement of a given | 
angle. 51101580 vd! : 1 
». nn Your protractor, draw an angle ої 80°. Моу, with -ruler.-and compass draw ап | 
angle of. “іле x лото вал bns лімет vd bn Л 

(4) 809 (5) 409 (с) 409 (4) 1209 
APPR se be э) „CONSTRUCTION 7 : у С 
To draw a line through a given point parallel to à given ‘line (using the straight р 

edge and the compasses). uox ob 36d W 

әл In may be recalled that when a line cuts two other lines making apair of alternate angles 


пар the lines are parallel. This Property is made use: of in this:method of drawing parallel st. 
ines, 


v 


Given : A line AB, and a point P outside it. 
Required : To draw a line through P parallel to АВ, 
Steps of Construction : ? : 

(1) Through P draw a line РО cutting 4B at 0. RTE eU EU АТА RN 
(2) At P and on the other side of PQ make an angle QPR equal to. ZBOP. 5 5 

(3) Draw line RP. ЛЫ : DM Ко нац 
“Then RS is the required parallel line through Boe 


з ле апо! EXERQISE—I7.(£)0) ba: ovi 
(Section—A) 1: 1: ОЧ om 3 
1. -Through'a point outside а line how many lines ‘can be drawn parallel to the line? 
(Section—B) ау арыг 


2. Draw a line parallel to a given line through a given point by making corresponding 
angles equal. ) 1 : : 


3. Draw a line PQ paraliel to a given line YY ata distance of 2 cm from it. : 
! ingps 21 IT р rr n bic] $ 

4. AB isa given fine. Mark 5 Points on the same side of 4B, so that each point.is at-the 
Same distance of 3 cm from AB, ~ , xs рд 
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5. РО and RS are two parallel lines. . 
(а) Draw а line segment which represents the distance between the parallels. 
(b) Mark a point which is midway between them. - 
‚ (с); Mark four other points; which are equidistant:from both the given lines. ' 

/ : CONSTRUCT ION—8 : 
To divide a given line segment {ato a number of equal parts. 
Divide a line segment 8:4 cm long into seven equal parts. 

Given : A line segment AX 8:4 cm long. 1 

Required : To divide it into 7 equal parts. | 


% 


Const. : Ò АА, make an acute Z ХАУ. > нтэгүдэй ani 
Н (il) From X, draw ráy XZ on the other side, aa 221222 
Along AY step off the required number. 7) зоѓ. equal. distances successively 
Mes and Wine the: points of division B, C, D, E, 5,6, H. 
= (іу). Similarly along XZ step off the. same, distances запа. пате the points P, 
12750 


, R, S, T, U, V. 
(v) Join AV, BU, CT, DS, ER, FQ, GP and HX. 
These segments divide AX into the required number of equal parts, 


250 
EXERCISE—17 (f) 


(Section—A) 
1. Draw a line segment AB of length 4cm. With ruler and compasses divide AB into 
three equal parts. 
2. Draw a line segment PQ of length 6 cm. With ruler and compasses divide PQ into five 
equal parts. 
3. Draw a line of length 43 mm and divide it into five equal parts. 
(Section—B) 


4. Draw a line segment AB of length 5 cm. With ruler and compasses divide AB in the 
ratio 1: 2. Measure the longer part. 


5. Drawaline segment PQ of length 5:4 cm. With ruler and compasses divide PQ in the 
ratio 2: 3. Measure the shorter part. ; 


6. Divide a line segment 576 cm long in the ratio of 2 : 5. 
: (Section—C) 
/7. Divide a line segment of 8 cm long so that the ratio of the two parts may be 3. 
8. Find geometrically the values of 2 of 5:6 cm. 
9. Cut off th from a given line segment, 6:3 cm long and measure that part. 


17.3. CONSTRUCTION OF TRIANGLES 


The data in the following four direct cases of construction of triangles correspond to 
the hypothesis of the four theorems on the congruence of triangles. 


It is essential to draw a rough figure and mark the given measurements. Then, with 
reference to it, the method of drawing the correct figure should be planned. 


CONSTRUCTION 9 
To construct a triangle having given its three sides. 
Construct a triangle ABC, having a—3 cm, b=3'8 cm, с--4:5 cm. 
Given : Three sides of a triangle ABC. 2 
, 4—3 сш, b=3'8 cm, с--4:5 cm. 
Required : To construct the triangle ABC. 


Steps of Construction : S 
(1) Draw a line segment BC=3 cm. o 


(2) With centres B and C and with radii equal’ 
to 45 cm and 3:8 cm respectively draw arcs 
intersecting each other at A, 


(3) Join AB and AC. 
Then ABC is the required triangle. B 3cm G 


3:8cm 


Я. 
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CONSTRUCTION 10 
То construct a triangle having given two sides and the included angle. 


Construct a ADEF in which DE=4'5 =з 
nx ст, DF—38cm and 


Given : A triangle DEF in which 
DE= 4:5 cm, DF=3'8 cm and LEDF=30°. 


Required : To construct the triangle DEF. 

Steps of Construction : ) 
(1) Draw а segment DE=4'5 ст. 
(2) At D, draw тау DG making an angle of 30°. 
(3) On ray DG, mark off segment DF—38 cm. 


(4) Join EF. 
Then DEF is the required triangle. 


CONSTRUCTION 11 
To construct а triangle having given one side and two angles. 


Construct AABC, given а=44 cm, 1 А=715 and 2. В= 60°. 
re the data in this problem with the corresponding theorem on the congruence 


Compa! 3 
ZC has to be determined firgt. 


of triangles. 1 will be clear that 
LC= 190°—(A-+.B)=180°—(75°+ 
: A triangle ABC in which BC= 44 cm, 
LB=60°, A-7155, and hence 
Lc=45°. 
Required : To construct 
Steps of Construction : 
(1) Draw a Jine segment ВС--44 cm. : 
(2) At B, draw a ray BD making an angle of 


60° with BC. bnp ien: 
(3) А‹С, draw ray CE making LBCE=45°. 


60°, y= 45° 
Given 


the AABC. 


(4) Let ray BD and ray CE intersect at A. 
Then ABC is the required triangle. B 44cm C 
CONSTRUCTION 12 
To construct а right-angled triangle in which the hypotenuse and one side are 
given. : 
Construct 2 right-angled triangle in which the hypotenuse=3'9 cm, and 


one side=2'4 cm. 


292 


Given  : A triangle ABC in which 74-1 rt. Z, 


Requ 


Steps of Construction : 


(5) Join CBA, 


„hyp. ВС--3:9:сш, side АС--2:4 cm, 
ired : To construct the triangle ABC. 


(1). Draw any ray AP. 


BA о> > 
(2) -At A, draw 4D 1 AP. : 
(3) On ray AD, cut off segment AC=2'4 cm. 
(4) With С а centre and with radius 3:9 cm 
|" draw an arc cutting ray AP at B. 


| Then AABC is the required right-angled triangle. 
Observe that to. construct a triangle; we 1 664 three of its parts— (1) SSS (2) SAS” 


(3) ASA (4) RHS. There is no unique triangle, if only three angles are given... 


зе 


Ў 


9; 
10. 
17:48 


side. 


X altitude, iJ 43 


EXERCISE 17(g) 

| (Section—A) 
Construct an equilateral triangle whose one side is 2:6 cm. 
Сон a right-angled triangle whose longest side 1856 ст and another side is 
2 сп, ИШ ; 
Construct a triangle ABC having 4B—8 cm, BC=6 cm and СА--5 cm. 

Тесу” (Section—B) 0 ^" 0 

Construct a triangle ABC, in which а-46 cm, Z B=45°, 741059 Draw the longest 
Draw a triangle ABC, having given /:С-5459, c=2:9 em ап4 а--3:7 cm. > 
Can more than one triangle have these parts ?. If so, measure their other parts. 
Construct an isosceles triangle with base 2:8 ст and vertical angle= 30°, 
Construct a triangle POR in which PO=3 ст, RP 46cm and /0:21359 Draw the 
shortest median and measure it. sonsd bna үе ==}. 72045 
АЯ (Section—C) ; 
¿Construct A ABC) given АВ--3:5 cm, ВС--4:5 cm, and ЙС $9 срү 7777 

Use ruler and.compasses only to construct. 1 MOT Hw IIe 
| (i) the median AX of the triangle, (ii) the altitude from, B.to AC. ....: 
P ё ^ . д 4 


“Using ruler and compasses only, constructa triangle / 4 BC having given АС 135°) and 
- 4B=30°, BC—5 сп. Bisect angles B and С and. mea: RE E ODE ал 


; [ s ure the distance of 24 from the 
‘роті where the bisectors meet. As ОУ vig ean ХАА 
Using. гийг... авд... compasses» only, construct. а 
4AC—3'4 cm aud. / BAC— 759. 3 ES PRIME чыз 
Draw a perpendicular bisector of BC and the bisector of ВАС. AE Derbendi 
bisector and the bisector meet at point М; ineasure the и, ВМС орна 
CONSTRUCTION OF: TRIANGLES FROM: OTHER: DATA’ © 20x) 205 of 
? CONSTRUCTION 13. 

büg 12 2726 14 Ч ПО: Ч, Gl әпке Dalyn 911 5 12 ) 

To construct a triangle having given two sides and the altitade to the third. 


Construct a triangle ABC having given 4B=3-2 cm, AC=2°6 cm and the 1 from A to 


ВС--2:2 cm. 
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Draw a rou иАС i i 
and the perp. AD = ш Мне Ер Karite жара w 2d ae ү ТОША 
with А as centre and with radii equal tothe given lengths.3°2.cm,and 2:6 cm. o 
Steps of Construction : saisi 
(1) Draw any line XY. 
‚(2) From any point D on it draw a perp..DE. уу, 
(3) From it, cut off DA equal to 2:2 cm. ; i 


(4) With A as centre and radii equal (0: 3:2 cmand 2:6 cm draw arcs cutting XY at В 
, andCrespetiely a. ҚҰЛАЙ 
(5) Join АВ and АС. і NH i 
ол теп ABC is the fequired triangle. E 
07 ‘CONSTRUCTION, 14 40 
То construct atriangle, having given the base, one base angie and the sum of 
the other two sides. ; SENT ate ил Л ү? 
> Construct а AABC in: ШОК BC=3:6 cm, AB+AC=4'8 cm and /.В--60%! 
гаж а rough figure.” Mark the given measurements. Think and analyse. 4 
Since ВАРАС- BE. A must lié somewhere between В and E, „апі AE must be equal 
to АСУ нү $778 бла MUN RN 
Given : A triangle ABC in which a—3'6 cm; 
ZABC=60° and b+c=4'8 cm. 
Required : To construct the ДАВС. 
Steps of Construction :' 
(1) Draw the given base BC=36 cm. 
(2) At B, draw tay BD making ZCBD:- 609, 
(3) On ray BD, cut off BE= 48 cm. (i.e., the 
sum of the other two sides). 
(4) Join CE. е : 
Er ЕЕ 
77 (9 Join АС. | 
open. PARC is the required га ы 2222” 


inane ЕШ moviy galvei 


ээ! 


8 ЗӨ, в rue 
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To construct a triangle, having given the base, one base angle and the 


CONSTRUCTION 15 


difference of the other two sides. 


Construct a e , having given Z B=45°, 
and c—b=1' 
: A triangle ype in which BC=3'4 cm, 


a=3'4cm, 


Given 


Z B=45° and c—b—1:5 cm. 


Required : To construct the AABC. 


Steps of Construction : 
(1) Draw the base BC=3'4 cm. 


(2) At B, draw ray BD making / СВр= 45°, 


(3) On ray BD, cut off ВЕ--1:5 cm. 
(4)! Join CE. 


(5) Draw the right-bisector of segment CE 
intersecting ray BD at A. 


(6) Join AC. 


Given 


Required : 


Const. 


them. 


Construct a ДАВС in which АВ--3:2 cm, ВС--4:8 cm and median BD=2'8 cm. 


Then ABC is the required triangle. 

CONSTRUCTION 16 

To construct a triangle having given its perimeter and the angles at the base. 

Construct a triangle whose perimeter is 6'4 cm, and angles at the base are 60° and 45°. 

: The perimeter of a A ABC is 
6:4 


ст, /B=6 апа 
4С=45. 


To construct the triangle 
ABC. 


: (I) Draw a Tine segment 


XY, 6'4 cm long. 
(2) At X, make / Y¥P=60°. 
(3) At Y, make 4X ҮО= 45°. 


(4) Bisect these two angles 
and let their  bisectors 
intersect at A. 


(5) Draw the right-bisector of 


segment AX intersecting XY at B. 
(6) Draw the right-bisector of segment AY i motis XY at С, 


(7) Join AB and AC. 


Then ABC is the required triangle. 


CONSTRUCTION 17 
Toconstructa triangle having given its two sides and the median between 


————————————— 


Given 


Required: To construct the A ABC. 


Const 


я 
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: А triangle АВС in which AB=3'2 cm, BC—4'8 cm and median BD=2'8 cm. 


: (1) Draw a triangle BCE having 
its side BC=48 cm, CE— 
32 ст and ВЕ--2х 28 cm 
i.e, 56 cm. 
(2) Bisect segment BE at D. 


(3) Join CD and produce it to 
A making DA=CD, 


(4) Join AB. 
Then ABC is the required triangle, 8 eM d c 


EXERCISE—17 (h) 
(Section—A) 


. Construct an equilateral triangle whose height is 278 cm, 
. Construct an isosceles triangle with base=3'9 cm and altitude=3'2 cm. 
. Construct a triangle ABC having given the altitude 4D—32 ст. / В=45° and 


LC=60°. 


. Using ruler and compasses only, construct a AABC such that BC=6 cm, ZA=60° 


and the length of the perpendicular from the vertex A to the base BC is 2:5 cm. 


Using ruler and compasses only, construct a triangle ABC, having given / АВС= 60°, 
1.АСВ--459 and the perpendicular from A to BC equal to 2:5 ст. Measure АВ. 


(Section—B) 


Construct an acute-angled triangle РОК іп which the base QR—4 cm, PQ=3'5 ст 


and altitude PS=3"2 cm. 


7. Construct а ДАВС, having given b--c—5'6 cm, a—4'5 cm, and / B=45°, 


13. 


14. 


. Using ruler and compasses only, construct triangle ABC, given base BC=7 cm, 


ZABC- 60? and АВ--АС--12 cm. 
Construct a ДАВС, having given a—6 cm, c—b=2 om, and Z В= 30°. 


Using ruler and compasses only, construct a right-angled triangle in which the 
hypotenuse is 5 cm long and the difference of the lengths of the other two sides is 
1 cm.. Measure the lengths of the other two sides. 


. Construct a АРОВ in which QR=4 cm, РО--3:5 cm and the median Р8--3 cm. 
. Using ruler and compasses only, construct a right triangle ABC such that Z BAC:= 60°, 


hypotenuse BC=6 cm and median AD=4 cm. 
(Section—C) 
The perimeter of a triangle is 9 cm and the angles at the base are 45? and 60°. Con- 
struct the triangle and measure its sides. 
Using ruler and compasses only, costruct a A ABC from the following data : 
AB+BC+CA=12 cm, / B=45°, and / С= 60°. Measure BC. 
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15. Using ruler and compasses only, construct an isosceles triangle of height 2 cm and 
perimeter 8 cm. Measure the base of the triangle. State your steps of construction 
briefly. 

16. Using ruler and pair of compasses only, construct a triangle ABC, having given 
a=4cm, median AD=45 cm, length of perpendicular from В to AC=3 cm. 
Measure AB. 


175. CONSTRUCTION OF PARALLELOGRAMS 
CONSTRUCTION 18 (a) 


To construct a parallelogram having given two adjacent sides and the included 
angle. 
Construct a parallelogram ABCD with AB=3'4 cm, AD—2:7 cm, and ZA75*, 


Given | : АВ--34 cm, AD—27 cm, / А=75°. 
Required : To construct the parallelogram ABCD. E 
Const. : (1) Draw segment АВ--374 cm. 
(2) At A, make an angle BAE=75°. р c 
(3) On ray AE, cut off 4D=2'7 cm. 
(4) With centre B and radius 27 cm, 
draw an arc. 


(5) With centre D and radius 3'4 cm, 

draw another arc to cut the former 

arc at C. 
(6) Join BC and DC. A заст. 8 
Then ABCD is the required parallelogram. 


CONSTRUCTION 18 (5) 
To construct a parallelogram having given two adjacent sides and a diagonal. 


Construct a parallelogram PORS in which РО--3:3 cm, QR=2'5 cm, and РК--44 cm. 


As the three sides PO, QR and PR are given, the APQR can be drawn first. The 
other two sides RS and SP are also known, being the opposite sides of a parallelogram, Then 
APRS can be drawn and the parallelogram completed. 
Given  : РО-33 ст, OR=2'5 cm and РК--44 cm. 
Required : To construct the parallelogram PORS. 

Const. : (1) Draw segment РО--3:3 cm. 

(2) With centre P and radius 44 cm, draw ап 
arc. 

(3) With centre O and radius 25cm, draw 
another arc to cut the above arc at R. 

(4) Jcin QR and PR. 

(5) With centres P and R and radii equal to 
2:5 ст and 33cm respectively, draw arcs 
intersecting at S. 

(6) Join PS and SR. 

Then PQRS is the required parallelogram, 
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CONSTRUCTION 18 (c) 


To construct a parallelogram having given two diagonals and one side. 
Construct a parallelogram ABCD whose diagonals AC and BD are 5 cm and 4 cm res- 


pectively and side 48=3'3 ст. 


Since the diagonals of a parallelogram bisect each other, say at 0, the sides of the 
AAOB are known. AO=}AC, BO=} BD and AB is given The other two vertices of the 
гаг аана are the extremities of the diagonals which can be obtained by producing AO and 
BO. 


Given : АВ--33 cm, and diagonals 4C—5 cm, BD=4 cm. 


Required : To construct the parallelogram ABCD. 


Const. 


3. 


с 


: (1) Draw segment 4В--3:3 cm. 


(2) With centre A and radius equal to half the 
length of the diagonal АС i.e., 2:5 cm, draw 
an arc. 


(3) With centre B and radius equal to 4BD i.e., 
2cm, draw another arc to cut the former 
arc at O. 


(4) Draw ray AO and on it cut off OC— 40—2'5 cm. 
(5) Draw ray BO and on it cut off OD— BO—2 cm. 


(6) Join BC, CD and DA. 
Then ABCD is the required parallelogram. 


A | 3:33 ст в 


EXERCISE—17 (i) 
(Section—A) 


Construct a parallelogram ABCD in which 
(а) AB—34 ст, BC=2 cm and / А=75° 
(b AB=42 cm, Ар--34 cm and АС=2 ст. 


Using ruler and compasses only, construct a parallelogram ABCD, given АВ--6 cm, 


BC=5 cm and /.ABC— 60". 
Construct a parallelogram ABCD so that АВ=4`5 cm, ВС--3:7 cm and height—2'5 cm. 


Construct a parallelogram ABCD with the following data : 
(а) АС--4 ст, BD=3 cm, and АВ--2:7 cm. 
(b) AC—44 ст, BD-—3 cm, and angle between them — 45°. 


(Section —B) 


passes only, construct a parallelogram ABCD given that 


i ler and com C 
биш BD=6 cm and АС and BD are the diagonals. Measure BC. 


AB=4 cm, AC=10 cm, 
Use ruler and compasses only to construct а parallelogram with diagonals 6 cm 
and 8 cm in length having given the acute angle between them is 60°. Measure one 


of the longer sides. 

Without using set square or protractor draw 5: parallelogram whose diagonals are 
4 cm and 6 cm long and contain an angle of 75°. Measure and write down the length 
of one of the shorter sides of the parallelogram. 
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8. Using ruler and compasses only, draw a parallelogram whose diagonals are 5 cm and 
7 cm long and which cut each other, so that one pair of vertically opposite angles 
are each equal to 75?. Measure the length of the shorter side. State your Steps of 
construction briefly. 

17.6. CONSTRUCTION OF RHOMBUSES 
CONSTRUCTION 19 (a) 
To construct a rhombus having given one side and one diagonal. 
Construct a rhombus whose each side=2°8 cm and one diagonal=2'5 cm. 
Given : Each side—2'8 cm and one diagonal—2:5 cm. A 
Required : To construct the rhombus. 
bj 
Ф 
Const. : (1) Draw the diagonal ВР--2:5 cm. 9, 
(2) With centre Band radius equal to 2:8 cm, draw 
two arcs, one on each side of BD. B D 
(3) With centre D and the same radius, draw two 
arcs to cut the former arcs at 4 and C. 
(4) Join АВ, BC, CD and DA. 
Then ABCD is the required rhombus, c 


Given 


Required : To construct the rhombus. 


Const. 


CONSTRUCTION 19 (5) 
To construct a rhombus having given both diagonals. 
Construct a rhombus whose diagonals are 3:5 cm and 2:4 cm. 
: Diagonals 3:5 cm and 2:4 cm in length. 


: : (1) Draw diagonal АС--3:5 cm. 
(2) Draw line EOF, the right-bisector of AC. 


(3) On тау OE, cut off OB=} the other dia- 
gonal j.e., 3x 24 ст= 1:2 cm. 


(4) On ray OF, cut off 0р-4х2:4 cm= 
1:2 cm. 


с 


(5) Join AB, ВС, CD and DA. 


Then ABCD is the required rhombus 


EXERCISE—17 (j) 


(Section—A) 
1 Draw a rhombus, having given 
(а) опе side—5'6 cm, and one angle=30° 
(b) one side— 2:4 cm, and one diagonal=3 cm 
(c) diagonals 3:7 cm and 3 cm. 
2. Construct a rhombus ABCD of side 4 cm such that 7 ABC=60°. 
3. Construct a rhombus PORS in which PR=7°6 cm and QS—52 cm. 
4. Construct a rhombus PORS in which diagonal PR=30 d di = 
Measure its side. : тан diagonal го 
(Section—B) 
5. Using ruler and compasses only, construct a rhombus ABCD having given LA=120°; 
diagonal AC=4'8 cm. Write the steps of construction briefly. Measure AB. 
177. CONSTRUCTION OF SQUARES 
CONSTRUCTION 20 (a) 
To constract a square having given one side. 
Construct a square on a side of 2:6 cm. 
Steps of Construction : 


Steps of Construction : 


(1) Draw segment 48=2'6 cm. 

(2) Draw ray AP LAB. 

(3) From ray AP, cut off AD=2'6 cm. 

(4) With centre B and radius 2:6 cm draw an arc. 

(5) With centre D and the same radius draw another arc 
cutting the former arc at C. 

(6) Join BC and CD. 
Then ABCD is the required square. 


CONSTRUCTION 20 (9) 
To construct а square having given a diagonal. 
Construct a square on а diagonal of 3:4 cm. 


(1) Draw a diagonal AC=3'4 ст. 
(2) At A, draw ray AM 1 AC. 


(3) At C, draw ray CN 1 СА. 
bisectors of the angles CAM and ACN. 
(4) Draw the bi к 


Let them intersect at D. 

(5) With centres A and C and radius equal to AD, 
draw arcs cutting each other at B. 

(6) Join АВ and BC. 
Then ABCD is the required square. 


300 


EXERCISE—17 (k) 
(Section—A) 
Construct a square whose one side=-2°7 cm. 
Construct a square whose one diagonal—4'4 cm. 
Construct a square whose perimeter is 9°6 cm. 


Using ruler and compasses only construct a.square whose diagonals measure 5 cm each. 
Measure the side of the square to the nearest millimetre. 


(Section—B) 
5. Construct a square ABCD of side 3cm and construct another square with AC as one 


side, 
6. Construct a square when the sum of one diagonal and two sides is equal to 10'8 cm. 


17.8. CONSTRUCTION OF RECTANGLES 
CONSTRUCTION 21 (a) 


To construct a rectangle having given adjacent sides. 
Construct a rectangle whose adjacent sides are 2:7 cm and 1:7 cm. 


ao Ne 


Steps of Construction : 
(1) Draw segment 4В--27 cm. 
(2) At A, draw ray AE 1 AB. 
(3) From ray AE, cut off АР--17 cm. 
(4) With centres Band D and radii equal to 177 cm and 
2:7 cm respectively, draw two arcs intersecting each 
other at C. 
(5) Join BC and CD. 
Then ABCD is the required rectangle. 
CONSTRUCTION 21 (5) 
To construct a rectangle having given one side and one diagonal. 
Construct a rectangle when а diagonal— 3:5 cm and one side—2:9 cm. 
Steps of Consiruction : 
(1) Draw segment 4В--2 9 cm. 
(2) At A, draw ray AE LAB. E 
(3) With centre В and radius=3'5 cm, draw an arc \c 
cutting AE at D. D 
(4) Join BD. 
(5) With centre D and radius— 2:9 cm, draw an arc. НО 


(6) With centre B and tadius=AD, draw another arc 
to cut the former arc at C. 
(7) Join BC and DC. A 29 cm B 
Then ABCD is the required rectangle. 
EXERCISE — 17 (1) 
: (Section—A) 
1. Construct a rectangle whose adjacent sides are 2:8 cm and 39 cm. 
2. Construct a rectangle in which the diagonal—4'7 cm, and one 5146--3:3 cm. 
3. Construct a rectangle whose area is 5 cm?, 


17,9. 
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(Section—B) 
Construct a rectangle in which one diagonal is 3:7 cm and makes an angle of 30° with 
the other diagonal. 
Using ruler and compasses only, construct a rectangle each of w 


measures 6 cm and the diagonals intersect at an angle of 45°. 


hose diagonals 


CONSTRUCTION OF TRAPEZIUM 


CONSTRUCTION 22 


Construct a trapezium ABCD in which AB=5 cm, BC=2 cm, Ср= 3:5 cm, DA=272 cm 


and AB is parallel to CD. 


draw CE parallel to DA, we get a parallelogram AECD a 


a rough sketch of the trapezium ABCD and mark the data on it. If we 


Let us make 
ad ABCE. ABCEcan be drawn as 


its three sides are known. 


Given 


EB=AB—AE=AB—DC=5 cm —3:5 спі--1:5 cm, СЕ=рА=2'2 cm. 
Then the |8" AECD also can be drawn and the figure completed. 


D 35cm C 
У з 
v 2 


A E B 
5cm 


: AB=5 cm, BC=2 cm, СО--3:5 cm, DA=2'2 cm and AB || CD. 


Required : To construct the trapezium ABCD, 
Steps of Construction : 


parallelogram and construct t 


2, 


(1) Draw a line segment AB=5 cm. 

(2) From BA, cut off ВЕ--1:5 cm. 

(3) With centre B and radius equal to 2 ст, draw an arc. 

(4) With centre E and radius equal to 2:2 ст, draw another arc intersecting the former 


arc at C. 
(5) Join BC and EC. [A BCE is drawn] 
(6) With centre А radius equal to 2:2 cm, draw an arc. 
(7) With centre C and radius equal to 3:5cm, draw another arc to cut the former arc 
at D. 
(8) Join CD and AD. || e" AECD is completed] 
Then ABCD is the required trapezium. 
es of a trapezium are given, 
he triangle first. 
EXERCISE—17 (m) 
(Section—A) 


pezium ABCD with 4B || DC and AB= 


When the four sid always divide it into a triangle anda 


Construct а tra 45 cm, ВС=1 8 ст, CD—2 cm, 
DA=1'4 cm. 


trapezium ABCD in which AB || DC. 18::8 cm, BC =4 cm, CD=DA=Scm, 


Draw а 
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(Section—-B) 
3. Draw a trapezium PORS in which РО | SR and РО--45 cm, RS=3 ст, SP=3 cm and 
ZOPS=105°. 
4. Construct a trapezium ABCD with AB | DC and AB=3°8 cm, CD=6 cm, DA=3'5 cm 
and Z A=120°. 
(Section—C) 


5. Construct an isosceles trapezium in which the parallel sides are equal to 4:5 cm and 
2:5 cm respectively and non-parallel sides are each equal to 2 cm. 
17.10. CONSTRUCTION OF EQUIVALENT AREA 
CONSTRUCTION 23 
To construct a triangle equal in area to a given quadrilateral. 


S 


Q 


Given : A quadrilateral PORS. 
Required : To construct a triangle equal in area to it. 
Steps of Construction : 
(1) Join PR. 
(2) Through S, draw ray ST parallel to PR intersecting ray QR at T. 
(3) Join PT. 
Then ДРОТ is the required triangle. 


Proof : APRT and APRS stand on the same base PR and lie between the same parallels 
PR and ST. 


24 ar( A PRT)=ar( APRS) 
Then ar (quad. PORS)=ar( APQR)+ar( APRS) 
=ar (APQR)+ar( A PRT) 
—ar(APQT) 
Whenever an equivalent triangle is to be Constructed on any side of quadrilateral, take 
the proper diagonal. Do not produce that side. 
EXERCISE—17 (n) 
1. Construct a quadrilateral ABCD in which 4В--3:5 ст, АС--4:5 cm АР--5 cm and 
ZABC= ZACD=90°. 
Construct a triangle equal in area to the quadrilateral. 
2. Draw a quadrilateral ABCD from the following data : 
4.4--909, АВ--7:7 cm, АР--3:6 cm, BC—68 cm and DC-5 ст. 
Reduce the quadrilateral into a triangle of equal area, stating the steps of construction 
without proof. 
3. Construct an isosceles trapezium in which the parallel sides are equal to 7 cm and 5 cm 
and the non-parallel sides are each equal to 3 cm. 


On a non-parallel side as base, construct a triangle equal in area to this trapezium, 


1. 
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REVIEW EXERCISE—XVII 
(Section—A) 
Fill in the blanks making each of the following a true statement : 


(a) Every construction problem depends on one or more.....-...constructions. 

(b) There is no unique triangle, if only three... .... are given. 

(c) It is always possible to construct exactly one line through any two......... points. 

(аулар. independent data, іп all, are required to construct a quadrilateral. 

(e) To bisect a given line segment, we construct the................. of the given segment. 
(7) If m ae of radius гу and га have their centres at a distance of d, they intersect 

only if ......... 
(Section—B) 


Take a line segment АВ of length 5 cm. Mark a point C on it such that 4C—2 cm. 
Through C, draw a line perpendicular to AB. 

Draw any triangle ABC, Construct AD 1 BC. 

Draw any triangle РОК. Through vertex P, construct а line parallel to the opposite 


side. 
Draw a line segment AB of length 5 ст. With ruler and compasses, divide AB in the 


ratio 1:2. Measure the longer part. 

Construct an isosceles triangle whose base is 3:6 cm and the vertical angle is 30°. 
Construct a parallelogram whose sides are of length 4:5 cm and 39 cm and one of 
whose diagonals is of length 6 cm. 
Construct a trapezium ABCD, when о 
ВС--3 cm and AD=33 cm. 
Construct a square whose one diagonal is 5:4 cm. 

h a diagonal equal to 4'5 cm and each side equal to 3:7 cm. 


Draw a rhombus wit 
Construct a parallelogram ABCD, f AC=72cm and BD=54cm and the angle 
included between the diagonals is 30". 


(Section—C) 
Construct a triangle with base of length 5 cm and the sum of the other two sides 7'8 cm 
and one base angle of 60°. 
Construct a AABC in which 
Construct an isosceles triangl 


altitude—6'4 cm. 
Construct a AABC when /в=60°, LC=45° and AB-- BC—T'5 em. 


jangle whose perimeter is 11 cm and altitude 2:5 cm. 


ne of the parallel sides AB=5 cm, height=2'5 cm, 


ВС=4 cm, 4B=5 cm and median ВЕ--3:5 cm. 
le when base—4 cm and the sum of one side and the 


Construct an isosceles tr 


Construct a triangle whose perimeter is 10 cm and base angles are 30° and 60°. 


Construct a triangle whose perimeter is 13:5 cm and ratio of the three sides is 2: 3 : 4, 


Construct a square ABCD in which 48--ВС--АС--95 cm. 

ilateral ABCD, having 4В--5 cm, ВС--7 5 cm and the angles A, B 
pag Lern y to 1252, 70° and 95°. Construct a triangle, having BC as one 
of its sides and equal in area to the quadrilateral. Measure the other two sides of the 


triangle. Ba 


18 
LINEAR SYMMETRY 


18.1. LINE OF SYMMETRY 

Two geometric figures are congruent if they are exactly alike in all respects, that is they 
have exactly the same shape and size. Sometimes we find that parts of the same figure are 
exactly alike i.e., have same shape and size. 

Observe the following figures. The parts of the figures on one side of the dotted line 
match the parts on the other side. 
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We зау that the figures һауе symmetry about 
the broken line. The broken line is called the line of 
symmetry. 


Fold a piece of paper and cut a curve along 
the crease. Open the paper. The figure on thus got 
is symmetrical about the crease. The crease is the 
line of symmetry. 


Once again you find figures symmetrical about the crease. When we fold a symmetric figure 
along the line of symmetry the two parts exactly coincide. 
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Take a strip of plane mirror and place it vertical on the line of symmetry in any of 
the above figures. You will see that one part of the figure is reflected on the other part. 
Eo we say that parts on either side of the line of symmetry are mirror image of each 
other. 

When you look into a mirror, you see your image behind the mirror. This image is 
due to reflection in the mirror. 


You know that the image is as far behind the mirror as the object is infront. 


If P is the image of Р” upon reflection in mirror 
m, the line m is the perpendicular bisector of the line 


segment PP'. m 
The line m is called the mirror line or the re- 
flection Jine or the mediator. ХӨРӨГ ИН NEM qi o 77 Cds LA Е 22 
m e 


The mirror line is also called line of symmetry 
or axis of symmetry. | 


А Remember that ап axis of symmetry of a figure 
divides in into two congruent figures. 
Some figures have more than one line of symmetry. Let us now consider the following 


figures : 


EA ee: 
(a) Lines. A line has an infinite 1 1 1 | 
number of symmetry lines, all perpendi- ' | 1 | 
cular to it. 

The line itself coincides with its | | i 
image. b | | 


| | 
| 

| 
тро 


b) Segments. А line segment nas two symmetry 
lines, 9 perpendicular bisector and the line segment 


itself. 
The perpendicular bisector of line segment AB can 
be drawn by following Construction 1. A T ER 


line 1 is the perpendicular bisector of line 
E 50 line / is line of symmetry of line segment 


x le has one symmetry line, Na 
(c) Angles. An ang 
its angular bisector. Een 


The bisector of 2408 can be drawn by x б 
following the Construction 2. (е) E ERAT E анч 


Here line OC is the bisector of АОВ. с 
So line ОС is the line of symmetry of LAOB. 
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(d) Isosceles Triangles. Ап isosceles triangle has 
one symmetry line, the angular bisector of the vertex which 
is also the perpendicular bisector of the base. 


Follow the Construction 2 to draw line AD, the 
bisector of / BAC. 


In isosceles A ABC, line AD is the line of symmetry. 


(e) Equilateral Triangles. An equilateral triangle 
has three symmetry lines, the angular bisector of each of 
the vertices, 


You can draw bisectors of ZA, ZB and /Сьу 
following Construction 2. You know that bisectors AD, 
BE and CF will be concurrent. 


In equilateral ДАВС, lines AD, BE and CF are three 
lines of symmetry. 


(f) Isosceles Trapeziums. Ап isosceles 
trapezium has one symmetry line, the perpendicular 
bisector of the parallel sides. 


Draw the perpendicular bisector of one of the 
parallel sides, 4B or DC. 


Here line EF is the perpendicular bisectorZof 
parallel sides. 


In isosceles trapezium ABCD, line EF is the A 
symmetry line. 
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Y B 
You can draw a diagonal AC by joining the opposite vertices A and C. 


Line AC is the line of symmetry of kite ABCD. 


(h) Rhombuses. A rhombus has two symmetry 


lines, its diagona ls. 
Here lines AC and BD are the two diagonals of 


rhombu: ABCD. 
In rhombus ABCD, lines AC and BD are two lines 


of symmetry. 


(i) Rectangles. A rectangle has 
the perpendicular 


two symmetry lines, треп 

bisector of each pair of opposite sides. 
Here line EG is the perpendicular 

bisector of opposite sides AB and DC ; 

line FH is the perpendicular bisector of 

opposite sides BC and AD. 

gle ABCD, lines EG 


So, in rectan| 
f symmetry. 


and FH are two lines © 
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(7) Squares. A square has four symmetry 
lines, the two diagonals and the perpendicular bisector 
of each pair of opposite sides. 


Here lines AC and BD are the two diagonals ; 
lines EG and FH are the two perpendicular bisectors 
of pairs of opposite sides. 


In square ABCD, lines AC, BD, EG and FH are 
four axes of symmetry. 


(k) Circles. А circle has an infinite set of symmetry 
lines, through the centre. 


A . Note that an infinite number of diameters can be drawn 
in a given circle. 


Any diameter of a circle is its axis of symmetry. 


EXERCISE—18 (a) 
(Section—A) 
1. Describe the axes of symmetry of 
(а) a square (5) a circle 
(c) a line (4) a rectangle 
(e) an angle (f) a rhombus 
(g) an isosceles triangle (h) an isosceles trapezium 
(i) an equilateral triangle (j) a line segment. 


2. Draw any square ABCD. 
How many lines of Symmetry has the square ? 
3. Draw any rectangle ЕРСН. 
How many lines of Symmetry has the rectangie ? 
4. Drawany parallelogram РОК5, 
How many lines of symmetry has the parallelogram ? 
5. Draw а trapezium ABCD in which AB is Parallel to DC. 
How many lines of symmetry has the trapezium ? 
6. Draw any circle, 
How many lines of symmetry has the circle ? 


aÁ 
ы -— ————————— — ттш БЕНЕН». 
Бы ы A m 
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(Section—B) 
7. How many lines of symmetry have each of the following ? 
(a) The letter A (b) The letter Н 
(c) The letter B (d) The letter W 
8. (a) What quadrilateral have exactly one axis of symmetry which is a diagonal ? 
diagonal ? 


(b) What quadrilateral have exactly one axis of symmetry which is not а 


9, (a) Drawa specific quadrilateral which has no axes of symmetry. 
(b) Draw a specific quadrilateral with one axis of symmetry. 
(с) Draw a specific quadrilateral with two axes of symmetry. 
(d) Draw a specific quadrilateral with four axes of symmetry. 
10, Draw an equilateral triangle each of whose sides is 4cm. Draw all its lines of 


symmetry. 
ints P and P' are said to be symmetric with respect to a line m, if the 


18.2. Two poi д 
line m is the perpendicular bisector of the line segment PP’. 


P 


та 


P 
f the two points P and P', is said to be symmetric to the other with 
mU. е ше т, and йе line m is called the axis of symmetry or the line of 
symmetry of the line segment joining these two points. 
THEOREM 37 
A pair of points symmetric with respect to а line, are equidistant from any 


point on the line of symmetry. 


P 
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{ Let т be the line of symmetry and a pair of points P and P', symmetric with Tespect 
to line m. 


Proof : Join PP’ intersecting line m in M. 


2 PM=P'M and PM Lm [By definition] 
Let О be any point of line m. 
Join PQ and P'Q. 
Now in APMQ and AP'MQ 
PM=P'M [Proved above] 
QM—OM 
Incl. Z PMQ-—Ind. /Р'МО [Each=90°} 
a APMQ= AP'MQ [SAS—Congruency Axiom] 
Hence РО--РО 


i.e., 0 is equidistant from symmetric points P and Р”, 


, Corollary. ТР and Р' аге a pair of points, symmetric with respect to a line т, and 
Q is any point of the line m, then PQ and P'Q are equally inclined to the line m. 


THEOREM 38 


If A, А” and B, B' are two pairs of oints, each i 
singe at PA Р p ; each pair symmetric with respect to 


A 


N 


(ii) 
Join 44” and BB’ intersecting line m in points P and Q respectively, 


Join PB and PB’. 
Proof : Since B, B’ are symmetric with respect to line m, 
ВР=В'Р 
апа 4.ВРО-- / B'PQ 


Now two cases arise. 

Case (i): A and B are on the same side of line m, as shown in Fig. (i). 
Then 4 and В”, the images of А and В are also on the same side of line m. 
c ZBPA=90°— / BPO =90°— / В'РО = / B'PA'. 


222-122, ылыы БААША ААИНИН 
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In AAPB and ДА'РВ' 

AP=A'P 

BP=B'P (Proved above] 

Incl. ZBPA=Inel. LB'PA' [Proved above] 

3 ДАРВе ДАРВ! [SAS—Congruency Axiom] 
Hence AB=A'B' 
Case (8): A and В are бп the opposite sides of line т, 88 shown in Eig. (ЇЇ). 
Then A’ and В’, the images of 4 and B are also on the opposite sides of line m. 
^ LBPA=90°+ ВРО =90°+ LB'PO = 1.ВРА. 
In AAPB and AA'PB' 

AP=A'P 

BP=B'P [Proved above] 

{ncl. Z.BPA-— Ind. LB'PA' [Proved above] 
rat AAPBex AA'PB' - {SAS—Congruency Axiom] 
Hence AB=A'B' 
Thus in both the cases, AB= A'B'. 
THEOREM 39 
If A, A’; B, В, C, С are pairs of symmetric ts with respect to a line m, 
then ZABC= ZA'B'C'. М S 
m 
A д 
ГА 
с с 
в в” 


Proof 


Join AB, BC, CA, A' B', ВС and СА. 
: Since A, A’ and В, B' are pairs of symmetric points with respect to line m. 


AB=A'B' 
Similarly ВС=В'С' 
and СА=СА 
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Now іп ДАВС and ЛА'В'С' 


АВ= В” 
BC- B'C' 
СА-СА 
ЗЭ AABC= ДА'В'С' [SSS—Congruency Theorem] 
Hence LABC= / А'В'С' [Corresponding parts of 
» Congruent Triangles] 
THEOREM 40 


If A, A’ and B, B' are pairs of points, each pair symmetric with respect to a 
line m, and if AB is not parallel to m, then the lines АВ and АВ! intersect line m. 


A 


B 


(i) (ii) 
Join A, A’ and B, B’ intersecting line m in the points M and N respectively. 


Proof + Since AB is not parallel to line m, line AB intersects line m in some point P. 
Join PA' and PB'. 


Since A, A’ are symmetric with respect to line m, 


ZAPM= / A'PM (1) 
Since B, B' are symmetric with respect to line m, 
ZBPN= / B'PN .-(2) 


Now two cases arise. 
Case (i) : A, B are on the same side of line m as shown in Fig. (i). 
` Then P is not a point of line segment AB. 
P is a point of ray AB (or ray BA) so that PA and PB are the same ray. 


Ws / АРМ= / BPN .-3) 
From (1), (2) and (3), we get 
ZA'PM=ZB'PN 


Also АГ, B' lie on the same side of line т. 
РА and PB’ are the same ray. 


Hence line A'P' intersects line m at P. 
їе, lines AB and A'B’ intersect on line m. ` 
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Case (ii): A, B are on opposite sides of line т, as shown in Fig. (ii). 
Then P is a point of line segment AB. 


2% 2.АРМ-- / ВРМ [Vertically opposite angles] (4) 
From (1), (2) and (4), we have 
ZA'PM= / В'РМ [Vertically opposite angles] 


Also A’, B' lie on opposite sides of line m. 
A'P and PB’ are in the same line. 
i.e., line A'B' intersects line m in P. 
Hence, lines АВ and A'B’ intersect on line m. 
EXERCISE—18 (b) 
(Section—A) 


1. Inthe figure, 4, 4’ are symmetric 
points with respect to line m. 


If AB—A'B', show that CC ж Е 
are symmetric with respect to ; 
line m. 


2. In the given figure, 4. A' and В,В' 
are pairs of symmetric points with р ; A 


respect to line т. 


Prove that 
LAPB= LA'PB' 2 
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18.3. 


A 
In the figure, OA=OB 1 
and АМ--МВ. a= 
Show that line / isthe axis of M (9) 
symmetry of line segment AB. 
8 
(Section—B) 


A, A' ; B, B' ; C, C' are pairs of symmetric points with respect to line т. Show that 
the perimeter of A ABC is equal to the perimeter of AA'B'C'. 


Show that the mirror-reflection of an equilateral triangle is also an equilateral triangle. 
(Section—C) 


4, A’ are symmetric points with respect to line ВВ” and В, В” are symmetric points 
with respect to line AA’. Show that ABA'B' is a rhombus. 


A, A’ and В, В” are pairs of symmetric po‘ats with respect to line m. Point C divides 
AB in the ratio m:n. Point С” divides a’ B’ in the same ratio m : n. Prove that C and 
С” are symmetric points with respec" to line m. 


SYMMETRIC FIGURES 
We have observed that two figures Fand F’ are symmetric with respect to a line /, if 


when the paper is folded along line /, the two figures coincide with each other. 


Two figures F and F' are symmetric with respect to a line 1, if for every point 


P of F, there is a corresponding point P' of F' which is symmetric to P and for every 
point О/ of F’, there is a corresponding point Q, of F symmetric to Q'. 


THEOREM 41 
Jf A, A‘ and B, В are two pairs of points, each pair symmetric with respect 


to a line m, then line segments AB and A'B' are symmetric with respect to line m. 


-Proof 


A 


202 


Let P be any point of line segment AB and P' be the point symmetric to P with 
respect to line m. enden 
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Now A, A' and P, P' are two pairs of points, each pair symmetric with respect 


to line m. 
ys АР-АР” É .(1) 
Similarly РВ=Р'В' and AB— А'В' (2) 
P is a point of line segment AB. 
ДЕ AP+PB=AB (3) 
From (1), (2) and (3), we get 

АР'+Р'В'=А'В' 


Then Р” is а point of line segment A'B'. 
If Q' isa point of line segment А'В', and 0 is symmetric to Q' with respect to 
line m, then Q is a point of 4B. 


Hence, line segments AB and A' B' are symmetric with respect to line m. 
THEOREM 42 


Xf two line segments are symmetric with respect (о а line, then their lengths 
are equal, 


D 
Let line segments AB and CD be symmetric with respect to line m. 
Proof : Let 4’, B' be the points symmetric to A, B respectively with respect to line m. 
23 A'B'—AB 
Also, line segment A' B' is symmetric to fine segment AP, with respect to line m. 
But line segment AB is symmetric to line segment CD. 
2. line segment CD is the same as line segment A'B'. 
Hence AB=CD 


THEOREM 43 
If two angles are symmetrical with respect to a line, then their measures 
are equal. 
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Неге ZABC and /.РОК are symmetric with respect to a line m. 


Hence 4.АВС-- /.РОВ 
Proof of the theorem is left as an exercise for students, 
THEOREM 44 


Two triangles symmetrical with respect to a line, are congruent. 
Students are advised to develop the proof of this theorem, 
EXERCISE—18 (c) 

Given that A ABC is symmetrical about a line m through the vertex A. 
Show that (a) AABC is isosceles, with AB=AC, 

(b) line m is the perpendicular bisector of BC, and 

(c) line m bisects / A. 
Quadrilateral ABCD is symmetrical about each of its diagonal AC and BD. 
Prove that (a) the diagonals bisect each other at right angles, and 

(b) the quadrilateral ABCD is a rhombus. 


Quadrilateral ABCD has two axis of symmetry which are not diagonals of it. Prove 
that ABCD is a rectangle. 


Quadrilateral ABCD has four axis of symmetry, two of which are its diagonals. Prove 
that ABCD is a square. 


A quadrilateral ABCD has exacty one axis of symmetry, which is not a diagonal. 
Prove that quadrilateral ABCD is an isosceles trapezium. 
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REVIEW EXERCISE—XVII 
(Section—A) А 
State for each of ће following statements whether it is True or False : 
(a) Every diameter of a circle is an axis of symmetry for the circle. 
(b) The mirror-reflection of an equilateral triangle is also an equilateral triangle. 
(c) Any two symmetrical points are equidistant from any point on the line of 
symmetry. 
(d) An isosceles trapezium has no line of symmetry. 
(e) A square has four symmetry lines. 
(f ) Two equal angles are always symmetrical. 
Fill in the blanks to make the following statements true : 
(a) If two line segments are symmetric with respect to a line, their leng«hs аге........ 2 
(5) An equilateral triangle Һазв:........ symmetry lines. 
(c) Two congruent triangles are........ always symmetrical. 
(d) Two triangles symmetrical with respect to a line, аге.......... 
(e) If P is the image of P' upon reflection in mirror m, the line m is.........of the line 
segment P. ч 
(f) Our own human body is a....+--+-object. 
(Section—B) 


AABC is an. isosceles triangle such that AB=AC. Find the line of symmetry of the 


triangle ABC. 

A, A' are symmetric points with respect to line l. В, В” are the mid-points of O4 and 
ОА" respectively when O lies on /. Prove that B, B' are symmetric points with respect to 
line /. 
ABCD is trapezium in which 481 DC. The line mis the perpendicular bisector of 


sides АВ and CD. Prove that line m is an axis of symmetry of quadrilateral ABCD. 
(Section—C) 

НА, A’ and B, B' are two pairs of points, each pair symmetric with respect to a line 

m, and AB is parallel to m, show that A’B’ is also parallel to line m. 
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AN INTRODUCTION TO THE COMPUTER 


We are living in ‘Computer Era’. Computer is ons of the most powerful machines 
ever designed by man to solve any type of problem. Computers are “smart” enough to play 
games, help teach students and solve difficult problems that would take a person hours, or 
even years, to solve. But inside, computers are really quite simple minded. When you come 
right down to it, they can understand only two things: On and off. A computer makes up 
for its limited vocabulary by being very, very fast. For example the time it takes you to read 
this paragraph, a typical micro or personal computer can check the spellings of every word in 
this chapter or,even more. It won't learn anything, but if you give it the right instructions or 
input, it will give you the correct results or output. ; 


So, іп reality à computer is an electronic device which can perform computations, 
including arithmetic and logic operations, without intervention by a human being. It can also 
perform Input/Output functions and store information. But, one point should be clear 
that computer cannot do anything by itself as it does not have the *brain' or thinking power. 
However, we can make computer do any type of processing by giving appropriate instructions. 


MATHEMATICS AND COMPUTERS 


One may wonder as to what computers have to do with mathematics. We note that 
three great names associated with the development of computers are those of mathematicians. 
These mathematicians are Charles Babbage (1791-1871), Alan Turing (1912-1954) and John 
Von Neumann (1903-1957). 


Babbage gave the basic idea of a Computer. Allthe ideas, that Babbage proposed to 
be incorporated in his machine, are present in today's computers. Thus Babbage can be 
rightly considered as the father of computers. Turing was a logician-mathematician of Britain 
who did a lot of fundamental mathematical work in the area of computation. The architecture 
of the present day computers is the one designed by Von Neumann. Today's computers are 
based on the same architectural patterns and have only grown in their capacity to store more 
data and perform operations with greater speed. 


If we go through the history of computing we will find the earliest processing that man 
required to do was arithmetical. The first instrument that was used for helping man in making 
yv que wasthe Abacus. Chinese have been using it for big calculations around 120) 


John Napier (1550-1617), a Scottish mathematician, invented logarithms. ^ Napier's logs 
became the basis for a well-known computing machine, known as "Slide Rule", Napier’s 
invention was significant contribution to the development of computing devices. 


Blaise Pascal, a Frenchman, invented a machine in 1642 made up of gears which was 
used for adding the numbers quickly. We still use adding machines based on the same 
principle as Pascal's. Later on іп 1694, Gottfried Leibnitz, a famous German mathematician 
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"improved on Pascal's machine. He developed a calculator which was able to perform all the 


four basic mathematical operations. These machines can be considered as ancestors of later 
day calculators and the present day computers. 


‚‚ We can now appreciate that a computer is basically a child of mathematics and mathe- 
maticians. 


WHAT COMPUTERS CAN DO ? 


Computer is an electronic machine, that stores and processes data, whether numeric or 
non-numeric. 


Computers can perform only three basic functions : making arithmetic calculations 
(addition, subtraction, multiplication and division) ; comparing or testing two values ; and 
storing and retrieving data. Computers can perform these tasks only when given an appropriate 
set of instructions to follow. 


Using the above mentioned basic functions computers can process the payroll for a 
business, set the type for a publishing company, maintain traffic control, print bills mathe- 
matically, prepare result in a school, assist in the education process, assist in medical research 
aud patient diagnosis, check incom? tax retuens, make railway and air reservations, guide 
commercial aircrafts, play chess, assist in desigaing of automobiles, etc. 


The wide variety of computer applications is indeed impressive but let us not be blinded 
into thinking that computers can do everything. Computers are, after all, nothing more than 
machines in need of human instructions. 


WHAT COMPUTERS CAN'T DO 7 

Although a computer appears to possess tremendous power, we must keep in mind 
that a computer can’t do anything unless it receives a set of instructions. Quite simply a 
computer lacks the very important human ability to think and reason out problems. Man 
might one day make such 'thinking computer’ but human thinking and creativity can never be 
developed in a machine. А computer accepts data from us, processes it, and then communi- 
cates the results back to us. But only the human users of the machine are capable of under- 
standing these results. Computers do not possess any independent intelligence. 


Another factor which needs consideration is that a computer does not always function 
correctly. Basically, this is due to three kinds of problems : an error in the computer program, 
incorrect input or a machine malfunction. 


itwill do what the program instructs it 


i is controlled by its program, 
А V ill follow wrong instructions faithfully 


to do. If wrong instructions are given, computer w 
giving incorrect results. 


Errors can also result from incorrect input. This concept is referred to as ‘Garbage in— 


Garbage out’. 
ogram is error free, and the data entered is correct, the computer can 
still акын к: V нее computer is an electronic device, it can easily be affected by 


temperature, humidity. or any type of electrical disturbance etc. 


HOW IS A COMPUTER DIFFERENT FROM A CALCULATOR ? 


You must have seen à calculator and even used it. It has a set of number keys and 


some function keys with а small display screen on the top. A typical calculator looks like 
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A Calculator 
Do you know what a computer looks like ? It looks somewhat like this : 


EX&G3XG3 G3 3 G3 G3 G3 63 G3 3 C36 I. 63 
E39 C3 3 (3 33 23 (83 Бә (S3 4 (S9 3 em (15) 
EE G3 3 G3 Бы) 5 4 Б) 3 C3 == 53 
ЕЕЕ G3 GS ааа 
En 


pm —J 


A Computer 


Іп appearance it is just a bigger version of a calculator. Ithasa set of keys which 
resemble a typewriter and a screen which resembles a television screen. In a calculator the 
result of any problem’ comes on a small screen at the top. With a computer you have a 
much larger place to write оп. You can write on the whole screen. But this is not the only 
diference. Let us know about some more important differences between a computer and 
a calculator. 


A computer is an electronic device which is capable of accepting input, performing 
arithmetic and logic functions, storing information and giving output at a very fast speed and 
with great accuracy. Calculator is also electronic, works very fast, never tires and makes no 
mistake. But one very important difference between calculator and computer is that with a 
calculator you can only process or work with numbers, while with a computer you are able to 


work both with numbers and words. 


A calculator cannot store instructions whereas acomputer can. Once the instructions 
are stored in computer, it does what it has been instructed to do automatically, without any 


321 


intervention by a human being. Whereas in a calculator all the instructions have to be given 
manually, one-by-one. In other words we can say that computers are programmable where 
as calculators are not. 


Though, Japan has been able to make programmable calculators, but their scope is 
limited. Calculators still lack in their capability to store information permanently. With 
computers auxiliary memory devices or external memory devices can be used to store infor- 
mation, data programs etc., permanently. These devices cannot be used with a calculator. . 
Thus backing storage devices such as magnetic tape, magnetic disks, floppy disks etc., provide 
computer with unlimited memory. 


Thus we see that computers definitely have an edge over calculators or апу other 
electronic device. 


The spate of innovations and inventions in computer technology during the last decade 
has lead to the development of mini, micro and personal computers. They are so versatile 
that they have become indispensable to engineers, scientists, business executives, managers, 
accountants, teachers and students. They have strengthened man’s power in numerical com- 
putations and information processing. 


Modern computers possess certain characteristics and abilities that are peculiar to them. 
Now we shall discuss some of them. 


CHARACTERISTICS OF COMPUTERS 


1. SPEED 

Computerisa very high speed information processing machine. The speed of the 
computer is due to the incredible speed of electrical pulses or movement of electrons. We do 
not talk of its speed in. terms of.seconds or even milli seconds but units of time used are 
microseconds (millionths), or nano seconds (thousand-millionths) and even the pico-seconds 
(million-millionths). 

1 Second— 1,000 milli-seconds 

1 Second— 1,000,000 micro-seconds 

1 Second=1,000,000,000 nano-seconds 

1 Second= 1,000,000,000,000 pico-seconds 


A powerful computer is capable of adding together two 18 digit numbers in 300 to 400 


nano-seconds or we can say that 3 million calculations can be done in one second. 


is this high speed of the computer which has led to the completion of various 
с bic e cP hievements which otherwise were impossible e.g., the control of moon 
landing would have not been feasible without the use of computers. 


2. STORAGE 

human acquires new knowledge the brain subconsciously selects what it feels is 
manoti m and онч unimportant details to the back of the mind. Though the memory of 
a computer is large enough to retain a great length of information, but this is also finite. 
Auxiliary memory devices further extend the scope of storing.a wide range of information. 


3. ACCURACY 

uter's accuracy is consistently high. Errors in the machinery can occur, but due 
to m efüciency in error detecting techniques these seldom lead to false results. 
Although without exception, the errors in computations are due to humans rather than to the 
machine or its technological weakness. Just like an error in a typed letter is due to the fault 


of the typist and not the typewriter. 
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4. VERSATILITY 


As computers are capable of performing almost every task, so many daily activities can 
be performed by computers. By using the craft of programming, a given problem can be solved 
using various operations, which make computers highly ingenious. Computers now-a-days are 
used in every field of life. It finds its application in reservation in Railways and Airlines, in 
Banks, in Examinations for checking papers etc, and in keeping accounts up-to-date in 
Business etc. This is the only machine which can do such a wide variety of jobs through 
software development. 


5. AUTOMATION 


A Computer is much more than an adding machine or a calculator which requires 
human operators to press necessary keys for operations to be performed. Once a program is 
in the computer's memory, the individual instructions are then transferred, one after the other, 
to the control unit for execution. No human assistance is needed after the program goes for 
execution. 


6. DILIGENCE 


Being a machine, a computer does not suffer from the human traits of tiredness and 
lack of concentration. If 3 million calculations have to be performed, it will perform all of 
them with exactly the same speed and accuracy. 


PROBLEM SOLVING 


Computers have provided man with the capability to handle many varied problems, 
which are tedious and routine in nature. Today there is hardly any field where computers 
are not used. They are popularly, though mistakenly, perceived to be electronic brains having 
the attributes of intelligent beings. They only help human beings in solving problems and 
decision-making. They do exactly what they are told ; they have no common sense. In every 
instance of problem solving, the computer cannot be used to solve the problem until a method 
of solution has been evolved and a detailed procedure has been prepared by the user. 


Now the question arises, how to program a computer to solve a particular problem. 


Every problem has some information given and some information is to be obtained. 
The question is how to process the given information so that the required results are 
obtained. : 


Problem solving on a computer is the task of expressing the solution to the problem in 
So, simple concepts and operations and obtaining the results. The procedure to do this 
is as follows : : 


(a) Studying the problem in detail, Identifying output requirements, input data avail- 
able and conditions and constraints to be used. 


(b) Preparing list of procedure or steps necessary to arrive at the solution. This is called 
Algorithm. i 


(c) Preparing a flow chart. Flow chart is a diagrammatic representation of the 
procedure for solving the problem. 


(d) Developing a program and running it on the computer. 


? Before we proceed any further, we should understand the term ‘Algorithm’ and its 
relation with mathematics. 


| 
М 
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In order to solve a problem we have to prepare a step-by-step procedure. A technical 
term used for step-by-step procedure is algorithm. So an algorithm specifies a sequence of 
steps which, when faithfully carried out will result in the job being completed, 


In our day-to-day life we use many terms which are equivalently used for algorithms. 
For example in the subject of cookery, step-by-step procedure for preparing a certain dish is 
called by the term "recipe". 


In many magazines you must have come across step-by-step procedures for pre- 
paring a pullover. These instructions put together are known as “knitting pattern”. 
Similarly step-by-step procedure for preparing a. dress is known by the term “dress-pattern”. 
You must have played with ‘Mechanno’. You must have made a model crane ог a cart 
using different building blocks. You have to follow certain instructions in a definite order 
to achieve your objectives. They are called "assembly instructions". We can summarize 
in a table, the terms used for the algorithm or step-by-step procedure to accomplish the task. 


SS _————— 


Task Common name 
Preparing a dish recipe 
Knitting a pullover | knitting pattern 
Preparing a dress dress pattern 
Building a toy assembly instructions 


Table: Algorithms of some common tasks 


Thus you can see, that preparing a step-by-step procedure is very important in order 
to solve any problem. Thinking process is involved in writing an algorithm. Thus learning 
how to develop an algorithm is learning how to think properly in a systematic fashion. 


MATHEMATICS, ALGORITHM AND COMPUTERS 


at importance in solving any mathematical problem. Be it a pro- 


Algerie да» аш f LCM, calculation of HCF or calculation of profit, 


blem of calculating average, calculation o 
loss etc. 


ic idea behind writing an algorithm is that one should be able to communicate 
the B the given problem to others effectively. It is not sufficient that a human 
being understands an algorithm himself but he should be able to communicate it to the com- 
putes such that the computer can solve the problem by following the given steps. A computer 


can handle only simple operations like addition, subtraction, multiplication, division and 


comparisons. 


i be in terms of these simple operations only. The computer 

we ыг pel E which algorithm can be written in terms of basic operations 
сан ote А computer cannot solve a problem for which algorithm cannot be written. 
е it iE be communicated directly to the computer. Once the algorithm is ready, 
But algorithm Med into any one of the languages that а competer n understand. Some 
кей Бе ko 354 computer languages аге BASIC. FORTRAN, COBOL, PASCAL etc. An 
VU itten in any such language is called a program. So the algorithm is an aid in 
algorithm wri Pa nce the ‘algorithm is ready, the sequence of steps is clear, it is very easy to 
programming. . hm in rogramming language. Thus, writing algorithm involves systematic 
code E exor ойла reasoning power and initiate systematic thinking process. 
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Now that you have understood the term algorithm, and its relation with mathematics, 
let us take the following examples for better understanding : 

Example 1. Evaluate à 

10—8 x 5+(60/10)—(—10)+1 

Solution. The problem is very simple and you may give the final answer quickly. But 
here, we are more interested in knowing the steps involved in solving the above problem and 
the order in which the steps are to be carried out. For evaluating the above expression we 
will have to keep in mind the rules and order of operation. Perhaps you would proceed step- 
by-step as follows : 


Step 1: While solving any expression negation is solved first. So the given expression 
becomes : 


10—8 x 54-(60/10)4- 10-1. 


Step 2: Expression within the brackets, if апу, are solved next in any expression. ]n this 
expression also brackets are solved for the values (60/10) and the two-factor term is 
reduced to one value. The given expression becomes : 


10—8 x 5+6+10+1. 
Step 3: After all the brackets are solved and exponent values have been calculated, multipli- 
cation and division are performed (whichever comes first is solved first). 
Now, in this expression multiplication is performed and the expression becomes : 
10—40+6+10+1. 
Step 4: After all the brackets have been remaved, multiplication and division have been 
performed, addition and subtraction are performed from left to right. 
In this expression minus sign is to be performed first. 
Note that after the operation, the expression will become : 
—30+6+10+1. 
Step 5 : Similarly the expression is solved further. Thus giving the expression 
—24+10+1. 
Step 6: Expression is reduced to 
—14+1. 
Step 7: The final value that we get is 
—13. 


Notice that the answer is negative. 
Let us now consider a some what general situation. 
Example 2. Evaluate \ 
ax b—(c)+d}f+(—A). 7 
Where a, b, c, d, e, f and h are numbers and f<>0. 
Solution. The method of evaluating this expression will be simi 
difference will be that here we are using symbols а, Б, с, etc., бст: уйе 


вапна. Try to write down the step-by-step procedure yourself using numbers for various 
symbols. 


Example 3. Obtain total marks if marks in two subjects are given. 


In this, information is given about marks in two subjects and the processi is to 
be done with those marks, i.e., to add them. processing that is 


325 


Thus we see that, to solve any problem a procedure is needed, but if that problem is 
to be solved by a computer that procedure should be a step-by-step procedure. Everything 
in the procedure should be clearly and properly defined such that if that procedure is followed 
by a person blindly, he should be able to solve the problem. З 


The procedure written above should be more precise and clear. 
written for the above problem as follows: | 
Say A and B are marks in two subjects. 
T=A+B. 


Algorithm can be 


Then total is given by the formula : 


Algorithm 
(1) Read marks in two subjects and call them A and B respectively. 


(2) Add A to B and cali it TOTAL. 
(3) Write the value of TOTAL. 


(4) Stop. 
ne problem from mathematics and write the algorithm for it. 


Now let us take о 
Example 4. Calculate the area of a triangle when its three sides are given. 


Say a, b, c are the sides of the triangle 


LET s=(a+b+0)|2. NU 

Then area (X) is given by 

; YEN. s(s—a)(s —bXs— c) (Q2 

Algorithm 
1. Read valües of sides A, B and C. 
2. Add A, B, C and call their sum D. 
3, Divide D by 2, and call it 5. 
4. Subtract A from S and call it TEMI. 
5. Subtract B from S and call it TEM2. 
6. Subtract C from S and call it TEM3. 
7. Multiply 5, ТЕМІ, ТЕМ2, TEM3 and call it У. 
8. Find square root of Y and call it X. 
9. Write X. 
10. Stop. 

Nee Tae som temm ты dE uen inda e 


root of the given value 50 

dure is useful and practically available for solving complete problem 
Ad Te uae Ee program. One thing should be noted that algorithm can not be entered in 
and developing itis not à program. Rather algorithm is a tool in programming. and it is a 


Some simple problems from our day-to-day life are given and step-by-step. procedures 


are also given to solve them. 
Example: Let us write a step-by-step P 
Step 1: Goto the edge of the road. 
Step 2: Look at your right hand side. 
Step 3 : If there is any vehicle on the го 


rocedure for crossing the road. 


ad then go to step 2 otherwise go to step 4. 
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Step 4 : Cross half of the road and stop in middle. 

Step 5 : Look at your left hand side. 

Step 6 : If there is any vehicle on the rbad then go to step 5 otherwise go to step 7. 
Step 7 : Cross the road. Р 

Step 8 : Stop. 

In fact this is how you teach a child to cross the road. This step-by-step procedure 
works well with many people in many situations. However, this procedure does not take into 
consideration many more possibilities that may arise. For example, if some vehicle is parked 
on the road side, then the person who wants to cross the road, will keep on looking at the 
right-hand-side because step 3 does not specify whether the vehicle is moving or stationary. 
So, this procedure has to be rewritten to take into consideration the situation when a vehicle 
is just parked on the road. 

Step 1: Go to the edge of the road. 
2: Look at your right-hand-side. 
3 : If there is no vehicle on the road go to step 6 otherwise go to step 4. 
Step 4: If vehicle is parked by road side then go to step 6 otherwise go to step 5. 
5: If moving vehicle is atleast 50 metres away from you then goto step 6 otherwise 
go to step 2. 
6 : Cross half the road. 
Step 7: Look at your left hand side. 

8 : If there is no vehicle on the road go to step 11 otherwise go to step 9. 

9 : If that vehicle is parked by the road side then go to step 11 otherwise go to step 10. 
Step 10 : If moving vehicle is about 50 metres away from you then go to step 11 otherwise 

goto step 7. 
Step 11 : Cross the road. 
Step 12 : Stop. 
Even this step-by-step procedure doesn't take into account many more possibilities, such 


as а zebra crossing nearby or a flyover for crossing the road or a one-way street. So this 
procedure can be changed further to take into consideration the various other possibilities. 


Example: You want to telephone your friend to give him/her some information. 
Write step-by-step procedure such that while applying that procedure, every one, who wants 
to telephone, is able to do so. 


Step 1 : Take the receiver in your hand and dial the telephone number of the person whom 
you want to phone. 
Step 2 : If the ring goes, go to step 3 otherwise go to step 7. 


Step 3 : If some one speaks from the other side, verify the number you have dialled. If no 
one speaks then go to step 8. 


Step 4 : In case the number is correct, talk to your friend or get the information about him. 
"In case the number is wrong go to step 9. 


Step 5 : Keep the receiver on telephone. N 

Step 6 : Stop. 

Step 7: The telephone on the other side seems to be engaged. Keep the гесеї 
telephone for a second and go to step 1. pee E 

Step 8: No one seems to be at home. Go to step 5. 


Step 9: It seems that you have got wrong telephone number. Say "SORRY". th 
receiver on telephone. Go to step I. б жал 20a Keep ia 
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: This step-by-step procedure for telephoning any one will work in most of the cases but 
if the person who wants to telephone does not know the telephone number a query takes place 
in step 1 i e., step 1 cannot be performed as in step 1 dialling of the telephone number is needed 
and that number is not known. So there is a need to revise this procedure to handle these 
type of situations. This is how the procedure is improved to handle more general problems. 
The main aim is that the procedure should be such that no thinking is required while perform- 
ing the steps of the procedure as these procedures are to be performed by the computer 
(electric machine) which cannot think but can faithfully follow the instructions. 


The above procedure is now written again to include those situations when one wants 
to telephone but does not know the telephone number. 


Step 1: Do you know the telephone number of your friend ? If yes go to step 2 otherwise 
go to step 12. 

Step 2: Take the receiver in hand and dial the telephone number. 

Step 3: If the ring goes, go to step 4 otherwise go to step 8. 

Step 4: If some one speaks from the other side, verify the number you have dialled. If no 
one speaks go to step 10. 

Step 5: In case the number is correct, talk to your friend or get the information about him. 
In case the number is wrong go to step 11. 

Step 6: Keep the receiver on telephone. 

Step 7: Stop. 

Step 8: The telephone seems to be engaged. | 

Step 9: Keep the receiver on the telephone for a second and go to step 2. 

Step 10 : No one seems to be at home, go to step 6. 

Step 11 : It seems that you have got wrong telephone number. Say "SORRY". Go to step 9. 


Step 12: Do you have the telephone directory ? If not go to step 14. 


Step 13: Look for the name in the Telephone directory. The names in the telephone 
directory are arranged alphabetically. If you have got the name, note the telephone 
number ; go to step 2 otherwise go to step 14. 

Step 14 : Ring telephone enquiry and ask the telephone number giving the name. If you get 
the telephone number, note that number in your diary for future reference and go to 
step 2. · In case you do not get the telephone number go to next step. 

Step 15 : Tt appears that the telephone number is not in the name of that person. Dial again 
the telephone enquiry number and ask for the telephone number giving the address 
of that person whom you want to phone. In case you do not know the address 
then go to step 6. otherwise proceed to next step. 

Step 16 : In case you get the telephone number against address ; go to step 2 ; otherwise go 
to step 6 as there is no telephone in the residence of. that person whom you want to 
phone. 4 


Thus we see the second step-by-step procedure is more general than the first one. This 
algorithm procedure is performed step-by-step i.e.. first step 1 is performed, then step 2. and 
soon. In case we do not want next step to be processed then statement like go to is used. 


Then, immediately from that step one goes to the step which is mentioned in go to statement 
ignoring the steps in between. For example in the above second procedure, if the telephone 
number is not known, it asks us to proceed to step 12 ignoring steps 2 toll. After going to 
step 12 the steps will be again processed in the sequential order unless the procedure is again 
disturbed by a go to statement. 

We note that the above procedure can be performed by a child who simply understanda 


English. | 
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STEPWISE REFINEMENT OF ALGORITHMS 


Computer is a very obedient machine. It carries out the instructions most honestly 
and it performs operations exactly as per the instructions given to it. Therefore every step 
given should be very precise, correct and non-confusing. For that purpose, our algorithms 
require successive réfinements until each of its step is sufficiently detailed, exact and precise. 
This approach is known as step-wise refinement. Let us take one example to explain this 
approach, 


Example : Design an algorithm to describe how to make rice for meals for a person. 


Solution : 

The required logarithm will consist of following steps : 
Step 1 : Pick the rice. 

Step 2: Wash the rice with clean water 2 or 3 times. 
Step 3: Put the rice in boiling water. 

Step 4: Add salt to it. 

Step 5 : Cook till done. 

Step 6 : Serve rice in plate. 

The steps given above are not sufficiently detailed to be carried out successfully by a 
computer, Each step requires further breaking down into simple sub-steps, with each sub-step 
specifying more details than the original step. 

Step (1) Pick the rice can be refined into : 

1.1 Open the rice tin 

1.2. Measure 1/2 glass of rice 

1.3 Put rice in a plate 

1.4 Remove stones, etc., from the rice. 


Step (2) Wash the rice can be refined аз: 
2.1 Put rice in a bowl 
2.2. Take 1 glass water from the tap 
2.3 Pour water in the bowl 
2.4 Wash the rice to remove dirt etc. 
2.5 Drain dirty water 
2.6 Repeat process 2.3 through 2.5 until all dirt gets removed. 


Step (3) Put the rice in boiling water can be refined as : 


3.1. Take one and a half glass of water 
3.2 Pour the water in an empty vessel 
3.3 Light the gas 

3.4 Keep the vessel on the stove 

3.5 Wait until water starts boiling 

3.6 Put rice in boiling water. 

Step (4) Put salt in rice can be refined as : 

4.1 Open masala box 

4.2 Take half spoonful of salt 
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:4.3 Put the salt in boiling water 
4.4 Close the masala box. 


Step (5) Cook till done can be refined into : 


5.1 Take a lid 

52 Put the lid on the vessel 

5.3 Slow down the flame 

5.4 Cook for 7 minutes 

5.5 Switch off the gas 

5.6 Keep the vessel covered for another two minutes. 


Step (6) Serve rice in the plate. This step can be refined as : 


6.1 Take a plate 

6.2 Take a rice spoon 

6.3 Put rice spoon in plate 

6.4 Take a serving spoon 

6.5 Uncover the vessel 

6.6 Put two serving spoons full of rice in the plate 
6.7 Serve it. 

Thus refinement of a step will involve : 

(a) breaking down the present step of action into small and simpler steps of action. 

(b) re-expressing the present step of action with more precision or 

(c) adding more details by way of sub-steps. 

One thing should be clear that refinement of steps need not increase the number of 


sub-steps if the problem is very simple and within the grasp of an individual. One can come 
up with the entire algorithm in one stroke without the requirement of further refinement. 


the question, which we asked earlier: How does а human being 


attempt to tackle a problem ? You must have understood something about it by now from 
the examples given. Whenever anybody is confronted with a problem, his understanding of 


the problem makes him think the broad steps that will lead to the solution. The person may 
not be able to think the minute details of the steps involved but eventually when the person 
takes steps one-by-one he may add the details by breaking the given step into a number of 


sub-steps. This approach to problem 
\ EXERCISE 19.1 


1, Evaluate the following expressions using step-by-step approach : 
(a) (—12)(—2)+8—(6x 10)—(—25) й 
(b -0(-20)-(5х 4/2)+5X7 

. (с) 23--123--6х49-12/4-(-10) 
Develop an algorithm to prepare a cup of tea. 


Design an algorithm to read a book. 
Workout the detailed steps for searching the phone number from a directory. 

We want to devise an algorithm to borrow a book from a library. Following is the 
initial algorithm with broad steps : d 

1. Find the number assigned to the book from the catalogue. 

2. Ascertain whether the book is available on the shelf of the library. 


Pw 
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3. If available, get the book issued. . 

Refine these steps further. Incorporate the following while refining it. 

(a) Ifthe book is not held by the library, recommend it for purchase. 

(b) мин book is held by the library but currently not available put it on demand 

slip. 

6. Develop an algorithm to find smaller of two numbers. 
7. Develop an algorithm to find smallest of 3 numbers. 
8. Design an algorithm to calculate the area of a circle for given radius ‘r’. 


FLOW CHARTS 


We have seen that to use computers for solving problems, it is necessary to develop a 
step-by-step procedure. These steps have to be serial i.e., one after the other, because the 
computer operates serially. These procedures can be represented in another way through 
figures calléd flow charts. 

A flow chart is a pictorial representation of the steps involved in the procedure. It 
also shows the logical sequence, in which the steps are performed. A flow chart consists of 
boxes, called. symbols and arrows, called flowlines. The box tells us what to do and the 
flowline shows us the next step to be done. 


In flow charts each step is put into a box to emphasize that it is an individual unit and 
lines indicate the flow of sequence. For example you want to calculate the total marks for a 
student. Marks in three subjects are given and you call them by names 4, B, C. So for 
solving this problem, following step-by-step procedure can be used. 


Step 1 : Read marks in three subjects. Call them A, B, C respectively. 
Step 2 : Add A, B, C and call it TOTAL. 
Step 3 : Write TOTAL. 
Step 4: Stop. 
Once the problem has been broken into steps and precise sequence of steps is decided, 
the programmer can illustrate each individual step through the use of a flow chart. 


READ. АВС 


TOTAL = A+B+C 


WRITE TOTAL 
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(Here A, B, C represent memory cells which can hold any value.) 


The above algorithm has the following steps ; obtaining the input data, performing 
calculations and producing the output information, Each type of step is shown using @ 
different shape of box. In above flow chart you can notice following types of boxes : 


Processing Box 


The shape of the processing box is a rectangle. This 
symbol represents one or more instructions which perform a 
processing function of the program. Examples of processing 
functions are addition, subtraction, multiplication, division, 
moving data in storage or initializing the value of some : 
variable as in case of assigning the value zero to sum i.e., 
SUM=0 at the start or formula like TOTAL=A+B+C. 


Only one flow line can move out of the processing box 
and any number of lines can enter it. 
Input/Output Box 

The shape of input/output box is a parallelogram. 
This symbol indicates any function of an input/output device 
such as keyboard or printer. It makes data available for 
processing or displaying the result of processing on screen. 
Examples of Input/Output operations are keying in data 
through key-board or displaying some information on the 
screen or printing it on printer. 

Again only one flow line can leave this box and any 


number of flow-lines can enter this box. In the above example 
Read 4, B, C and Write TOTAL are input/output box 


respectively. 

Terminal Box us 
This symbol is used to indicate the beginning or end of a ( START 

flowchart. When this symbol is used for START, no flow line can утта 

enter it. . Only one flow-line can leave from START box. When it i 


is used for STOP, no flow line can leave this box. Any number of 
flow-lines can enter STOP box. 
There is only one START symbol in each flowchart, however 


there can be a number of STOP symbols in a given flowchart. 
STOP 


Let's analyze what happens in the computer's: memory. Computer memory сап be 
thought to be made up of small cells, where different values can be stored. READ А, B, C іп 
box No. 2 reserves memory space and stores the values in boxes named A, B and C which can 


have any numeric values, 
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84 72 
TOTAL ! TOTAL 1 187 j 
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Suppose values of A, B and C are 50, 65 and 72 respectively. In box No. 3, addition 
of A, B and C is done and is stored at memory cell named TOTAL Le. 50, 65 and 72 are 
added and the result is 187 which is stored at memory location TOTAL. In box No. 4 the 
value stored at location TOTAL is printed and box No. 5 indicates end of procedure, 
` Example ! 
Write a step-by-step procedure for finding the largest of 2 numbers. 
Procedure 
Step 1: Read two numbers and call them A and B respectively. 
Step 2 : If A is greater than B then write A otherwise write В. 
Step 3: Stop. 


We see that in the above procedure you can read two numbers and it will print the 
largest of those two numbers. The result will be obtained in step 2. 


The above procedure can be pictorially represented as : 


» 


Неге we find the use of another symbol i.e.. Decision Box 


NO YES 


It resembles a diamond in shape. This box is used when i i 
performed between two quantities. еп some comperisoa МО үй 
So a decision symbol shows in the procedure where a compari i 
"n moa a 
depending on the value of condition, one of the two different ie 3 pasci лата 
box gives rise to two alternative answers to the condition ie., either the condition is true or 


it is false. In a decision box following conditions can be checked : 
АХ а <= > >= <> 


In the above example A or B is to be printed depending on whet i 
B is greater. | So a decision box has two flow lines moving T. one M VES ИХ gta 
with NO option. If the value of A is greater than the value of B, A will be printed. If the 
value of A is not greater than B than value of B will be printed. 

Now we have learnt all the symbols used in making flowcharts. Le 
more examples of making flowcharts. 5 га чу юле 


Flowcharts for day-to-day life problems 
We have written algorithms for some of our daily life problems. Now let us 
we can depict these algorithms in flowchart form. ht aeons how, 


Example: How to cross the road ? 
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СО TO EDGE 
| OF THE ROAD 


LOOK AT YOUR 
RIGHT HAND SIDE 


АМҮ 
VEHICLE. 


CROSS THE ROAD 


335 


Example: Making a telephone call to your friend. 


TAKE RECEIVER IN 
HAND.DIAL TEL NO. 


SEARCH THE ТЕ! 
NO. IN DIRECTORY 


TELEPHONE IS 
ENGAGED 


HAVE 


YOU GOT. YES 


KETE Бе 
NOTE THE 


RING TEL. ENQUIRY 
ASK TEL NO GIVING 
NAME & ADDRESS 


SAY SORRY & KEEP NO TELEPHONE IN 
RECEIVER BACK THE RESIDENCE 


KEEP THE RECEIVER | 
DOWN 
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Example: To find out the largest of three numbers giyen to you, 


Here we want to find out the largest of three given numbers. Suppose the numbers 
are A, B and C. We know that at a given time we can compare two numbers. So let us start 
with first two numbers. Take A and B, and check which one of them is bigger. If A is 
found to be bigger then compare A and C, otherwise compare B and C. After comparing 
with C whichever number is found to be bigger, that number will be the largest. The number 
can be printed on the screen with the message that it is greatest. 


Step-by-Step Procedure 

Step 1: Read three numbers and store them in A, B and C. 

Step 2: Compare А and В. If A is greater than B then go to step 5 else step 3. 

Step 3: Compare Band C. If B is greater than C then print Bis greatest and go to step 7 
otherwise go to step 4. 

Step 4: Print C is greatest and go to step 7. 

Step 5: Compare A and C. If A is greater than C then print A is greatest and go to step 7 
otherwise go to step 6. 

Step 6 : Print C is greatest and go to step 7. 

Step 7 : Stop. 

Flow Chart 


PRINT "В IS 
GREATEST" 


PRINT *A IS 
GREATEST " 


— 
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Example : Draw a flowchart to compute and pri i 
: \ 3 print the grades f. i 
Input is Roll No. and Marks in five subjects out of 100. Grades ae allocated tie odd 


ing basis : 


Percentage of Marks Grade 
90 and above “ 
80 and less than 90 p 
Less than 80 c 


Short names for memory cells 
в: Roll No. 
Мі, M2, M3, M4, М5: Marks in 5 subjects respectively. 
T : Total marks. ! 
Р : Percentage marks. 


Step-by-Step Procedure 
Step 1: Read К, M1, M2, M3, M4, М5. 
Step 2: Add M1, M2, M3, M4, М5 and call it T. 
Step 3: Divide T by 5 and call it P. 
Step 4: If P >= 90 then go to step 7. 
Step 5: IP >= 80 then go to step 8. 
Step 6: Write R, P, “С GRADE" and go to step 9. 
Step 7: Write R, P, “A GRADE" and go to step 9. 
Step 8: Write В, P, “В GRADE". 
Step 9 : STOP. 
(Flow chart given on page 338). 
Example: A departmental store has announced discount on some electrical goods. If 
d is less than or equal to Rs. 300 then 7% discount is given. If the 
1 to 500 but greater than Rs. 300 10% discount is given. For 
appliances with cost price greater than Rs. 500, discount of 12% is given. 
e of the items and cost price. Calculate the net selling 


Draw a flowchart to read name 4 ; 
price. Print the names of the items, discount and net selling price. 


Short names for memory cells 


ITEM 5: Name of the item. 
CP : Cost Price of the item. 


: Discount money. 
NP : Net Price. 
Step-by-Step Procedure 


Step 1: Read ITEM $, CP. 
Step 2: If CP <= 300 then go to step 6 otherwise go to step 3. 


Step 3: If CP <= 500 then go to step 8 otherwise go to step 4. 
Step 4: Multiply CP with *12 and call it D. 
Step 5: Goto step 9. 


338 


READ, R,M1 , M2 M3, M4, M5 


T=M1 + М2 + МЗ + М4 + M5 


YES: 


WRITE R, Р “A GRADE" 
NO 


: БЛ 
YES 


WRITE R, P, *B GRADE" 
NO 


WRITE Я, Р, "С GRADE" 


е Ee T o 
Ee мал. 
re es 
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Flow Chart | 


( START ) 
/ READ ITEM $,СР / 


= D 
ITE ІТЕМ% O.NP 


WRITE ITEM 5, D, NP 


T- 
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Step 6: Multiply CP with '07 and call it D. 
Step 7: Go to step 9. 

Step 8: Multiply CP with ^1 and call it D. 
Step 9: Subtract D From CP and call it NP. 
Step 10: Write ITEM $, D, NP. 

Step 11: Stop. 


EXERCISE 19.2 


Draw a flow chart to solve the following problem. A man wants to cross а river. Не 
does not know swimming and there is по bridge near by. But he sees on his side of 
the river two boys sitting in a smal] boat. ` The man requests the boys to take him in 
their boat to the other side of the river. The boys tell him that the boat сап/сатгу 
only one adult or two children. How to solve the problem of getting the man across 
the river ? / 


Draw a flowchart to find the length of the hypotenuse of a right-angled triangle given 
the length of its two other sides. 


Draw a flowchart to find the profit or loss per cent in a transaction when you are given 


` cost price and sale price of an article bought. 


Draw a flowchart to calculate the simple interest for given value of Principal, rate 
interest and time. Also calculate the Amount. P d 


Draw a flowchart to calculate the total marks in 3 subjects, [Marks are out of 50]. 
Also calculate the Average and percentage marks. Print the message ‘PASS’ if 
percentage is 40 or more, otherwise print the message ‘FAIL’. . 


TEST PAPERS 


TEST PAPER—I 


Fill in the blanks to make the following statements true : 


(a) 
(b) 


Sum of the four angles of a quadrilateral 15.......... 
A parallelogram is a rhombus if and only if its diagonals are ......... 


(с) A polynomial having all coefficients as ........1$ called zero polynomial. 


(е) 
(f) 
(g) 


(a) 
(5) 


(a) 
(b 


= 


(d) The set I of integers is а......... of the set О of rational numbers. 


The rangle of data 20, 15, 15, 14, 23, 18, 27, 16, 21 is... 
The mantissa of the logarithm of a number is always........-, 

Two equal angles are.........always symmetrical. 

Prove that the sides opposite to equal angles of a triangle are equal. 

Sides BA and CA ofa AABC have been produced respectively to points D and E 
such that BA— АР and CA=AE. | Prove that DE || BC. 

Prove that the medians of a triangle pass through the same point which divides 
each of the medians in the ratio 2 : 1. 

Show that the diagonals divide a parallelogram into four triangles of equal area. 


(a) If U={1, 2, 3, 4, 5, 6, 7, 8, 9), find the complement of the set A, when 


(0) 


(а 


= 


(b) 
(a) 


(b) 


(a) 
(b) 


(a) 


A={2, 4,6, 8) 
If A and B are two sets such that AUB has 18 elements, A has 8 elements and B 
has 15 elements, how many elements does ANB have ? 


If x be a real number, and /, m, n positive integers, show that 
xm M ха ү" х! Ww 
(5) (27 (ET 
xt 259) x" 
The length of a rectangle is 3 cm more than its breadth. Ifthe perimeter of the 
rectangle is 18 cm, find the length and breadth of the rectangle. 


If Rs. 2730 are invested at 12% interest, compounded every year, for 5 years, 
what is the amount realised at the end of 5 years ? 

A tower stands vertically on the ground. At a point onthe ground 15 metres 
away from the foot of the tower, the angle of elevation of the top of the tower is 
609. Find the height of the tower. 

Construct a triangle ABC, having given angle C= 60°, altitude AL=5 ст and 
median ВЕ--7:5 cm. 

Construct a square when the sum ofits one diagonal and two sides measures 
10 cm қ 


Construct a frequency distribution table from the following data, showing the 
scores of 30 students in class test : : 


(341) 
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Marks Number of students 
Below 10 . 5 
Below 20 12 
Below 30 20 
Below 40 26 
Below 50 30 


(5) Ina study to test a new variety of wheat, an experiment was performed on 50 
similar plots (under similar conditions) and the following results were obtained : 


Yield per hectare (in quintals) Number of fields. 
10—20 2 
20—30 7 
30—40 12 
40—50 15 
50—60 8 
60—70 6 


(i) Construct a cumulative frequency table for the data, 
(ii) Represent the above data by a histogram. 


TEST РАРЕК-П 
1. Fill in the blanks in the following so as to make each statement true, 
‚ (a) Triangles on the same base and between the same parallels are......... in area. 
(b) Diagonals of a parallelogram......... each other. 
(c) Every set is a ......... of itself. 
(d) If the class marks in a frequency distribution are 19:5, 26:5, 33:5, 40:5, 47:5, 54:5 
615, then class size is........ 1 Я 
(e) 2 isa......... of the polynomial 4— x, 
(f) 3x8+7x+5 is a polynomial of degree......... in x. 
‘ C 
2. (a) Prove that the sum ofthe three angles of a 5С----:--- 112 M» 
triangle is 180°. 5 
(b) Inthe figure, lines AB and CD are parallel Pe 
and P is any point as shown. 3 
Prove that / ABP4- ZCDP— / DPB ате NPA RS 
A B 


3. (a) Prove that if a transversal intersects two Parallel lines, then the interior angles on © 
the same side of the transversal are supplementary. 


(b) ABCD is a trapezium in which sides АВ and DC are parallel, and E is the mid- 
point of AD. If Gis а point оп the side ВС such that segment EG i 
side DC, prove that EG=}(AR+DC). vA рала fo 
4. (а) Find the remainder when the polynomial 
p a1 — 3x?+2x+ 1 is divided by х-1, 


(b) 


(a 
(b, 


(a) 
(5) 


€ eu 


(a) 


(b) 
(a) 


. (b) 
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Ina class of 30 students, 20 students like to play cricket, and 15 like to play 
football. Also each student likes to play at least one game. How many students 
like to play both cricket and football ? е 


' 4734572 
448--У18 
Factorise : 5x1—32x--12. 


Evaluate 2 sin? 30? tan 60°—3 cos? 60° sec? 30°. 


Two men are on the opposite sides of a tower. They measure the angles of eleva- 
tion of the top of the tower as 45? and 30? respectively. If the height of the 
tower is 40 m, find the distance between the men. ; 


— EN у 
жоне н 2201 AES 
Simplify : / m Kom / чаг = 


Divide the polynomial a$— 5a--4 by а2— 2a- 1. 


Construct a cumulative frequency distribution table from the following frequency 
distribution table and find the number of students obtaining below 15 marks : 


Express with a rational denominator. 


Marks Frequency 
0—5 4 ` 
5—10 7 12 

10—15 10 

15—20 8 

20—25. | 3 

25—30 f 2 


The distribution of monthly wages of 40 workers in a factory is given below. Draw 
a cumulative frequency curve for the data. 
Monthly wages Number of labourers 
(In rupees) 
210—230 
230—250 
250—270 
270—290 
290—310 
310—330 
330—350 


> © лох чь 


TEST РАРЕК-Ш 


Fill in the blanks to make the following statements true : 


(a) 


(b) 
(c) 


If two sides of a triangle ate unequal, the longer side has the......... angle opposite 
to it. 

A quadrilateral is a parallelogram if and only if its diagonals ........ each other, 
Every point of the number line corresp onds to а..:..... number. 
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(6) 


(b) 
(c) 


(b) 


The number of observations in a particular class interval is called the.. ......of the 
class interval. 

The sum of two quadratic polynomials is always а......... polynomial. 

A set and its complement set are always......... sets. 

The logarithm of 1 to any base is equal to... ....... 

The value of tan 45°+cot 45? is.......... 


Prove that parallelograms on the same base and between the same parallels are 
equal in area. 


ABC is a triangle in which AC>AB and the bisectors of angles B and C intersect 
each other at О. Prove that OC OB. 

Prove that in a triangle, the line segment joining the mid-points of two sides is 
parallel to the third side. 

Prove that the perpendicular bisectors ofthe sides of a triangle pass through the 
same point. . 


If a real function f is defined such that its value at x is given by f(x) 7— 3x2, find 
the doinain of f. Evaluate f(1) and f(—1). 

Factorise : 6x2—x—2. 

Show that 3 is a zero of polynomial x3--8x2+ 8x+21. 


If sin 5-2, find cos 6 and tan 8. 


As observed from the top of a 50 m tall light house, the angles of depression of 


two ships approaching it аге 30° and 459. If one ship is directly behind the other, 
find the distance between the two ships. Д 


Form a frequency distribution table for the following data : 


Marks Number of students 
Above 0 30 
Above 10 26 
Above 20 Ё 21 
Above 30 14 
Above 40 10 
Above 50 0 
Draw a cumulative frequency curve for the following : 
Marks Number of students 
0-4 4 
4-8 6 
8-12 10: 
12—16 : 8 
16—20 4 


7. (а) Factorise хб—64. 
(b) Divide polynomial y5—254-1-43 y2—2y+6 by y8—y242. 


(a) 


(b, 


=~ 


(a 


= 


(b) 
(c) 
(d) 
(e) 
(7) 
(g) 
(a) 


(b 


= 


(а) 
(b) 


(a) 
(b) 
(c) 


(a) 


(b) 


(a) 
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(3:29)1 P х 56°81 х 1:328 

42:59 х 8:725 
zy іт, (= тёп тп (ха n?-- I?-- nl. 
E ха (27) 


Evaluate 


Simplify : ( 


TEST PAPER—IV 


In a triangle, the three altitudes pass through the same point which is called......... 
of the triangle 

If two lines are perpendicular to the same line, they are ..... to each other. 

The decimal representation of л is non-terminating and........ 3 

The Н.С.Е. of (x—1) (х--2)2 and (x—1)? (x4-2) is.......... 

Lower limit of the class-interval 26— 33 is..:....... 

The intersection of any setA with the empty set is always the ........ 3 

If x=sin 302--сов 60°, then x equals ... ..- 

If two sides of a triangle are unequal, then prove that the longer side has the 


greater angle opposite to it. 
Tn a triangle ABC, D іг the mid-point of BC and E is the mid-point of AD. Prove 
that ar (A BDE)=} ar ( AABC). 
If a pair of opposite sides of a quadrilateral are equal and parallel, then prove that 
the quadrilateral is a parallelogram. 
ABCD isa parallelogram, E and Fare the mid-points ofthe sides 4B and CD 
respectively. Prove that segments CE and AF trisect the diagonal BD. 
Express 3/256 as a mixcd surd in its simplest form 
If p(x)ext-233—3x?-- x— 1. find the remainder when p(x) is divided by x—2. 
A number consists of two digits whose sum is9. If 27 is added to the number, 
the digits change their places. Find the number. : 
1 

== ап В-- V3, 

If tan A 73 and tan У 3, show that 
sin A cos B+cos A sin B=1 


A tall tree stands vertically on a bank of ariver At the point on the other bank 
directly opposite the tree, the angie of elevation of the top of the tree is 60°. At 
a point 20 metres беліп. this point on the same bank, the angle of elevation of the 
top of the tree is 30°. Find the height or the tree and the width of the river. 


Thirty-five girls of the same age were examined to record their pulse rate. The 
following figures were obtained while recording the number of beats per minute. 
Taking 55—60 (60 not included! as one of the class-intervals, construct a frequency 
distribution table with class intervals of equal lengths : 

а 6 12 5102750 (682 82, 60) 66, 52, 59, 
43,27: 578,7 66, 61. 51, 59, 84, 68, 79, 75, 68, 58 
MN RODS ат: Soa ТОРИ ЛАС 68; 60; 471, 454, 
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(b) Following is the distribution of ages (in years) of 32 teachers in a primary school : 


Age in years Number of teachers 
25—31 10 
31—37 13 
37—43 5 
43—49 3 
49—55 1 
Total 32 


7. (a) Divide 116 among four parts such that 5addedto the first, 4 subtracted from the 
second, third multiplied by 3 and fourth divided by 2 give the same result. 


(b) Find the L.C.M. of the polynomials x34-27 and x3—2x2--6x--9, 
1 үе 1 ү 
(>) (2-3) 
8. (а) Simplify: -— ar Tv 
ous botas] 
(b) Evaluate 94D 4/1423. 


y 229° , using logarithm tables. 


Пп 


ANSWERS 


Exercise—1 (a) 


1. Sets (b), (c) and (d) are well-defined sets. 
2. (a) (—9, —8, —7, —6, —5, —4, —3, —2, —1,0,1, 2, 3, 4, 5, 6, 7, 8, 9) 


(b) (1, 2, 3, 4, 6, 8, 12, 24} : (с) 0, 3, 5, 7) 
(d) (5, 10, 15, 20, 25, 30, ...} 
3. (a) P={2} (b) S={2, 3} (с) T={5, 6, 7, 8, 9, 10) 

(4) M={1, 4, 9, 16, 25, 36, 49, 64, 81) 
(е) А={......... ‚ —3, —2, —1, 0, 1, 2, 3, 4, 5) 

. (a) True (b) False 
(i) True (ii) False 
(a){ } (b) (01, 2, 3, 4, 5} 


(x: xEN, 7<х<21) 

. (a) X—(x : x is a prime number) 

(b) E={x : x is an even number and x<20} 
(c) J={x | x€ and -3<х63) 

(d) K— (x | x€W and 12<х<21) 


олти № 


9. (x: х=2п, пе N) 10. (0,1) її. (1,3, 5, 9, 15, 45) 
Exercise—1 (b) 
1. (a) Finite (b) infinite (c) infinite (d) finite 
(e) infinite (f) infinite (g) infinite (A) finite 
2. (a) Not equal (b) equal : (c) equal (d) equal 
3. (a) Equivalent (b) Not equivalent (c) Equivalent 
4. (a) Equal (b) Not equal (c) Not equal 
5. No 6. None 7. `АзёВ 8. (0) and (9) 
Exercise—1 (c) 
1. (a) Non-Empty (6) Non-empty (c) Empty (d) Empty 
(e) Empty (f) Empty 
2. (a) Yes (b) Yes 
3. ( }, {1}, {2} Bb {L 2} (2 3} (5 3} (0,2, 3} 
4. % (0), {1}, (0, 1} 
5. (a) True (b) True (c) False 6. 16 7. Yes, equal 
8. (a) Non-disjoint (b) disjoint (c) disjoint (d) disjoint 
9, (a) False (b) True з 


(347) 
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. (a) {3} or {5} or {3,4} ог (3 5 or {3,4, 5} © 


(b {3} or {5} or {3,5} (д 3) ог {5} or (3,9 
(d) {1} or {2} or (1,2) ete. j 
Exercise—1 (d) 


. The set of triangles. 


. (a) {Letters of the English alphabet} (b) {natural numbers} 

(c) The set of integers. 
. Al={a, с, f) 5 B'={b, c, d, е}; C'—(a b, c, d, e, f } 4. (56,7, 8} 
; (a) {x : x is a composite natural number} Y 


(b) (x : x is a natural number and not a perfect square) 
(с) (x : x is a natural number not divisible by 3 and 5) 


6. (а) 0, 3, 7,17 (b) {1, 2, 3, 6, 12, 17, 52} (c) {2, 6, 12, 52, 56} 


ч 


13. 


. Set A is equal to the universal set. 


Exercise—1 (е) 


‚ AUB={a, b, c de f) ; AMB={b, d, f) 
.CUD-(p, 9,7, 5,% »2;  COD={ } 
. (0) (2, 3, 4, 6, 8, 9, 10, 12, 14} (b) (6, 12) 
. (а) (a c, e, 1, j, k, l, m, n} (b) {a, k, m, n} 
. @) (1, 3, 5, 7, 10, 12, 15, 18, 20, 25) (ii) (10, 15) 
(а) (x | x is a natural number} (b) (x | x is a real number) 
(c) (x | x is a multiple of 3 or 5} (d) (x | x is an integer) 
. (a) {2} (D$ (c) (x | хіз ал integer} (4) (x | x is a multiple of 6} 
(-5 
‚ (a) (3, 4, 8, 12) (b) (4 12) (с) {3} (4) (8) 
. (i) (16,17, 18, .., 25} (8) (1, 2, 3, 4, ..., 10) 
(iii) (1, 2, 3, 4, ..., 10, 16, 17, 18, ..», 25} (iv) $ 
(a) (7, 9, 11) j (b) {11} 
Exercise—1 (f) 
(a) {6, 12, 18} (b) {18} (c) {3, 15} (d) (6, 12} 
Exercise—1 (g) 
2 


(b) 


9. (a) 


11. (i) PUQ' 


10, 
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14. 
Exercise—1 (h) 

1. 106 2:15 9. 7 717 80:77 

6, 16 7. i200 8. 125 9, 80 10. 10 
11. (i) 7 (ii) Зі (iil) 0 (iv) 4 12. 50 
13. (i) 190 (ii) 140 . (ili) 440 14. 550 

: Review Ex ercise—I 
1. (a) False (b) True (c) False (d) True (е) True (f) True 
2. (a) True (b) False s 
3. (a) Empty set (b) disjoint (с) n(4)+n(B)—n(ANB) 
(d) à (e) subset (f) disjoint 

4. The set of integers 5. $,(—1), (0), (1), {—1, 0), {—1, 1}, {0, 1} 
7. (a) D={3, 5} (b) F={6} 8, (3, 5,7, 11, 17) 

9, (a) (-3, —2, — 1} (b) (73, —1} 

10. (a) (11, 31, 41, 61, 71) (b) (21, 51, 81, 91) 

(с) 10,21, 91) 12. U 
13. 14. 8 
15:77:22 
Exercise—2 (a) 

1. No Р 2. (а) Yes (b) No 

3. (a) Yes (b) Yes 4. (a) No (b) Yes (c) No 
52075: 6. (а) Үсв (b) Yes (с) Yes 


7:0 8: 5, —5,1;--1 9: m0 1 
1 5 4 2 
19. > 11. Yes 12. EUIS MH 
7 500 20! DEP EIS 167 
13. 25” de? 23 14. (a) -- (b) 8 15. (a) 8 (b) 9” 
Exercise—2 (b) ^ 
1. (a), (b), (с), (e), (f) and (?)—irrational. 
Exercise—2 (c) 
1. —472, 47, 3. 3-У2 М 2. (а) Үеѕ (5) No 
3. (a) Yes (b) No 
4 (а) 0 (b) R (05 (d) R (9% (f) R 
'5. Yes . 6. No. 
8 (а) (5, 5 (b) (5, — 3} 
(с) {5.7 E 3} (а) {= VI 2443 ] 


ө (5 Tos T. siens] 


9. (a) The set of irrational numbers. (b) The set of rational numbers. 
(с) The set of negative гта! numbers and zero. 
(d) The set of positive numbers and zero. 


(e) The set of positive numbers. ( f) The set of numbers not divisible by 10. 

10, (a) 0 (5) 17 (г) 9-2,2 (d) 104- уз 

n. (а) х= —3, 7 : (b) х--2, 2 

12. 

ee 
(a) 

тоосоо? уу ЕТТІ 3 4 5 Э 
(с) 

Review Exercise—II : 

1. (а) 2 (E) 1, —5 (c) rational (d) cvcn (e) 6 3 2 

2. (a) 1 (2) 0 (c) —1 (d) 0 

3, 0:375 4 4--5 Зу 7:76 

8. 22 10. x—--3,7. 


1. 347 2. 
4. 542 5. 
7. 4175. 8. 
10. 1/72 11. 
13. 3 4/7 14. 
16. 4/972 
1. 32/729, 12/256, 12/125 

(c) 12/16, 12/81, 12/8 
2. (a) 4/4 (b) 4/6 
3. (a) 4/6, 4/5, УЗ 

(c) 8/5, 4/3, 4/9 
4. (a) 8/10, 4/3, 11/25 

(с) 4/2, 8/3, 3/4 
1. 54/2 2. 
4. 24/3 5. 
7. 4/3 8. 
10. 0 n. 
13. 10/2 14. 
16. 0. 
1. ул 2. 
4. 4/40 5. 
т. $/392 8 
10. 20 $/160 п. 
13. 60 14. 
16. 18 4/35 17. 
1. y2 2. 

SIL 5. 
2 

7. 2/5 8. 

3,6 /_9 
10. 3 x Ja 11. 


Exercise—3 (a) 


3.,9У6 


545 
6 43 6. 34/3 
4/360 9. 4847 
4324 12. 2500 
28/9 15. 4/405 
Exercise—3 (b) 
(5) 8/4, 8/15, 8/16 
(а) 4/27, 4/81, Чу4 
(с) 42 (4) 4/4 
(Б) $21, 415, 421 
(d) 24/5, 471000, 344 
(5) 4/6, 4/10, V3 
(d) 3/2, 2/3, 4/7 
Exercise—3 (c) 
243 3. 11/2 
74/2 6. V3 
74/5 9. 3/3 
24 12. 94/4 
645—2V6 15. У2-3У6 
| Exercise—3 (d) 
466 з. 4/63 
15421 6. 208/72 
. MTS 9. 2$/1125 
34/10 12. 18V6 
844/2 15. 704/2 
5/360 18. 232/81 
Exercise—3 (е) 
з. 413 
#4 3 
21112) 6. 3х 37:17: 
5 3 10 
419 9. 4/32 
5 
9 4v5 
4 41 12. 9 
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Exercise—3 ( f) 
1. 2-2У3 2. 34/343 3. 3-2415 
4. 542-543 5. 30—44/10 6. 6 
7. 415-4/104-342--24/3 8. 1/15 9. 54-746 
10. 5/5-- 415 11. 84/15--6410—15//6—60 
12. 5/2--6/5—2410—12 13. 147—606 14. 10 
15. 49--20У6. 
Exercise—3 (g) 
1. J3 2:02. 3. 45 
4. y3 5. 45 6. 46 
7. 3/2 8. 43 9. 4/3s 
10. J2.v3 П. 4243 12. 7.9/3 
: Exercise—3 (h) 
1. 2/3 2. 271 3. 4/3 
4/3 243 443 
4. TTE i 5. ELE 6. rm 
7 546 ET 
7. У6 &o 7-6 9. 4/15 
10. 0:894 11. 1:060 - 12. 2:309 
Exercise—3 (i) 
1. У3-У2 : 2. 2(/5--3) 3. avs 
4. —2(3-4-/6) 5. TT 4 шү 
114-64/2 27--104/2 
ca в. hve 9. 3У242У3 
10. 18--13У2 п. Avere 
12. ыр сел 13. 13928 dj oe. 
15, 28 16. 2063 17. 2У343у2-4% 
en 12 
18. 4/10--У5--4/24-1 
Review Ехегсіѕе ІП 
1. (а) Fifth (b) pure (c) two (4) similar 
(е) 23+ 45 (f) V5 (g) conjugate (h) mixed 
2354 3. i vs р 4, 6 [216 
E 625 
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6. —(26+1573) 7. 4-МІ5 8. 0 
9.4 хн 10. 1154 11. 7872 
12. 39,202. 
Exercise—4 (а) 
17. (а) 2nd quadrant (b) 3rd quadrant (с) 2nd quadrant 
(d) 2nd quadrant 22 (e) 3rd quadrant (f) Negative y-axis 
(g) Negative x-axis (A) Origin (i) Positive x-axis 
Exercise—4 (b) 
1, The set of all non-negative real numbers. 2 (0) -—1 (ii) 1 
3. (i) (1, —3), (2, -1), (3, 1), (4,3), (5, 5)} - (ii) (1, 2, 3,4, 5) 
(iii) (C3, —1, 1, 3, 5) { (iv) {1, 2, 3, 4, 5} 
4. Domain={3, 6, 9} ; Капре--(1, 2, 3} 
5, f={(1, 1), (2, 7), (3, 17), (4, 31), (5, 49) 


ошаш--(|, 2, 3, 4, 5} Range— (1, 7, 17, 31, 49) 


. (a) /-(1, D, Ф 2), ( 3), Ф, 4), @, 5» (8, 6). 


(b) /-40, 2), (2, 4), (3, б), (4, 8), (5, 10), ......} 


. (a) —1 (b) Zero (c) Zero (d) 8 

(a) Zero (b) 6 ы (с) -2 (4) У2-2, 9. 49 
‚ (a) {2,4, 6,8, 10, ....--} А (b) (1, 2,3,4, 5,......} 

(с) /02)+7(3)=/02+-3) (4) AY f(3)75/(2.3) 

(e) (5х)-- 5/70). M. (i) 4 (ii) 144 ; No ; No 

: * } 2х : 2 

. i) Sri ji (i) TFI (iii) xu 

(iv) — 2 

‹ Review Exercise—IV 

. (a) False (b) False (c) False 

(d) True (e) True (f) False 
. (a) x independent and y dependent variables 


(b) r independent and V dependent variables 
(c) x independent and y dependent variables 
(d) x independent and y dependent variables 


&4;— 1-198. No 5. No 6. в. 
9. (i) —3 (ii) 0 (iii) 1. 
Exercise—5 (a) 
1. (а), (b), (c) and ( f) аге polynomials. 
2. (a) Trinomial (b) Monomial (c) Binomial 


(d) Trinomial (e) Monomial (/) Trinomial 
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BO) ich, eed O 

. 20x8—4x2—S5x+1 

. 20х3--3х24-23х--10 
9x4—16 


Noo = 


3. (а) —5—3a+6a?+7a8 5 7а8--6а2-За-5 
(b) --3х--6х2--5х3 Ч 5х84-6х2-43х 
(c) 10--5х--9х2--8х8--6х4 5 6x4--8x3--9x2— 5x - 10 
(d) 1— 6m5 3 —6m5+1. 
4. (a) \hree (b) Two (c) Four (d) ім, 
5, (a) 5x16, 7x10 ; —6x2, —8x? ; 7х3, — 6x8, — 5x, —9x 
(b) —x, —4x ; x8, 50х8 
(c) —t, 5t; 415, —18 ; — 677, —8i? (d) y*, уќ. 
Exercise—5 (b) 
1. 13x 2. 15x? 3. -9х 
4. ан 5. х4-2х3-х--8 6. “Ала 3х2--8 
1. 509+ di арузу 15. Sd RH 
9. x2—4x+2 10. —x8+x2+4x+10 11. Four 
12. Five. 
Exercise—5 (c) 
1. 2x+3 2. 3х-12 3. 11x4-16 
4, x1— 10x 5. 5x8+14x 6. 11х4-8х2 
7. 2х2--25х-27 8. —x?+5x—15 9. х3--х2--11 
10. 2x8—2x2+9x+5 11. 2x8—6x2+3x—4 12. Three 
13. Five. 
14. (uiro) ж--% x+4 15. 7х3-- 10х2 
Exercise—5 (4) 
1. 6х5 2. Woran 3. —12x12 
4. —60x10 5; — ^u x10 6. —x15 
7. -— хи 8. + х? 9, - 3 
Exercise—5 (e) 
1. 15x1—35x8 2. —15x5+ 6x3 
3. 3x8—21x5+424x4 4. 15a5—10a4+ 20a8— 1542 
5. —5x4-+20x3— 45x2 6. 2a®—3a5+ 6a4 
7. 10x9—6x5—2x8 8. S crm 8x? 
9. 9x8— 2x44 2 а 2112 10. x87 2x84 E 8-2 E 
) 


Ехегсїве-5(/) 
2. 6x2—13x—28 
4. 1553--20х2--21х--28 
6. 20x8—13x2+12x—4 
8, 25x4—81 


11. 


(a) 1 


. (a) —4 


. (a) non-negative 


(e) zero 


. (a) polynomial 


->5--2х2--х-1 
xt xttl 
Four 
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21592010 ^4 
75 x84 476 x к УЗ 10. 2x4—11x3--37x2— 59x-F 56 
x pe ol м. ы 3i 40550, T ee 
6 ;* 6 зік 12. 5 x $ 7-6 ЖКО” a E 
Exercise—5 (g) 
-3х3 5 
2 Serr EM 
6x 2. —6x 3. 2 4. 4 
LE 5 v3 v2 
—$* 6. yx 7. = 8. -77 х 
-1х4 10. -44353. 
Exercise—5 (h) 
2х%—х 2. 2x8—5x 
2- э4—3+4х 4. —x8+2x2—4x 
м2 8 V3 42 
2573 х8--2х8-4-3х 6. EL --2- х-- 
47 5 3 3 
8. шүүмж, сэсэн Е 
‚ 4x8 2x24 3V 3x NE: 8. —5 3 х+2/28—-уу x8 
Exercise—5 (i) 
x42 2. 2x+5 
х+2 4. х-3 
3x8—x+3 6. 3--3а--а? 
х2-2х--3 8. 3х2-2х--7 
2 x1—3x-F14 10. Quotient—2x3—x?--x— 1 and remainder=2 


. Quotient=2x2+42x+6 and remainder— —11x—4 
. Quotient—25x1— 15x? 9 and remainder— 0. 


Exercise—5 (k) 
2. (а) —1 
4. —140 
9. 3 
11. a—5, b=24 


13. p=3, а=—3 


(b) 1 (b) 37 


(b) 4 
Review Exercise— V 
(c) zero 
(g) n1 
(b) Not a polynomial 
7 4. 3x! — x84 3x4—3x2— x43 
6. х24-3х--3 
8. Three 


(b) three (d) zero 


(f) real numbers 


Five 10. 1--а--а2--а8 
» 3x94 1x42 12. 3x843x8+ 7x —6 
15x5—23x*--3233—24x?-- 8x —3 14, 3х2-44х-5 
-18 16. 2х4--2х24-2х2--55--2 
. x8— x84 2x2—2 18. 10 
Quotient=x2—2x—17 and remainder=—x+38 
— 600 21. p=—17, q=—30 
Exercise—6 (a) 
(х+ 7)? 2. (x—9)2 3. (1— 3m)? 
(2p+1)8 5. (2х+3)% 6. (3x—7)8 
(5x—4)? 8. (4x -9)? 9. (2x+3y)8 
(3х— 7у)® 11. (4х—15у)? 12. (74-95) 
(2m-+2n-+ Tp)? 14. 4% 15. c(4ab—c3) 
. Sab (3a—b)? 


MD еза Өз. кА 


чоло = 


= 


(8x-- 13y)(8x—13y) 
(1+ 9p°4)(1—9p2q) 


(4a-- 3b)(4a—3b) 

(3a+ 3b-- 1)(3a-- 3b — 1) 
(x-- 1)(1 —7x) 
(17х4-14уХх--22у) 
(7х-5у--8)3х-5у-8) 


, 2(14-5x)(1— 5x) 


дуду- 2y—1) 
(4a? + b*)(2a-- b)(2a— b) 


‚ (х+у—2)(х—у-+2) 


(a+b+c)(a—b+c) 

(1-+x+ 4y)(1—x—4y) 
(a+b—c)(a—b+-c) 

(a-Fb-Fc —d)(ad-b —c4-4) 
(a-b+c+d)(—atb+e+d) 


2 (хФ+х+1(х#—х+1) 

. (3х#++х—1)(3х®—х—1) 

. (2х2--2Х--1)(2х2-2х-4-1) 
» (2х2--6х- 9)(2х2-6х--9) 


- (x 2)x4- 3) 


3. ‚ (*-++3)(х+4) 


Ехегсїзе—6 (Ь) 

2. (11a4- 6b)(11a— 6b) 

4. (c+a+b)(c—a—b) 

1 

6. ( өт) 6-7) 

8. (1+5x—Sy)(1—5x-+5y) 

10. (11x4-2)x 

12. (4х—а—2Ь)(а--2Ь) 

14. 2(3-+x)(3—x) 

16. 2a(2x-++1)(2x—1) 

18. 2a(3a--2b)(3a—2b) 

20. (х2у4-- 28) (xy-- z)(xy— z) 

22. (5х-1--6у)5х--1- бу) 
Exercise—6 (c) 

2. (x+-y+2)(x+y—z) 

4. (2x+y —3z)(2x—y+ 32) 

6. (3х--24- y)(3x—2a+y) 

8. (p—qtr+1)(p—q~r—l) 

10. (ас--Рс -bd+ad)(ac- be—bd—d) 
Exercise—6 (d) 

2, (х2--х-5)х2--х-5) 

4. (x?-+3xyt 4y®)(x2— 3xy 41) 

6. (3-E2xy-- 2y?)(2—2xy-F2y*) 

8. (9x2-+ 12xy-+By2)(9x2— 12xy--8)) 
Exercise—6 (e) 

2. (х+Е3)(х+5) 

4. (x+3)(x+8) 


A ee ee ee Са. 


onaor 


wna = 


wer 


‚ (х+4)(х+15) 
‚ (х+5)(х+14) 
. (х++11)(х+17) 


. (х—2)(х—4) 
„ (х—2)(х—3) 
. (х—5)(х—9) 
‚ (x—10)(x—12) 
. (х—11)(х—16) 


‚ (х+3)(х—2) 
‚ (x+5)(x—3) 
» (х+9)(х—5) 
. (x+21)(x—5) 
. (x4-18)(x—7) 


. (2х+1)0х+5) 
. (x4-3)2x— 1) 

. (x4- 4(4x—3) 
. Qx—1)(3x—5) 
. (2x—3)(1x—2) 
. Qx4-5)3x—1) 
„ (х+1)(3х—7) 

. (1++3у)(1—21у) 


‚ (x+Sy)(x+9y) 

. (х—4Ау)(х—28у) 

. (3х-Ҥ2у)(2х—5у) 

. (3x-+2y)(2x—3y) 

‚ (3х--8у(4х-5у) 

‚ (ху+4)(ху—12) , 
. (x—2)(x+5) 


. (x4-12)(x— 6) 


(x+8)(x—3) 


„ (x—1--/ Sx—1—4/2) 


. (a+4)(a2—4a+16) 


(4x-- 10) (1622 — 40х-+100) 
(3x34: 5y8 (934 — 1 52983-2554) 


6. (x 7)(x4-13) 
8. (х--12)(х--15) 
10. (x4-13)(x4-22) 
Exercise—6 ( f ) 
2. (x—3)(x-- 5) 
4. (x—3)(x—4) 
6. (x—4)(x—21) 
8. (x—3)(x—24) 
10. (x—7)(x—32) 
Exercise—6 (g) 
2. (х—3)(х+2) 
4. (x—5)(x+3) 
6. (x—9)(x+5) 
8. (x—12)(x4-9) 
10. (х-13Хх--10) 
Exercise—6 (h) 
2. (3x4-2)2x—1) 
4. Qx--3)—2) 
6. (3x—2)0x--1) 
8. (3х--4)2х-3) 
10. (3x--8)(4x— 5) 
12. (х--5)(8х--3) 
14. (3x+1)(2x—3) 
16. (5+x)(8—x) 
Exercise—6 (i) 
2. (х+9у)(Х—5у) 
4. (x—16y)(x-+5y) 
6. (2x—3y)(4x— 5y) 
8, (1-+x)(3—7x) 
10. 5(2x—y)(2x—5y) 
12. (ax-+3by)(ax—Sby) 
14. (4x2-+6x-+9)(4x2—6x+9) 
Exercise—6 ( j) 
2. (x+5)(x+11) 
4. (x—4)(x—5) 
6. (x—24-43)(x—2- 3) 
Exercise—6 (К) 
2. (ab+6)(a?b?— 6ab+ 36) 
4. (4а4-55)(1642--20054- 25b?) 
6. ab(7Ta+4b)(49a2— 28ab-+ 16h?) 
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7. (2a—3b+ 3c)(4a?-+- 9b? -- 9c? —12ab— 6ac+ 9bc) 
8. (a—2b+1)(a?+ 4b?+ 1— 4ab—a--2b) 
9. (7x4-y)(13x?— 4xy-+ 1952) 10. (3y— 8x)(124x? —138xy-+ 395?) 
Exercise—6 (l) 
1. (3х-1)(9х24-3х--1) 2. (2—x)(4--2x4- x2) 
3. (3a—5b)(9a?-- 15ab+25b?) 4. (9х-6)81х24-54х--36) 
5. (2x— 10y)(4x?--20xy-- 10052) 6. (a? —2b9)(a3-L-2a2b3-- 454) 
7. а(а®— 3b2)(a4+ 34259 -- 954) 8. (a— b)(a?-- ab+b®)(a®+ a8b3+ b8) 
9. (3x+-2y—z)(9x2+-4y24 22-4 12xy-- 3xz--2yz) 
10. 2(b—2a)(151a®—466ab+ 3642) 
Exercise—6 (m) 
1. (x—1)(x—2)(x—3) ‘ 2. (x—1)(x+2)(x—3) 
3. (x—1)(x+2)(x—2) 4. (x—1)(x—2)(x+4) 
5. (x—2)(x—4)(x+3) 6. (x-+1)(x+3)(x+4) 
7. (х--1Хх--2)х--4) 8. (х-Е1)(х-Е3)(х-Е5) 
9, (х-1)(3х2--4х4-5) 10. (x4-1)(432—x4-2) 
11. (х--2)2х--3)(3х--2) 12. (х-2)%2х--5) 
13. (x—3)(x-- 1)(x4-3) 14. (x—2)(x—5)(x-- 3)x4-4) 
15. (x—3)(x—4)(x+2)(x+5) 16. (x—3)(x-+1)(x+2)(2x+1) 
17. (x—4)(x4- 5)(3x?4-x--2) 18. (x4-3)*(x--5)(2x— 5) 
Exercise—6 (n) 
1..x—2 2. x+1 3. х-1 
4 x2 5. x—2 6. х+9 
7. x6 8. 3x—4 9. (х-3) 
10. х9--х2--х--1 11. x—1 12. (x+1)(x+5) 
13. х-1 14. x+1 15. х2--5х--6 
16. x+3 { 17. 3х—5 18. 2(х24-5х4-6) 
Exercise—6 (0) 
1. (x+1)(x?—1) 2. (x+1)(x—2)(x+2) 
3. (x—2)(x4-2)(x?—2x-- 4) 4. (52--1)32-1) 
5. (х-Е4)(х-+-5)(х-Е7) 6. (х-4(х-5Хх-6) 
27. Xx—2)6--2)—3) 8. G(x +2)(x+3)(x—3) 
9. (х-3)х3--х2--3х--9) 10. (x—2)(x—3)(x—4)(x+3) 
11, (x+1)(x+2)(x—4)(x—5) 12. (x+1)(x-+2)(x+3)(x—6) 


13. Н.С.Е.-х2--2х-1,1.С.М.--(3х--8)(3х3--2х2-11х--4) 
14. H.C.F.=3x®+42x+1, L.C.M.— (2x-- 7)(6x3—11x2— 8x— 5) 
15, , H.C.F.—2x?— 3x-- 1, L.C.M.—(x*4-2x — 2)(2x1— 73--1133— 8x 4-2) 
16. x? —12x4-35 
Review Exercise—VI 


1. (а) True (5) True (c) False (d) True 


2. 3a+b 3. a-2 4. k-—3 


5. (a) x+1 (7) a factor : (c) х-2 (4) 2(x--1)(x--2) 


РУСЕ. 


256 


VENERE 


. (x—y)(2x—z) 

. (х—у)(х+у+) 

. (3+х—у)(3—х+у) 

‚ (ax+by)(bx+ay) 

‚ (a+b)(a—b+e) 

‚ (x—Sy(x—24y) 

. (5x—6y)(6x+7y) 

. 3(a—1)(3a—1) 

„ (х+3)(х— 3) 98 -3x 9) (1 — 
. (x— yx y)ot- yx? + ay + 


10 coins of 50 P ; 40 coins of 10 P. 


4 


3х+9) 
yy ху+ у#)(х4— xty +y) 
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7. (3a—b)(3a--b--1) 

9, (a--bY(a--b--1)(ad- b —1) 
11. 2x(8—x) 
„ Q-2- Dx DI — 1) 
‚ (х+27)(х—4) 

‚ (x+11)(x—50) 

. (х—2)(х—8) 
21. (2a—3b)(4a?+ баЬ+4-9%) 
23. (х-1Хх-3)04-х--1)(а2--3х--9) 


26. (х--1Хх-Ғ2)х4--1) 


‚ 2х+3 
‚ ї+х—6 
Exercise—7 (а) 
. {6} 2. {5} 3. (5) 
4-9 5.(-9 6.% 
uu -17 -5 
09H e [77] * [5] 
n 8 
. C0 11. {4} n. {+} 
Exercise—7 (b) 
{7} 2. (9 3. (3) 
(-4 s. 075 6. {+} 
243 
{10} a UT e. (1) 
247 
Uno 11. {9} 12. {2 
3 14. (0 15. х=4+4у2 
20-5042) 9s ie. [SEVI 
Ay" 7 31 қ 27772 
Exercise—7 (с) 
7 ; 2. 35,36 3, 10 
16 5. 17yrs, 68 yrs. | 6. 26,28,30 
37, 39, 41 8. 60cm 9. 60 
31 11. 6 yrs., 30 yrs. 12. 60'yrs., 30 yrs. 
27 14. 73 15. 78 
81 17. 2. 18. 9km 
Rs, 24; Rs. 16 20. Father 33 yrs., and Son 10 yrs. 
22. 15 
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Exercise—7 (d) 


1. 6250 sq. m. 2. Length—20 m, Breadth—12 m 
3. After 3 hoursat 192 km 4. Rs. 1200 
5, 75 men 6. Length—12 m, Breadth—4 m 
7. Length—18 m, Breadth—12 m 8. 530 
9. 48 km ; 4 P.M. and 8 P.M. 10. males 8000, females 7000 
11. 400 sq.m 12. Rahim Rs. 1764, Karim Rs. 1600 
13. Tonga Rs. 3600, Horse Rs. 2400 14. 36 days 
15. (а) 60km (Ы) 6 P.M. and 10 P.M. 16. 2km/hour 
Review Exercise—VII 
1. x27 2. х--5 3.. No 
4. x— = 5. х=—6 6. x=1 
7. xe 8. Length=25 cm, Breadih= 16 cm 
9, Rs. 1600, Rs. 1500 10. х--2 11. х--3 
12. Sohrab 11 year, His father 41 years ` 13. 150 grams 
14. Ram Rs. 6615, Shyam Rs. 6000. : 
Exercise—8 (a) 
1. аһ 2. x16 3. 8x? 
16x8 i 
“зып 5. x 6. a 
7. ха et 8. x% 9. 1 10. а3тіһ h2m+ân 
11. а2т-ба bande 12. xmtnt2p ут+2п+8р z2m+3n+5p 13, ханд) 
14, xecletbto) 15, х2 16. Qe d) 
17. x 18. Ao 8-0 19. 26-02) 
Exercise—8 (5) 
1 1 
1. > b) 81 Miei 
(a) 4 (9) 9-5 
1 1 1 ai 
а) -- OF 0014 
1 ; 1 
2. 24 3. (а) зай (b) 928 
3c l 
4 (0) => (0) 55- (с) ат8 b3 @ 3 
1 1 
5 y 6,1 Tula 8. 1 9. abc 
10. 1 5 14. 2008-08-08) 16. ү-22 
Exercise—8 (с) 
1 2 
1. (a) loga 128--7 b) 1 (+ 212 228 
( (6) logs (3 ) 3 (©) log, 625 
2, (а) 68216 ; (5) (/5)8=125 (с) (5у3-48 


жәме 
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. (a) 4 (b) 3 (с) Z 
. (a)4 (b) -4 
. (а) 8 (5) 4 
Exercise—8 (4) 
. (0) + (x+y) (ii) y—x 6. (i) 3a+b (10) 224-251 
. 21og x+log y+3 log z 8. 3log x+log y+ T log z 
. log х+2- log y--2 log 2 10. log х+2. log i log z 
X xt 
‚ (а) -0 (b) у? (e) PR 
Exercise—8 (е) 
‚ (a) 75832 (5) 3:5288 (с) 29723 (d) 87882 
. (а) 175368 (b) 3:6769 (с) 2'2052 (d) 3:6087 
. (a) 4/3036 (b) 7:6970 (c) 48101 » (d) T:8201 
. (a) 17744 (b) 177809 (c) 1:9284 (d) 14749 
Exercise—8 ( f ) 
‚ (a) 3 (b) 1 (c) 3 
(d) 0 (e) 3 (f)4 
(a) 2 (b) 2 (c) 4 
(a) Five (b) Two (c) One 
. (a) First (b) Second (c) Third 
. (i) 15537 (ii) Y 5537 (ii) £5537 
1 ШУ 8. 1 9. 2 
. 03686 11. (i) 6443900 (8) "64439 (11) "00064439 
. (a) 2:10721 (b) Т 10721 13. 2:04922 
. (a) 175562 (b) 1:9030 15. 31 
. (i) 22 (ii) 28th ^ 
Exercise—8 (g) 
. (a) 2:6794 (b) 0:9708 (c) 18142 
(4) 19117 (е) 3:8799 (f£) 15404 
. (a) 45660 | (b) 0:3027 (с) 58939 
. (a) 588:9 (5) 57:59 (c) 3:468 
(d) 070578 
. (а) 4785 (b) `05318 (c) 374900 
(d) 0:9053 (e) 0004795 (7) 70:06 
. 1:622 6. (a) 296 (b) 597 (6) 0°73 
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Exercise—8 (h) 


1. 3290 2. 1°289 3. 00001068 

4, 93°28 5. 3437 6. 2896 

7. 0:5238 8. 0:3770 9. 006974 

10. 1:498 11. 2131 12. 9445 
13. 0:554 14. 00812 

Exercise—8 (i) 

1. 3:888 2. 213 3. 0:003516 

4. 74330 5. 8616 6. 1721 

7. 2:603 8. 1497 9. 05948 

10. 978 п. 1453 12. 1418 

13. 01234 14. 01663 15. 1167 

Exercise—8 ( j) 

1. 1148 m? 2. 14740 dm? 3. 3:928m 

4. 3 years 5. 0'84 dm 6. Rs.2188 

7. Rs. 1408 8. Rs. 1,79,500 9. Rs. 6250 

10. 777:4 dm? 11. 8:75 dm 12. 123 dm? 

13. 8572x107 34.517 15. 34 second (approx) 
16. 182% 17. 1327 cm? 18. 45:16 сш 

19. Rs. 54,460 20. 18,080 dm? : 

Review Exercise—VIII 
1. (a) True (b) True (c) False (d) False 
1 

2. 11000 3. 4113 4. 3 

5. 1021 20 6. 46738 7. y= 

8. 5 log ats log -2 log с 

10. log 2 11. 8 12. 9th 

13. 60 14. 08774 15. 9:29 
16. 2:032 17. 6064 18. 386 

19. 1487 20. Rs. 397 21. Rs. 6482 
22. 2:007 cm 23. 987:2сш/вес2 | 24. 2007 dm 
Lm ope ud 
1. (à) sin sin 0-40 cos = 15 5 їап 6-22. 
(b sin g= 2, cos - ӘБ, tan ф= T 
2. (a) cosec 0— Dr sec To cot i= 
(0) cosec 8-2 sec Pu c ie cot 8-8 

3. tan OPR= 2 aede sec PST= I sin SQR- SR 


177: 
4. (а) cos 0 ; sin % (b) cosec 6; sec ф (c) tan 0 ; cot $ 


14. 


20. 


5 


Exercise—9 (b) 


Sn des dx л. DEN 28 бут 
. sin А-%> cos C= <, tan A= =; cot C— 2, cosec c-4 sec A= 
ARCU RUSO ҮЙ, 12:49 7 137 130507042 
. (i) 13” (ii) 137 (ili) $^ (iv) D (») 2? (vi) 553 
5 d ша л 12 БА 
(а) 4 (5) 4 4. 3 5 () TF (i) + 
бу БО, 1934: СЕТ 5.13 
1з #712 7-40 (ii) 4 8.375: 12 
1 60 4 7 25 
ES 09. — 1L . 4- BEAT. 
5 10. е5 1 12. 43 13. 44 
40 40 14:22 , 2t 1 
sapo gud Meg 
6 CUERS 3513112 
0) << (i) ч3 Gil) Ty 
Exercise—9 (c) 
(a) True (b) False 2. (i) 0866 (ii) 3:464 
45° 
43 3 1 
3 5. 729 6. vu 72 br 
1 
4 9; 15. 7y 
Exercise—9 (d) 
1 1 
(a) т (b) lie (c) 2-р (4) 2 
1 1 2: 
PT 5. 4 4 7. 10 2 
1 2 16 | 
26 10. 4 2 11. 16 14. 3JY 
Exercise—9 (е) : 
15? 2. 30° 3. 60° 4. 45° 5. 45° 
52 7. +3 в. (96? (43 (01 
(i) 12:99 metres (й) 7:5 metres 10. 10cm, 104/3 cm 
Exercise—9 ( f ) 
1043 metres 2. 30° 3. 20 metres 4. 866 metres 
12. metres 6. 27:32 metres 8. 81:96 metres 9. 136'6 metres 
6928 m 11. 1331 metres 12. 30 metres 
316m 14. 54/3 metres ; 5 metres 15. 26:79 metres 
5:464 m 17. 2543 metres ; 25 metres from one pole. 
63:93 metres 19. teore 
cot a 
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10. 


Bee 


Review Exercise—1X 

. (a) False (6) False (c) False (d) True 
. (a) 1 (b) 0 (01 (d) 45° 

(e) 1 (7) 45 

1 4. 45° 5. 2 7.15 

1 : 
15 n ETET 10. (i) У2 (i) 1 
үші: 1285-2325 13. 4619 metres М. 200m 
20 ` 160 
34:64 т 16. 144 m 
(i) 2 cm (ii) 24/2 cm (йі) 23 cm 
3 TECH ie 
(а) Ag (b) 6cos x ; 18cm 
Exercise— 10 (a) 

Class Frequency 9. Monthly rent Number of 
Intervals in rupees shops 
0—10 4 30—38: 4 

10—20 6 38—46 9 
20—30 3 46—54 6 
30—40 4 54—62 3 
40—50 6 62—70 5 
50—60 1 70—78 1 
78--86 6 
Total 
ч Total 40 
Marks Number of 11. Classes Frequency 
students a Ы NIST 
SUME лү AT aR c 40-41 2 
1—10 6 42-43 12 
11--20 8 44--45 7 
21—30 11 46—47 6 
31—40 Ч/ 48—49 Ч 
41—50 8 50—51 4 
ТӘЗЕ ЛИЕ 52—53 2 
Total 40 ЛОЛ ЛЭ 
Total 40 
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12. Percentage Number of 13. | Daily: earnings Number of ef 
Marks students in (rupees) stores 
0—9 4 
10—19 3 0—50 3 3 
20—29 3 51—100 7 10 
30—39 710 101—150 4 14 
40—49 7 151—200 =) 19 
50— 59 9 201—250 4 23 
60—69 11 251—300 3 26 
70—79 5 301—350 2 28 
80—89 5 351—400 2 30 
90—99 3 
Total 60 
14. | Class-interval f cf 15, | Class-interval f 
0—8 10 10 0—10 5 
8—16 7 17 10—20 7 
16—24 16 33 20—30 20 
24—32 24 57 30—40 8 
32—40 15 72 40—50 5 
40—48 1 79 50—60 3 
Total 48 
16. Marks Number of students 


Class-interval 


0—10 
10—20 
20—30 
30—40 
40—50 
50—60 


Review Exercise—X 
1. (а) range (b) 7 (c) 12 (4) 85 
(e) frequency | (f) class mark (g) primary 
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4. 


Daily wages in 
rupees 
class-interval 


4—6 

6—8 

8—10 
10—12 
12—14 
14—16 


Total 


Class-intervals 


210—230 
230—250 
250—270 
270—290 
290—310 
310—330 


Total 


(a) Yes 
(e) No 


4cm 
(a) 160? 
(a) 80° 
No 

Yes 


. (a) 90° 


30? 


. (a) 118? 


20? 
59? 


Frequency | Cumulative 3. | Marks 


Frequency | Cumulative 


frequency frequency 
of 
3—7 3 3 
6 6 7—11 10 13 
5 11 11—15 12 25. 
10 21 15—19 8 33 
8 29 19—23 5 38 
3 32 23—27 9 47 
2 34 
Total 47 


34 


9. 47°, 44°, 85° 


25 students are scoring below 15 marks, 


Frequency 7. (a) Marks Number of 
students 
4 
4 0—10 3 
5 10—20 5 
3 20—30 9 
7 30—40 3 
5 40—50 2 
28 
(b) 2 students getting more than 40 marks, 
Exercise—11 (a) 
(b) No (c) Yes (d) Yes 
(f) Yes 
Exercise—11 (5) 
2. А-С-В 
(b) 80° (c) 1089 (d) 24° 
(b) 55? (c) 13? (d) 379 
6. А-В-С 7. Yes 
9. Yes 10. 25° 
(b) 45° 12. 126° 
14, 30° 15. 42°, 48° 
Exercise—12 (a) \ 
(6) 759. 2. (a) 103° (b) (180—m)° 
5. 100° 6. 58° 7. 16° 


3 
( 


- 


Mm 
” 


ы 


= 


12. 


Элөбоюоумн — 


‚ (a) Five 
. (a) No 


. 140°, 40°, 140° 


15° 


«7109 


ZAGP— / EGH=105°; 
ДЕЕН= / РЕМ 60° ; 


‚ (a) supplementary 


(d) parallel 
(g) 32° 
(b) Nine 
(b) 


. LB=ZC=40° 
. (а) 36°, 72°, 72° 


38°, 66° 
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Exercise—12 (5) 
2. 120°, 60°, 120°, 60° 


Exercise—12 (c) 


4.АСН-- /.РСЕ--759 
2.ЕЕр-- £NFH=120° 


6. (i) 48° (ii) 42° 13. 20° 
. LCPE=54, ZCEM=72°, ZNFD=90°. 
Exercise—12 (d) 
35? 2. No 3. ZA=78°, / ACB=34° 
. 36°, 54°, 90° 6. 85°, 79°, 16° 7. 36°, 60°, 84° 
үз" 10. 18°, 54°, 108° 12. 60° 
30° 14. x=20°, y=130° 
Exercise—12 (е) 
. 65°, 80° 2. 88° 14; 52° 8. 60° 
Exercise—12 ( f) 
. 160° 2. 123? 3. 60°, 80°, 100°, 120° 
. 36°, 72°, 108°, 144° 
Exercise—12 (2) 
.. (a) 180°—x° o) 39 
(a) 60° - (b) 459 (c) 36° (d) 30° 
. (a) 108° (b) 120° (c) 144° (d) 150° 
(a) 30 (b) 18 (c) 15 (d) 9 
. Ten sides 
(a) 10 (b) 12 (c) 18 (d) 20 
Eight sides 9. 92° 
. (а) 8 (b) 11 (с) 15 
Ten sides 12. 8 13. 8 
Review Exercise—XI 


(c) parallel 


(f) 110° 
(1) 75° 


(b) supplementary 
(e) parallel 
(h) perallel 


4,2527. 5. 30°, 60°, 909 
Not always (c) Not always 
Exercise—13 (a) 
2. 65°, 65° 5. 90°, 80° 
(b) 108°, 36°, 36° 9. 20°, 80°, 80° 
13. 104° { 
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eoo» 


т ом = 


8. 


Exercise—13 (4) 


. BC>AC 10: PA>PB>PC 


Exercise—13 (2) 


. (a) Yes (b) No (c) No (d) Yes 


Review Exercise—XII 


. (a) perpendicular (b) greater (c) longer 


(d) 40° (e) 50°. 
Exercise—14 (a) 
135°, 45°, 135° 5. 60°, 120°, 60°, 120° 
LCDB=30°, / ADB=80°. 7. 339; 147°, 33°, 147° 


72°, 108°, 72°, 108°. 9. A=144°, B=36°, C=144°, D=36° 


72°, 108°, 729, 1089 
Exercise—14 (c) 


. (a) Yes (b) No (c) Yes: (d) Yes 
. Parallelograms, Rhombuses and Rectangles. 
. Rectangles, Rhombuses, Parallelograms and Squares. 


Exercise—14 (d) 
3cm 2. 7cm 
Review Ехексїзе-ХШ 


. (a) True (b) False (c) False (d) True 
(е) True (f) False (g) True (8) True 


(i) False (j) False. 


. (a) Equal (b) Perpendicular (c) Bisect (d) Perpendicular 


(е) Bisects’ (f) 5cm (е) 14 ст 
Exercise—15 (a) 


. Circumference of a circle. 

. A line parallel to the given line at a distance of 3:5 cm from it. 

. Circumference of a circle with pole as centre and of radius 10 metres, 
. They are parallel 5. A circle 

„ (a) Along the bisector of the angle between them 1.е., along diagonal. 


(b) Along a line parallel to and midway between the two edges. 


. The sphere with C as centre and radius equal to the constant distance. 


Exercise—15 (5) 


. The perpendicular bisector of the fixed line. 
. The perpendicular bisector of the line segment joining points А and В. 


The bisectors of the angles formed by the lines 4B and CD. 


, The circle with AB as diameter. 

. (i) 4C (ii) BD 

‚ Right-bisector of the base. 

„ On the r;ght-bisector of the line segment joining the given points. 

A line parallel to the level ground, at a distance—the radius of the wheel. 


ion 


M 
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À line parallel to the given line and passing through the mid-points. 


. A line parallel to the base. 
. Arc of a circle with the centre on the јспсііоп of the wall and the ground and radius=} 


the length of the ladder. 


12. Semi-circle having AB as diameter. 
13. A line parallel to the bisector of the angle XOY. 
14. A line perpendicular to the bisector of / XOY. 
Exercise—15 (c) 
1. (a) No (b) No 
2. (a) Inside the triangle (b) On the hypotenuse (c) Outside the triangle 
3. No 4. (a) 12 сш (b) 3 cm (d) 51 cm. 
5. Yes ; In an equilateral triangle. 
Review Exercise—XIV 
1. (2) perpendicular (b) equidistant (с).2:4 (4) orthocentre 
(е) same ( f) centroid (g) concurrent 
2. (a) Inside the triangle (b) Right-angled vertex (с) Outside the triangle 
3. (a) Yes (b) Yes (c) No (d) No 
: Exercise—16(a) 
1. (a) 52 cm? (b) 6 cm 3. 64cm 
Review Exercise—XV 
1. (a) True (b) True (c) True 
(d) True 1 (e) False (f) False 
2. (a) Parallels 4 (6) Equal (c) Interior 
(d) Union (e) Two (7) Altitude 
(g) Positive (g) Altitude. 
3. (a) Three (b) Two. | 
Review Exercise—XVI 
1. (a) Basic (b) Angles (c) Distinct 
(4). Five (e) Perpendicular bisector (7) 441413 
Exercise—18 (a) 
1. (a) Two diagonals and the perpendicular bisectors of each pair of opposite sides, 


2, 
6. 
8. 


(5) Its infinite diameters. 

(c) Infinite lines perpendicular to it. : 

(d) Perpendicular bisectors of each pair of opposite sides. 

(e) Its angular bisector. ( f) Its diagonals, 

(g) Angular bisector of the vertex. (h) Perpendicular bisector of parallel sides. 
(i) Angular bisector of each of vertices. 

(Jj) Its perpendicular bisector and the segment itself. 

Four 3. Two 4. None 5. None 

Many 7. (a) One (b) Two (c) Two (d) One 
(a) Kite (b) Isosceles trapezium. i 
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у Review Exercise—X VII 
1. (а) True (b) True (c) True 
(d) False (е) True - (f) False 
2. (a) Equal (b) Three (c) Not 
(d) Congruent (e) Perp. bisector (f) Symmetrical. 
Test Paper—I : 
1. (а) 360° (5) Perp. to each other (c) Zero (d) Subset 
(e) 13 (f) Positive (g) Not 
4. (а) (1,3, 5,7, 9} (b) 5 5. (b) Length—6 cm, Breadth—3 cm. 
6. (a) Rs. 4810 (b) 2598 m. 
8. (a) Marks Frequency (b) Class-interval jf of 
0-10 5 10--20 2 2 
10-20 7 20-30. 7 9 
20—30 | 8 30—40 12 21 
30—40 6 40—50 15 36 
40—50 4 50—60 8 44 
60—70 6 50 
Total 50 
Test Рарег--П 
1. (a) Equal (b) Bisect (c) Subset 
(4) 7 (е) Zero (f) Three 
4. (a) 1 (b) 5 
s (a) 456 0) (к—б)у(5х—2) 
6. (0 2 (b) 10928 m 
7. (a) 1 (0) а4--24%-343--44--5, Remainder=a—1 
8. (а) 26. 
Test Рарег-Ш 
1. (а) Greater (b) Bisect (c) Real 
(d) Frequency (e) Quadratic ( f) Disjoint 
(g) Zero (h) 2 
4. (a) The set of all real numbers ; 4, 4 (b) (2х+ 1)(3х—2) 
sa 4,4 (b) 366 m. 
6. (a) Class-interval Frequency 
0—10 4 
10—20 5 
20—30 7 
30—40 4 
40—50 10 
50—60 0 


1. (a) (x+2)(x—2)(x*—2x+-4)(x24 2x44) (b) %—у+3 
8. (a) 0:3683 (5) 1. 
Test Paper—IV 
1. (a) Orthocentre (6) Parallel (c) Non-repeating 
(d) (x—1)(x4-2) (e) 26 (f) Empty Set (g) 1 

4 (а) 48/4 (5) 21 (c) 36 

5. (5) 17:32 ш, 10 ш 

6. (a) Pulse-rate Frequency 7. (a) 22, 31, 9, 54 
50—55 | 4 b 1 сав 
хар ч (5) (x+ ШАСЫ 3x+9) 
$0. 65 3 8. (0) ( 2. ) (b) 9:149 x 108 
70—75 8 
75—80 3 
80—85 2 
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